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SGl 



In the MlowiDg paper n attoaspt haa been made to give a snfBciently oomprehemiive oocamiit 
of the theoty of projeetiow to tmwtg ttw nqoiiiainenta of the ocdiiMuy etndeat of ttnt eaiyeet. 
The litvmtnre of projeotiont fa Tery large, and Its Matory preaenta tiie nranea of ntMiy oTtlie moot 

eminent niHtliciiiatirians tliut liiivc livcil Iwtwreii tlic liitu' (if Ptoltuny and the present day. In 
the great majsjs of puiK'iv. nu-iiuiiris, iK:c., wbich have been writteu apou pFojectioDH there is much 
that ii of the highest vakic :iud much tbut., thongh interesting, is ttifliBfaod unimportant. Thus 
hmqj pngeetHHia here beea deviaed for eoiiatnietion which am rnndy elegut geometiioal 
trillea. Altfwaii^ in whet Mlowa tbe antlior baa taiken np every metbod of pt«tieetion viih wHUk 
hr is acriusiiiitoiJ, ho has not thought it nci cssarv iti tlio casps refcrrod to to do more than BNUttoi 
tlii'ui ami givo rcforeooea to the jiapurs or books in wliicb tlicy niuy b« foutul fully treated. 

As the different oonditiona which proJectioDs for itarticnlar purposes Lavo to Batiefy are ao 
whoUy unlike, it ia ■O B O Ma i y, of eomae, to have a diffeieut method of tieMntmit iior tbe vwioas 
caaea. Thaa no general tbeeirraBderlyiiig tbe wboleaabfeetofpvqlaeiku eon be gl^^ 

tho only division of tlio subject — omitting tbe simple ciise of perspOOUVA projection — that has ever 
hvvn fully tn-attd \h lhat of projection by Himilarity of iutiuitely small arcaH. Thi.s in a nio8t im- 
portant case, tbe genenil theory of which, for the representation of any siirface Hi>on any other, 
baa boon given by Oaoaa. Tbe mathematical diffioultiee in the way of anoh a tieatmeot of eqaiva- , 
lent pN^eetiona and pn||eelioiia by deveiopnMnt aeon to be luaanuonntabie^ bnt eoilainly oiflw a 
nio$<t attni<ilivn field for mathematical research. The author has attempted to add a little to what 
ia nlrea^ly known on tbefw subjects, bnt feels that what be has done is of little consequence unless, 
indeed, it should tempt srnne abler miitbeniatirian to take uj) the subject and develop it as it 
deserves. A few of the solutions of simple problems in the paper, it ia believed by the author, 
airaiMWiiBddBiilerfiiuaaybowaaable to find bi fha initfaigBof otteta. Thaaolnttonof the 
pnbtaB of the proJectioD of ao ellipaold of three unequal axes npon a sphere by Gauss's metbod 
ia also believed to be new. With these fbw exceptions there is no claim to ori^nnality in what 
folliiw-,; ilic attempt having dimply been made to pn -M jit in us simple and naturnl a form aaponi* 
ble what others have done. Tbe two treatises on pn>jcctiona iirom which much aid baa been 
obtaliied an thooa bj Uttrow sod Germain. Littrow's CbongnpUe^ wbieh appeared in '^enna 
inliSaa^viaat thaifctbBeftOHiafevaliiable work, but is at the present day too limited in itsscoi»e 
to be of very modi ate to Ae atndent. Unquestionably the most important treatise on the snbject 
at this time is Germain's "Traill de» projfriiowi,^ which rontains an uccouiit of nlnuKst every pnijec- 
tioa that haa ever been invented. The author is under much obUgatiou to this work, both for 
Mi b WIieea tooriginal sources and for solutions of particular paothma. In cases where processes or 
diagrama are taken from thia work that are by tbe aathoc-aw M wat A to bwro been original witb M. 
Qermain, special mention of them ia made in tbe test; wiien, bowever, Germain baa drawn from 
earlier sources no mention is made of bin book, but as Ihr as possible references to tlic orit;iiial 
papers are given. The opening brief chapter on conic aectiona has been taken in grvat part from 
Salmou's Conic Sections. The object of that chapter ia only to give in a simple manner some of the 
more important and elementaiy piopertiea of the envea of the aeeond order, ao that eonveoieot 
tdbrence eoidd be made fn tbe mbaequent port of tlie paper to fbe variona ibrmidaa eonneeted 

with these curves, and also simple moans (riven for const met in it tlnin. At tlie recjuest of Siiix^r- 
iutendent Corlilo 1'. Patterson the iMtiicr lias been divided into twu parts. The first part coutaiua 
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PBEFACE 



Um matbematieal tbeoiy of projections, while the aecond part ooatains merely sodi a Baffleient 
aoeount of the varioiu projections as Will enable the draughtsnian to construct them. The prin- 
eipol papers from which excerpts Imvi- h^n made are the following: 

Lagrange; "Sor la conatraction des cartes gtographiques." Xfoaveaax li^moitefl de I'Aoad^ 
mto de Bariin, 17711. 

Oanss: "All^meine ▲■flVaonp: der Auf^iabe, dio Theile einer gegebenen Fliicho auf c'mor 
aiidem gcgebcneii Fliicbe so abenbilileii, <latk» diu Aliliildung dem Absebildeteu iu deu kkiuHtc>u 
Theilen fibiilieh winl." (ii'.siiuiiuoIt« Worko. GOttingun edition. 

D'Aresac: *'Goap d'oU historiquo snr la prqjectioo des cactea g6i^{rapbiqn«s.'* Sod^ti de 
g<k>grHphie do FBTbi 1883. 

Tchebychef: "Sw la cuiwifucttoa des eartea ftegnpUqiMa." AmSamf of SoieiwM of 8i 

Potcraburg, 1853. 

Gollignon: Journal de I'£oole polytecbniqne, 41* ciihtar< 
MoUweide: Zacb'a Monatliche ComBpondent, 1805. 

James aod Olatfce: "On projcctiona fbrmapB applying to a very large ezfiemt of liie eaiOAi 
anrfaoe." Philosophical Magazine, 1865. 

Airy: "Explanation of a projwtion by I^lauce of Errors applying to a very large extent of 
the earth's surface," &c Philosophical Magazine, 1861. 

Tiasot: "Troaver lemeilleaz modede prq^ectUm poarohaqaeooQtr6e partjeoliire." Ooaiptea- 
BendoB, IMO. 

An immense list of papers bearing on tlic suliject of projections might be given, but it lianlly 
aeemB n ecota iy. The abore Ust incladea all from which anything of importance has been taken. 
When ntnar papei* are quoted r efc w ee la elwaye oiade to tiiflm In ibe eaoM plaoe. Bpeoial 

reference may be made to a paper by Mr. C. A. Schott, Assistant United States Coast and Geodetic 
Survey. This paper is a rejsuni*" in very oomimct form of most that is of irniwrtjince in the sub- 
ject of projections together with a comparison of the principal methods of projection iu use at the 
pvesenfe dajr . This paper forms Appendix Ka 16 iu the annual rqport of the Goaat and Oeodetio 
. Snrwy ibr UBO. In eonehiBloD, th« antlHir nay eajr tint aMhoogh he hae ude a Toged to give fUl 

credit to pnTIons writers on the Riihjoct, still it is i>os.sib1e that some rofrronoe has iK-en omitted. 
This alMMdd| however, be taken as un nnintentional oversight, or due to the fact that the author 
htBMfeheen able to trace back to itM original source the solution of pcocesH in qoeation} and not 
inMireMetoadeairsto withhold from any other aothor his ftiU nioowirBef oiedit. 



THOMAS OBAia. 



Oom ahp GaomnEia Ouxm Okpiob, 

Aagm 19,1880. 




INTRO I>TJOTION. 



The histor; of any scieooe la a lilBtory of very gradual evolntion ; so tHow at times is the 
«oaiw of tiili flvolntton tint oAhu tlie tbiwd of tradition sooma to be broken, and we ue left to 
grope to tike daitneea of Ustoiieal imcertidnty fbr the path by which we aie to he condaeted to 

the full iliiylight, wliich iilways, schukt or Inter, niwt.s (lio [mtiftit inquirer uftor tiiilh. 

Tlie origin of a ecienoe ia luually to be sought for not in any aystematic treatise, bat in the 
iin«ati|{AtiMi«ndMd]itionflf eonepav^^ ThiabeaiweiallytheeamiDtbeoidiiiaiy 
history of the ffreat improvementa in any department of mathematical Bcicnce. Some problem, 
matbomatical or physical, is proposed, which is found to be insoluble by known methods. This 
condition of insolubility may arise from one of two ciuisus: Either there exists no machinery jxiw- 
erfol enough to effeot the tequiied redactioOi or the workmen are not snlUcicnUy ospert to employ 
fheir tools in flie pefftinmiioe of an entirely new piece of work. The problem prapoeed is, lioW' 
over, finally twlved, and in its solution some new principle, or new niiiilicatinn of old principles, is 
necesHurily introduced. If a pniiciple is brought to light it is 8(m>h lounil that in its application 
it is not of necessity limited to the {wrticular question which occasioned its discovery, audlfeiS 
tbeo stated in an abstract form and applied to problems of graduaUy increasing generality. 

Other principles, similar In tbetr natnre, are added, and the original principle itself reoeivM 
such modiflcatioim and extfUsioiiH as nre from time to time deemed necessary. The same is tmo 
of the new application of old ]>riuciplcs} the application is at first thought to he merely confined 
to a particular problem, but it is soon recognised tfwt this problem is butone, and generally aveiy 
simple one, oot of a large class, to which the same processes of inyestlgatioo and solution are 
applicable. The resolt in both of these cases is the some. A time comes when these soTcral prob- 
lems, t<K>liitiouK, and principles are groiipet! to^njdn r anil touiiil to ]iiih1iic<' an eiitiroly new and 
consistent method; a noweudatore and unilbnu system of notation is adopted, and the principles 
of fhetiewaMtlKidbeeaaaeaitilledtoiaiikasadistiaetaoienea. 

In examining the laws which regulate the progress of the hnman mind in the discovery of 
troth, the most important points of evidence and data are derive<l from scienceji wliich have been 
at their first promulf^tiou the most incomplete, and have owed their subsequent advancement to 
the successive labors of several, rather than to the unaided effitrts of a single mind. It very'sel- 
dom Iwppens that an individaal d is eovwer gives ns flie reanlta of bis labors fn tlie same Ibirn in 

which they oripnally i)re.sented themselves to his own mind. Still more rarely are the Kiiccossive 
steps by which the original investigator coiiduets the uiiiiil of iiis reader to tlie (lerceptioti of uow 
Imth Identical with those which he himself took in first arriving at it The early history of any 
adeDoe which baa^been slow in developing allows as Iww tedious and inelegaut fliafe metfaods gen- 
erally are, and also shows bow natanil it is ft>r the invesligatOT to replace his roogfa-liewn highway 
when .<*t4'a<lily, and without stopping to admire the beauty of the surrounding landscajK', he has 
driven over all obstacles, by a bcantifhl avenue which by oa«y and natural stages conducts to the 
dsairsd gojil and aiTurds glimpses here and there along its oooiae of immense poBsibilittes in, as 
yet, nnexplored regions. Hence it is easy to ase the historical importance of those sciences whose 
priiiei|>les have been ;:i\ eii to the pnbKc, not in n complete and Rystcmatic form, bat gradually, 
and by methods tnoro or less te<lious and iiiipei feet. No wuiem e ran furnish a better example of 
this than the science of geography, and in particular that deparUueut of it which is the sulyectof 
the Ibllowing paper— the Theoiy of Prqjeotions. 

The namepro/cc^ton itself has a histoni-, and it would be enrions to trace the development 
wbieh has occurred in its applications, lion-owed by geograiihers from g>-oneter8} it has come 
gradnalljtoalgniiyaiqrmetbedofteiifesentation of tin aoiflice of the earth npon a planet In 
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INTRODUCTION. 



•11 rigor the nse of the term pr((i«otioii ought to be ooDfinod to fOfinMiitatioas obtained directly 
aooordiiiK to tlic laws of perspective; bat it haR been extended to take into aoconnt repreitentatjons 
by ilcvcltipnicnt and by other autl imtx'ly coiivcritioiial luothods. Its uiiUlR'iiiatical tiiKnificaiice 
18 even more extended, aa there it is not oouilned in ite application to the representation of the 
sphere, or spben^d^ upon a plane, but of any onrve or miflMe upon any other. 

Tlin sphere bein^ non-developable, the exact rep Wd Htatlon of its surface, or even n portion 
of its surfjtte, uiwn a piano, i« iiiiiMts«lbli^. Certain eonditions can, however, be fultilkNl in any 
projection wliich will render it Bufflciently exact for any particnlar )>uriK>se. Tlio areas may \hi 
preserved, <. &, all areas on the sphere may be redaoed in the same proportira, in whieh ease we 
ham an eqaivalent pvqieetion; or the angles my bop w e i w d, in whieh case we havo aa oittao- 

mOfphic; prnji'rtion. The exifjcncies of any particular n.so for which the iimjcrtion is dosiia^ied 
gtve ^i^^e to an iniinenso nuuilK>r of other conditions corresponding to which pntji clions have from 
time to time been invented. It freqncntly bapi)eu8 that a projection having been constructed to 
aatlBiir ono impressed oondition, is also found to satis^ a number of others) fiir tn^tamw, the sta- 
nogr^ibie projection at tbe same time r ep r e s ent s the paralMs of latitude fn tbdr trae Itorm, and 
preserves the anirlcs Ix-twcen the meridians thfriiselvcH and lietwiH'n these and the parallels; thus 
this projection, which wm originally co nut inic tori m a jH'rsjHi^tive projection, al»o f'nllill.s the con- 
dition of being orthomorpbic. The history of projection has been, in conseqaence of the impoaal- 
bility of producing a perfeot solution of the problem, peonluriy a histmy of the solation of more 
or less independent problems. . 

A method of ]ir<iirctii m which will answer for a country v.1iose i xfeiu in latitude is small will 
not at all answer for another country of great length in a north and south direction ; a prqieotion 
wUflh serves adnlrabty Ibr tbe represeotation of flie polar regloaa Is net at all applleaMeltar ootm- 

trios near the equator; n projection which is the most convenient for the jinrposes of the navigator 
is of little or no value to the peodesist ; an<l so throughout the entire range of the subjinM ]iarticuhir 
oonditiona have constantly to be satislied, ami special rather than genend problems to be solved. 

It is not} however, the intention in this introdnotory sketch to give a historical account of tho 
■nbjeet, salt would be Mftber appropriate Dornoeeiniy. Iho oonqpleta Uatorieal ueooant by H. 
D'Avexae, In tbo " Bnlietin dc la BoOM de Q^ogfa^ie,** of Pttrii, fiir 1868, kavea aboolutdy 

uotbing to be Haid on the subject. 

Tbe n'uder will, however, find in the references to § VII (roc Coast and Geo<Ietio Survey Beport 
ibr 1880, Appendix No. 10) a valuable bibliogiapby of tbe sntijeet. Thia section* wai^ written by 
Hr. Oharles A. Sdiott, assistant, United States Coast and Oeodotio Survey, with the expresH object 
of giving an accountof the method of iKdyconic jiniirction erniiloyed in constructing the charts and 
maps of the Survey. It subsen'es, however, a double i>ur[>08C, as it coutaius a succinct and val- 
uable rC>snm^ of much that precedes, with fbllrefiBrenoes to the original sources flrom which inJtonn- 
ation had to be compiled, and also gives a selentMe aceonnt of tbe polyoonle prelection and a 
comparison of this, illtifltrated by exaniples, with a number of other projectiona most fh^iuently 
met with. It ia acconipanie<I by six i)l;iies iv.nl a chart. 

We have already spoken of the orthomorphio and equivalent prqiections, and we may mention 
in eonneotion with flieso odier goneral methods and liie order in which tbcgr are treated in the 
following pages. This order is not altogether the most scientific, liiit seems to bo better designed 
for the gradual introduction of the reader to the diUicultica of the Hubjoct than auy Other. Divid- 
ing the general toi>ic into the following liMda: 
I. Orthomorphio Prqjeetioa, 
n. Equivalent Projection, 

III. Zenithal Proje<^tion, 

IV. Projection by I)evelox>ment, 
the arrnngetnent has been as IbUowi: 

§ I. After a brief introdnotoiyaooount of the principal properties of the conic sections the Bub- 
Jeetof per8|>ectivo praJeeMon ia tAea up. Strictly speaking this should fall under tho head of 
aenithal projection, that is, projections wliidi can be regarded as the geometrical repreaeutatioM 

*TIm iispar is not npradsMd hsn, bst ths mdtr isiafond to Oosa(smlOMd«tia8stv«irBqMitteUeO^ 




INTT?OT>nCTI0!T. 



of Uie sphere u[K>ri tiio plane of tlie horizon of any i>lace. The theory of penpcoHve pvqleetioDB is, 
however, per m qnitv self containoil, and ia withal the most uataral and aimple method of repre- 
eentation, bo it waa tboo^ deairabte to open witb that method nthar theo ftmgm geneiai and 
philosophical, but, at tbe Batae titne, note dfflealt method. Seetlooe II and III toeat of ttie ffiflhr- 
cnt tmidioda of orthomorpliic i)roii.'<-tion ; § IV treats of projections liv tlcvcloiuiU'tit; §V gives 
an itoconnt of zenithul pniji'iitioiis, ^ VI of equivalent projections, and § VII has nlready been 
leterad to (and for whicli avc ttio report of UM^ Appeadix Ko. 15) as coutainin;); .Mr. SdiaMte 
■eeoantof tbeptrifooaio prqjeotion aod its eomparlaoa with Mveral other meUwds. Xfacaeaee- 
tlone ean ttut the moet part be read by any one paeaeeiiogr • fitlr aeqaaintanoe witli the medieda of 
onlin.irv analytic piX)ni<itr> ami tbe elements of the difl'ereutiiil aud integral calciiliiH. The next 
tliree i>ectiuD8 are extremely j^'eiierul iu their natiu'o, and will require • ratber more extensive 
mathematical knowled^'e. They were designed to coDueet the partieular problem of the plane rep- 
roentatipn of a sphere with the much more oomptebeniiTe methods of npnaentation of one mtt- 
fliee npoD anottwr whksh have engaged the attention of the meet brilliant mathenatiefamB. Keep* 
ing in mind, however, that tliebouk is designed for the ns*- of stti<loiifs, the author has only sto])i>cd 
across the threshold wIiIcIl leads to Ihe purely tranHcetideiilal portion of tlie sulijeet, and has (inly- 
given jn«t enough to awaken in the mind of the reader, who has a real interest in the general 
tbeoiyi a desire to go bimeelf to the original memoirs for fuller iufiormatiou. A brief section is 
giTco on the apberoidal fimn of tiw earth. On this sattjeetwylitlje was either roqniied or de- 
sirable; it was not nec«8«ary to say mnch, because the student interested in this subject woold 
naturally s<.'ek for information in ii trcuttise on geodesy ntthei than in one on prqjectious; it WBI 
not desirable to diseass it very fully, because pix'seut ffriwting tfaeoiiea, both aa to the llgltte and 
sise of tbe earth, seem to be in a transition state. 

The Ualtad 8trtM Ooart aad Oeodetie Snmy win uidonbMQj eoon be able to prodvoe a 
mneh better value of the elliptieity than bas yet been given. In viewVf that fact, and also of tbe 
ftflt that the greatest poesible change that may take ]>laoc in the present assif^ucd value of the 
ellipticicy will pioduLc liiiVcn'ures in the tables which wimld be almost iiiii|i|irc(;i;i1>!e, it has not 
boon deemed ncce&sary to maku ouy now tables even in tJie place of old ouea, which have been 
computed on the supposlthlli of an elUptkil^ as small as th- 

It ia readily aeeii that the general theory of prqjections toochea npon a great number of other 
subjects in such a way as to make it a little difllcuHito decide what is and wliat is not necessary 
U> iiieor]>orate in a treatise having this f<ir its tilli-. Kven eonlinin;; oneself to ].ii])i'ts .ir;(l hmikH 
entitled "pruJecUous, &c.,'' it is not easy to sift out only tbat wiiich is of primary importance to 
the beginner flroBittoimnttiaenaat of trark-^piod and bad— that has been done upon this nib- 
Jeet 

Few departmenta of matfaematioB eontidn mora emineDt names among those of their ibunders. 

From the time of Ptolemy until the preW'tit day the most pnifoniid mathematicians have de- 
vote*! titne and attention to this subject. The large mtyority of investigators have, however, had 
in view the attaining of some particnhu' end, and have dcvisecl ingenious, but iu most « s, i Litlior 
Ibraed methods of arriving at the desired rendt Others, such as Lambert, Lograoge, Euler, GaoaSi 
and Uttrow, have treated the question ftom a more general theontieal point of view; but even in 
these cases, as only parlicular divisions nf tlir subjert were takao up, the results, as constituting 
general theories of projection, were very incomplete. The name of Lambert occurs most fre<inently 
in tlie history of this bninch of geogmphy, and it is an uuquestioimble fact that he hm done more 
for the advaooement of the salyect in tbe way of inventing ingenious and usefiil methods than all 
of thoos vbo either preoeded or liave fbOowed him. Tbe greatest eredit is, however, dne to those 
princes of the realm of mathematics who, like Euh r, Laixrangc. and Gauss have done so much for 
the advancement of tlie theory. Lagrange j)roiio!ies aud resolves the i>roblein of "the representa- 
tion of a sphere n|M:in a plane in such a way thi»t the smallest parts of the projei-tion shall h<> sim- 
ilar to tbe corresponding elements of the sphere, aud in whioh the meridians and parallels shall be 
raprsMBtednpoQfiwanptyeiNlss.'' Osaas solves a Ihr non geoenl problem in » manner so 
perfect that it leaves it impoaalble to add a word to hia general theory of orthomorphic projection. 
Lambert, Bonne, Meroator, HoUweide, OollignoD, Airy, and James aie but a few of those who have 
piodooed a mailced pngieaa In the theoiy of pn^setlons. 
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ISTBODUOnOF. 



In coiu'liuliiifT brief introductory iiutf, tljc aiitiior can do no lKttt>r tlian ucain to rclVr tlie 
reatler, dt-Hirons of fuller liiMtoric;»l iiifoniiatiou, to D'AM'zacV \ i rv vuluul)I^^ uifnioir, and to men- 
tioii tbe foUoviog moat imporbuit treatiaea and memoirs wbicli, liavuig «t»peare«l «itber witbia tbe 
pnant or towaidft tfaiB doM flf the laat oentaiy, am oooipantiv^ 



OhoHHiniiUe oder Anleitnng, tiler Arten voo Land- Bee- and Hlmmeto-Kflrten. littnw. 
:^neiiii% 1833. 

tnM dee prqjectiaae dee eertee gtegrapbiquea. Geneein. Feria, Iflflft, 
Lehiboeb der K«iten>Pn^eetion. OnteelieL Wetmer, U73. 



Oanss. Algemeine Anflosang der Anfgabe, die Tlieile einer FUlche so abT^ubildm. &c. S«-hn- 
macber''4 Astronomiacbcn Abhiimllun^en. Altona, 1825. Aim in tbe Oottiugfu <-di(iou of Oaaw'a 
tracks. 

Legnage. Sur la couatructioa Ucs <-ni'tt's gco^'iapbiqaes. U^m.^ de Berlin, 1779. 

Heniy. H^moire ear l» fMNjeetion det» cartei;. Paris, ISlOi. 

Pniaaant. SappUment aa second livre du Tniit^* do topogtaphie. Paris, 1810. 

Eoler de repimaentationc Huperliciei epbicrioB sufKr piano. Acta Acad. Pelrop., 1777, pan L 

I^imiwrt. Beytriigo zum Ocbrauehe der MatheetRtlk. Berltn, 1778. 

Munlocb. Pbil. Trann. Vol. I. 

Sclunidt. Lebrbaob der mutlicmatiscben and pbysischen Qeograpbiek CkrttiBgen, 1829. 
Zeeb'e Mcaat. Oooeep. Vole. 11, U, 13, 14, U, 2S, S8 contain nuDy pnpen Iqr HoUireide^ 
Albera, Textor, and many others. 

Crelle's Jonniii! ilir dio'nnuc and angt-wundte Matfaematik, tbe Muthcmatisclic Antuilcn, tli<i 
Annali di Mattmaticii, the (Jomptes Reiidus of the I'renoh Academy, and the ISuIletiii of the 
Acmlemy at St. Petersburg, all contain mi.v valuable ]ia|MTs. The same may be said of tbe 
Jonnial de l'£oole Poiytechniqae and the Jourual de I'fioole Konnale Sap^rieor of Faria. AU of 
tbeae aoonee have Iweo eonnttad in the prepamtion of die MiewinK traetiae, and tt doea not 
seem to tbe antboraeif anythiof iTMthy of pieaervnllaahaelMeB oveiiooki^ 
cause vhatever. ^ 



TSBATUOCS OK PBOJSCTIOKB. 




A TREATISE OiN PROJECTIONS. 



MATHEMATICAL. THEORY OF PROJECTIONS. 

$1. 



PERSPKCTIVK PRaiFXriOX. 



A varfiioe ia penpeotive {nugeotkm hm the same appeaianoe aa Ibut which it would present to 
the «ye of SB obwmr ritoated at any detarmiaate point of apaeSi Tlie right line drawn from the 

t'yp of (lie ()lis<>r\MT to flii' center, in the m,s<> of :i fi-nf r.il Kiii'f;ic<', in norinul (o the plane of pmjwtion 
which may intersect tliis line at any point of its leuj,nh. The iirojectioii of any point of the surface 
uniler coiisidenition in then the |iiiiiit of interj^cction witti this iiliinc of the lino joining tlie ^'iveu 
point to the eye. We will uow cuuline ourselves to the raiitica of the aphere. Imagine any line 
dmwn on the mcfiMe and eveiy point of the line Jotned to the igre bjr a atraight line ; the nggnignto 
of Unea wilt form the snrlhce of a cme, and (bo intcraectioo of thin cone with the plane will be the 
pn^eoHon of the curve dmwn u|>on thct xpliero. If th«9 cone so formed is of the nlh order itH intor- 
st'ction witii the sphere will he of tin' i.'(Jtli order and with the ()lnne will be of the «th onier, no t hat 
iu geoenU the degree of (he curve in lowered by projection. If the cone i» a circuhir cone, its iuter- 
•eetfon wMi die apbera will la gennal be a aphenHwoieand will be pn^Mted ia»oonloMethn,«s 
tiie interMction dT • oone of the aeeond degree with a plane ia a eurre of the neoond dogito or • 
eonie aection. 

We w ill in genend only l>e eoncenied with the pnijeclionH of circles of the sphere, ami tin y « ill 
be projected in conic sectiooe; bo before prooeedinn further with the subject it will bo cnuveuient to 
give a brief atatanumt'of the mora hnportniit propertiea of tfacaaenrrea aa dedueed by a study of 
tlieir cquationfi. 

The general equation of tlie aeoond degrre in two variublea is the equutiou of a conic section. 
Thia oqaatfan hi tta most fsncnl ftmn mi^ be wrltteo 



eoohdnloc Ave Independent eonatonts, via, the ratios Sus. Ffve rdattona between the 

eoflOelMtaare snfficicnt to detemdne a vnn'e of the sei^ond deetv«; for, thonjrh the general e<pitv- 
thm eootaiaa six eooatanlB} the nature of the cnn-« depeuda not on the absolute magnitude of Iheae 
baton their rantnal ratios, since If wo ntnltiidy or divide the eqnatton by uny oonatnnt it romaina 
nnaltered. We may, thenTore, divide (lie e<]iiatii>ii by the quantity O, making the abaolate term 

•qosl to 1, and there will remain but live constants to Ik> dcterminetl. 

Transformation to new oo-ordinute axes frequently hoH the efl'ect of siniplifyiug very much the 
•qnationa with which we are dealing ; and it will he iiaefnl here to find what the general equation 
beeoQWS on bebg tnnsfimned to a new set of axes, assuming, fbr a flrst tmnsfbrmation, that the 
new nxi's are parallel to the old. 

Tor this purpose make x=x+j', ^=^4-/ ; x', y being the eo urdinateji of the new origin. We 
win llud that the eoeffleients ofi^, «yi nod remain as beltan, A, 2 D, and B; that 



Iho new G is ri'=AV+ny + ('. 
the new F is F'»nf'-|-By+F 

the new constant tern ia C'sA'«"-|-8 H«y4>By>.f >j q ii^i FZ-fO 



V 
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2 TKKATI8K ON PUO.IECTIONS. 

Suppose thut we again Iransfom Ibe ori|piial eqnadon, thU time^ however, to pokir oo-ocdiaates, 
hy nwlting xssp cos tr, ys/> tiaO} ibe ••quutfou so tnnnfiirtned is 

(A ooa^ 9+2 H OQB # Bin t+U nn* o) /,*+'Z (G <w« F (tin 0) />+CbO 

Write this fat • niMnent ae 

« being of courai^ = A cob' 0+2 U siu 0 em n+li .sin' iScc. Tbe ruoU or tliis fqiuition ure 

1 _ — ,7 ± Vji'— "r 

tbat is, tlic straight lino /■ dmwn from the (niniii incfts tlio oonio in two difiVifnt |>ointK. 

Supiwsi' liiTctliat (J — 0; tlii-ti Ibr one uml \v<- luiv*' '=() or i> = oo; tliat is. iC tlu' cocdiciciit of 

f^=0 the line dmwa I'rotn tbe origin meets the cuive in two points, one of wLicli lies ut iuUuity 
The eoeOeieDt of ^ fa) liowever, 

A con* 04-2 H Hin 0 cm sin' 9 

This equated to aeto Rhrca 

A+2 a tan O+B tan' 0=0 

a qnadratic in tan 0, and cons qnently we have that there ean lie d»wn tiuougb tlie oiigiii two 
real, coincident, or imaginary lines, wbioh will meet the enrre at ao inflotto diatancoi each of which 
llMa alao aicela Hie enrre at one iliiite point detenniaed by 

3^ (0 eoe #+F ain «)-|-C»0 

We will now swk tin- test wliicli » ill tell ns what elasn of hn iis is n prOM iilwl hy u given equation 
of the second degree; or we wish to ascertain the form of tlie curve, whether it is limited iu any 
way or estenda to inlbu^ in any diieetfon. Of eooiae if the eorre be limited in eveiy diraetion, no 
nuliiis victor ean be drawn whieh will meet it at inHnily. Foraainllaitevalneof the ladiaaTeotor 

we luuHt have 

A-t-3 H tan «+B taal* #«0 

If ir- AR<0,tb« roots of tliiaeqoatiao will be ioiagiiUMy, or do real value of « ean be ftwod whidi 

will make 

A eoi^ c+3 H ein « eos «+B Sid* 

Tbe enrre in this ca»e in limited in evvry din'clioo, and is an BilipaOb 
If IF— AB>0^ there are two real roots to the eqaation 

A+2 H tan §+H tanf «sO 

eoneeqnently two rea! values of 0, oorroRpondiug to wliieh two linca can be drawn from tbe origin 
meetini; the curve at infinity. Tliis curve is the IlyiH-rbola. 

If !!'— A1(=0, the roots of the qnmlratie are ^H^lUl\ anil eunsequently the two straight lines 
which can be drawu to meet the curve at infinity will coincide. The curve in this cose is the rarabohk 

If in a qiudratio mtP+^ fit+y^ tha eoeOioient fi vanisiieBy (ho roots are Qqnal with contraiy 
aigns. Thus then if in the tnuuAnned equation 

G o<i« ^4. F sin 0=0 

(ho two values found for p will be equal and opposite in sign. Tbe points aiisweriug to the equal 
and opposite valnee of ^ are cqnidfatant fhnn the origia and on opposite sidca of it, and ao we have 

that the rlionl rf|in'M'iiti'il tiy v,x f rt/=(i is biseiti-il at the Origin. If wehod OatO andF^OitheD 

whatever lie tho value of /' we sliouhl always have 

O COS «+P shi ^0 
or all ehords drawn throogb (he origin would be biaeeted. 
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TUKATlSi: ON PROJECTIONS. 8 

Kow, by tranitfonnatiou to tmitoUe axw, we ran in geoenil cause tU« floaOdent^ of x nud y to 
raoiah. Thus equadng to zero the Miefflmcuu of je and y obtoiD«d by a tnioalbnuation to a now 
ocisiii, ve And tint the etMwdinatfls of this new origin most ftaUll the eonditiaiiw 



A«'+Uip'+GaiO II«'+Uy'+FsO 

ill onler tbat all chords drawn through that |M)int tniiy be then bisected. Tlie point tbusdeteniiinnl 
is called the eenUr of the eurve. As these equations for delenoiuing the center are linear tliero 
eui exist only one eeoter to any cooio teetioD. The fltHwdinates of the eenter.aie iSBoml to bo 

-BO-nP . AF-DO 

I1*-A0 ' "H'-ln 

For II' — AH=:0 llic rriitiT lies ;it iiifiiiilj, wliii'li is Ihi' case of the paraliola, and this ciirvo in in 
con.-w'quitni't* callcil a nun central curv<>. Obvioutily thit c4intei'K of the elli|>.HU and li.vperbola lie atu 
ilnito dlHtauce. 

We, have seen that a chord through the origin is bisected if Q cos 0+F sin 0sO. Now tnna 
forming the origin to any point, it appears that a parallel chord will be bisected at tlie new origin it 

(V cos »+V Bin 9ss0 

or if 

(Ax'+lly'+O) co8 0-|-(U^+By'+F)«in «-0 



ThK therefbre, Is a relation wfaieh ■MttthosntisHcd by the eonirdinatea of Ihe now origin if it be 
tlic iiiiddl(> point of a diord making with tho ozis of« tho ODglo IL HoDoelholooaeof tlMOiiddle 

}H)iutii of parallel chords is 

(Ax+Ifv+li) rns f4-(Hj-+Uy+F) sin 0=0 

Thui line bisecting a Rf stem of iMtrollel chordu is called a diameter, and we see that it 
tbrongb the inteneetion of 

Tbenfofo eveiy dhunoter paases through the oenter of the enrve. 



1/ two iMmeter* o/ a cmtle te uieh that one of them Mwefs o/l tHorda pmiUtt to ike oOter, that, 

CKtVernely, thr urmnd irill hl.scrt nU rhnrih- pitriillcl t" tin- first. 

The equutiuu of u Uiuiueter whidi liisccts i Imnls making an angle 9 with the axis of j; is 

Aj^+11.V+(;-|-(11x+Hv+F) tan «sO 
Culliug 0' the angle, which thin line makes with x, we have 

B taa tan f+B (taa #+taa f) +Am» 

And the syinnietry of the eqnntioQ shows that the ofaorda aaUag an angle f are also UMOtod by 
the diameter making an anglo # with «. 

Dianeton ao related that each Maeeli all diohb paiallel to the other aie ealled eeii/ivals 

The general eqaation of the eeeond dc^tree in two variablea la now, wlien Innafbnud to the 
center, 

Aa'+Sll^y+U^fC'sO 

where C is readily found to be eqn-.il to 

ABC+2 FOU- AP-BO»-CH» 
AB-U* 
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4 TRKATISE ON PRaiErTIONfl. 

If tlie numerator of tltw Cractioii ciiiiuls o, ihc cijiiation would becotM 

Uie equation of a pair of right lines; the conditiou, (ben, tliat Uie geueral equation hIiouIiI reprc- 
aent • pair of right Unw is 

ABC+2 FQH- AP-BG*-OH<«0 

or, in detenuinaut form, 



A, 


H, 


0, 1 


u, 




r, =0 




F, 





TbewglwCluit two floqjafate diametan make with the aalaaf gaieaooneete d ty the reto* 
B tan # taa f+H (tan «+tan t^+AsA 
IT the diomtteia an at rii^t aoglea, 



H tan* «+(A-B) tan «— H~0 

a qnadcatio eqaathw Ibr tb« detenniBatloa of », Ttamflmninff hack to reetaagalar eoKndliwtei, 
tbiaia— 



the waU'known eqaation of two nal Umw at right aa^m to aaoh other. Ihew notangiilar diam- 

eter« arc rjillnl tlu- :\\va of tlic rarve« 
Wo kave Mecii tbat wlieu 

A eo»* 9+2 U sin e con 0+B tin* t^O 
the radius vector meets the curve at iuOnlty, and also in ooe other point determined hf 

_ 0 

"O'ooB 0 

Bat if the origin l>e thi> cfiitor, \r<> )i:iv>-('<— 0 tml F=0; lii'iut- this (tiNtaiuu- will ulso beeODW 
inllnlte. Hence two linen eMi bv ilntwn fmni (he center and meeting the curve in two anttridnt 
Iioints at inanity ; these lines are ealled the <u]pnptoiet of the curve and are real in tbo r:u«e of the 
hyperbola and ioiagiiuiiy in the case of tbc ol1ipM>. Tbo eqnattoo of the axes was found to be 

H.r'-(A-H|.rv-ljt/'=0 

This is the equation of a pair of lines biMurtiiiK tbc auKle ix'tween the lines 

Therefore, the axes of the curve bisect the angle between the asymptotes. 

The iireoediog reanitt might all have been obMned hyn atmpla traoalhmatkB of oomtdtauitM. 
SnpiNwc that, our original axea being reetaagohr, we ton the qratem kmimI thmogh an angle m, 

i. e., make 

«B«eoa«— ysnia f^tSam+ffto»m 
the new ooeflelent of 4^ will now be 

A'=A cos' <u+2 II eos m MU m+ U mu' at 
also H'sB sin m cos «>+ U (oo«' sin' •«)— A sin m cos m 

V^A sin* •-2 H sin • eoa w'fB oosP m 



Digitized by Gopgle 



TBBATISB ON PBOJEGTIOHa 5 

Bj pattiDg B'sO we get Uio same rqnation m before for detennining taD a, aod in £act Uub gives us 

- ''=A-B 

tetiietufeiiior theani^iBade vtthtlMgivwiixMbrci(lMr8ito«f thee Addtofetlier 
A'+B* and «e 

AcBiB. mito 

2 A'sA+B+S H «bi 2 -+(A-B) CM 2 • 

2 B'= A+B-2 H Bin 2 «-(A-B) cos 2 «. 

hence 4 A'B'=(A+ B)'-[2 H m\ 2 .»+(A-B) cos 3 ..f 
liiit 4 n«=[2 U c«» 2 ff-(A ~ It) siu 2 

therefore 4 (A'B'-U")=4 ^AU-II') 

or JL'W-mW^mAB—W 

When, therefore, we tnuiBpofle an equation of the terond deiifree ftom one set of roetangnlar 

Bxc.s l<i liiiDllicr, till' (iiKiiitilics A-i-H and AB— II' remain iiualton-il. 

When, therefore, we waut tlii> iijiiatiou trausformcd to tlie axt», wv have tlie uew IlssO, and 

A+B=A'+B' AB-n'=A'B' 

Fram thcM «• oaii iani ft qoMdntie equtkm to flnd A' Mid B'. 
Wo luTO HOW to tlie eaoatioB niamd to tlw oenter and uw 



AV+By-fC-O. 

Lot flie iatoraepla made by tlio dlipae (or byperbofai) od the ana be « on • aad hvajf. Then 



and tlie 
and for the hyperbola 

.«■ ti'- 

aa the equation of tbe hyperbola only diflen ttim the elUpae (in thia oaee of tranafonnatiiMi to the 
nea) in the alga of tiM ooeOloient of j^. 
For the polar oqoatiaii of fho ellipw write 

*«j»eoa4 fB^afaiA 



''-I^ooW 



or, by uakiug 



• being tfaeoaenrtrMir of the eUipa& 
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TICBATJ8S ON PBOJBOTIOlf B, 



Inllkei 



Mttkiug 
fUsb 



mind ttK the poter equatioo of tlie hyiwrbola, tlw 



In (he «aM of theellipw the potnta on the B^}ar uis at the diatwoe VT^bmo fton Hie 
iTiiter are colled the ficL In the ceee of the hjperbela theae are at the 4latam» VtP+V fkan the 

tfutcr. 

In tbA polar or|uation of tLeellip.<«c we «ee that the leaet value tin- (l('noriiiiiat4ir li'+{<i'—l)')n\n'i 
cm liave is wIkmi /=(); thi-n-fore the (jri'atcst value of ^ is when ^=0 :iiiil i.s<M|iial ton. Similarly, 

\vu Qtxl that the least value of/' is fur j. uikI this value iseijiial to 6. TIk-m- two Hihh an^ the 

axis ififr/or ami the axis iiiif»«o/"oflhecnrTe. It in aim clear thai llH'NtiKillcr / i.-i, (lie larger/, will Im-; 
lu-in i'. 111!' iii'atfi- any diameter is id the axis iiinjnr Ihi- greater it w ill Ne. If" < = or /= — «, w«( 
will llud the ttauie valae of />; heuce two cliauiet«ra which make equal augles wiUt the axis will be 
equal. TheBgnnoTtheeliiiifleiaehorijrtiiatctveDiiitliellsnn 



FaDdFdaaotiiiKtfae 
If we aolve the 




wfllbe 



Ha. a. 



Beaofbe a atatle nidi ndloa 
will P he a pointer the 



a and take on eadi ordinate LP a length LP, anoh that 

A Bimilar ooottmetloo boMa for the mhior aik^euly fai that 



A. 
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TRHATISB ON PROJBGTIONB. 7 

oitee the r.Uioof Uieordiuatool'theeJlipaetoUiatofUiodroleeqDalBy The coiutrucUou isorrii'ed 
at simply aa fidhnr*: 




TM.O. 



r)escril>e cotK'fritrii' < irrl( s wiili nulii ii imd h roHpootivclv. Draw any nidiiiN CU of tlu- hirge 
circle and from the poiut Q, where it cnt« the sinall circle, draw QP patrullel to the nxis ot x; Ibe 
point of Inteneetlaii of this line with the line RN, drawn perpendicnlar to the axis of gim nt* P. 
a ]K)int of the e1lip»!(>. Siinilarly, any number of points can be obtninod niid the elli|)M> drown 
through them. Or, aguiu, MuppoHe that we hare suty line AB oonstant in lengUi, which moves so thut 
tbe point B dull ilviyi li» OD tlw nil of « md A 00 tlie Mis of f. 

• X 




Now, assume any point P, either between A and B or on the prolongation of the line AB, such 
(hat APaa and BP^t; iImd tlw keni of P in na dUpee; fbr oolUng « and f tt« oiHMdi^^ 
ifataava 



I ABO 



l-mi ABO 



Tangenl. 

The eqnalioB of the elMfd Joining any two iwinta «'«' and 4!"y' on Um curve la 



which, when cy and «"y" 



(»-«') .(y-y) . . 

— ^ — + — 1» 

indflAniteiy near to eaob others 

a' + t' 



tin equation of tha tangent to the eiliim. For tlio hyperbola dm oocvespondioceqnatioa in 
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8 WBATISE OV PBOJBCTIOira. 

Tbein'iereeiitoir tbeUmgenloadMUhof «ttap 

The wUeiifnil is th« djetanoe from the foot of tbo ordninte at the point of tnngoncy to the 
paintoffa>t«ne«tioo«rthot<inge.t.ndthen<i.«r«. Ih«eAif«, •nl>tiincent i.."'-'" 

Tlie qnnatiiy lu ing iiiih'iwodcnt of h, gives • ahnple meana of dntidnjr n tangent to tiio 

ellipH>. If we dmeribe » drde of nulnia «, ami at that point of the oirele which ha* ^ fiir abeeina 

draw 1) t:iiiK<>iil. it will iiitcmTt tlic nxi8 of ml the Mmv |ioiiit »«« the tangent to the ellipi«, tto tliat 
joining Ibe iwint tliuH grupljiciilly found with i>oiut ^jf' uf (lie dliiNie, we will have the tuugent to 
ttusonrvB. 

JTonao/. 

Forming the equation of the perpeadienlar to the lino '^-f^sl at the point Ji'f'i we have 

lln- ciiiiMtiiDi iiC till' iioriiiiil lo the i-llips*'. 

Th«i ititvm-pt of the iioruiiil on the axiit of x njuula 

tv 

We can iIinH diaw a normal to an ellipse, for given the inteieept of the normal on tbe axis of « we 
can And jr*, tbe abednta of the point tfanragh wbidi tbe uoraml la drawn. 

Tho Kuhnormal is tlm portion intcroepted on the aide between fte noimal and tha ordinate, 

and equaU 

a' a* 
Foci. 

Thu nquitre uf thit di»tuiicc from uny point jHy' uf the i IlipMi to tbe focus in equal to 

(j^— r)-4-y'^.' ' '-f 1^'"' — - c-r' + f" 
ainoB % deliiiitiou the co-ordinates of the fiH-iis mi' j-=r, y=0. Hut 

nikd 

Uemw iho diotanoo which we may call Fl* <H)iialN 
Hence 

W« rtfjkxl the tiegutivo value cj^—a, as we are oul^' oonuerudl with the alieoliite magnitude of FP 
and not ita dlieetlon. Simifauijr, far the dintanee from the other ibens (— 0} wo Und 

ileuce 

FP+PP-Sa 

or for a fuudamcntal property of tin' i HipM^ we 1iav<- thr ■iinn of the digUHUm fivm 01^ jfoiitt ^ th$ 
ellifte to the /<mu U WMtanl and equal (o the mi{jor axis of ike elt^M. 
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Itfsiiat£ilaid.tliodimrth>tlbrtlw byperbola 

0 

VUjar tiJ ix. 

Hy liolp of IliWH* tlipoivius ilio dlipM! or li.vji»Tl>olu win be iU-srrilH'<l inooimnically. 

If tbo tixtramtties of » tlireuil be fiiMtened at two Hxe<l poiutM V uikI I'', it ix |i]ain tliut a pencil 
movetl nl-out M 04 to keep (he thraid always atretcbed will deacribe no eUi|Me whoM mi\)or axis ia 
the leugth of the thiMd. In «Rl«r to d«Mribe a byporbola, let a ruler be fluteoed at «ue extremity 




riH. K. 

F, and capoble of moviiig rooDd it, tbea if a thread, fuatened to a flzed point F* andalao toaflied 
point on the mler B, be kept atntohed bj a ring at P, aa the mler te momd roond the pobit P wfll 
(li\si rilj€ n li.vperbola; fiw, ainee tlie aom of FP and PB ia oonataot, Che dUBMraaoa «f FP and FP 

will be coustaut. 

Tbe diteetrfat ia a llae perpcBdtoiUu' to tba a»ia nn^^atadlatapoefroM tlieeeDttr»^ Tlie 
diataaea of the diveotrix flnn any point of tba earveia 

Henee «a liave another fend amen tal property of .then enma wkioh wonld Mialila na to eonatraot 
the entve^ viz, that the dkrtaaoa of aay paint on tba oom tarn tlw fceaa ia to ita diatanea fhmitha 

directrix as e ia to 1. 

The length of tbe focal mdina veetor we liava Ibmid to •aqnal aa'j liat«'(twfQg] 
(iront tbe center) equala /> eoa TTence 

/i=n — <■ p coa *— eo 
Ofi adlviug for /> aud replaciug o by it8 rahie ae 

^ l+«eoai~'al4>a«aa* 



The double ordinate at tiiallMnB la caBcdthajMmHHciir or Zafaa-JiMiM; ito half ia fbond, Iqr 
niBkingi»|t to bas^^a (1—^). Opting the parametar Iqr ji the aqoatlon nagr lio written 

' 81+«eoB* 

Till! pro|K>rTieM that we have diHciiNNeil so far huve lK>en (!4)iiiiiioii to l>olh the ellipse and livperliohi, 
but tbe hyperbola by virtue of ita real aaymptotea poweaaea properliee which the ellipue doea nut 
poaaeaa. Wa aaw that in Oe general eaaattmeqaation of thaaayaqitotmwaaolttaiiiedliyplaeing 
tbe highest powers of the \ :iriHh!eM=:U, tbe eantar iMing tlM origin. Thna we liava Ibr tlie eqna- 
tion of the aaymptotea to tbe hyperbola 

2 T p 
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ft aod V being any pair of eoiyogate dimneten. Henoo tbe asymptotea are parullAl to the diagonals 
(tf aoy pnalMogiBB vboM aides ate any pair eff fioqjogste diao^ 

We hava alnadjr aeen that whan Uie equation of ttie aeoond degree repifieoti a parabola, we 
iBMtbaTa 

n--Ai!=o 

Tbiii iii cl«»u-l.v uuly tlio couiUtiou that ttic tirst tiinc teriu« ut tlie geueral equation bhould couMtitiite 
» petftetaqnave, or that the equatioo might be written , 

ItwMlbnnatioMof asea win greatly aimplifythiaeitiiatiaii. Bnppoae that we take Ibrnaw axea the 
line flV+Ar and the perp<>n(l)cnliir on it ^x—ag. Now in the i-quntioii of the curve n°c know that 
«Hr+i9||raiid20«+2Fy+c are respectively proiwrtional lo tbu leugtbs ot° i>«rii«udieiilai-s let full 
ihMii the point ay to the ttnes 

Hence the equation of the curve asBerta that tbe square of the perpendicular froin any ])oint of 
the oarre on the Hiat of theae linea is pmportiiMial to the peipendicnhir irom the aanie point on tbe 
aeeond Uoe. Now, ainee Hie new oo^rdinatea and / an to denote tbe lengtha eCrperpend i c nhw a 
ftoin any pdnt en the new nana, we have 

Make a*-\-lfi=f*\ and we have 

Ibking theae aahetitntiona in the eqdation ef the onrre, it beoonee 

Orby ainpty tarnbigtlMnBeethiongh » oertain angle we have rednead the equation to the Ibm 

Again, change to iMwnllel axca thraogb a new origin «y ; the eqnatioa now becoinea 
By^.2 CKx+a (B't'+F)f 4-B'y«-|:2 6V+3 Fy-t-C-iO 

Aa the eoeHkient of m haa teatained nnobanged, we evidently cannot make it vaniab by thia kfaid 

of tninsforiTiHtioii. But n-i> can ik-terniin*- r'y' mi that tbecoelllcientef y aod the abaolnte tana 
shall vanish. Take for the co-ordinates of the uuw origin 

. f«-B'0' ^ F' 

20'**" »— B» 

then the equation radaeea to 
or aimply 
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wheo we ham 

The quantity p !>», in the Msnmed case of rectaDRuIar co-ordinates, callwl the principal param- 
eter of the curve. Since evejy value of x piven two equal ami opiKtmtc values for tf, tho curve mnnl 
be »ymnictrical with re8|KH^t to the axis of jr. Xouc of tiio curve can lie on tho iic;,Miivc suW oi the 
origin, siiioe a degatire value of x will give imaginaiy voloes of y. The iiguns of tlie cqrve ia ttiut 




ym.9. 

Hie eqnattm of Cke dhoid JoiniiiK aoy two pcinte on tke oorve it 

Mike f'sy" and «iltBf'*a^ and the cqiwtioo of tlie tmigeiit to thepenliolftto 

For the intercept on the axis of x we have x= —x" ; that 18, the distance from ihe foot of the 
ordiDate of ooutaot to (be point of inteneodon of the tangent with the axis of tbe uurre is biaectcd 
at the Twtez, er, ilnipl jf the «MMeivMl to biieeted at the verteE. 

Tbe eqnatioiB of the nomnl to 
Its intereept «a the aada to 

x^t' + ip 

The SMbttomuil being defined aa before by the relatiou 

Subuor. =/■— r* 

wo liavu for tbe paraboh* thai the Hubuoruial in coiiotuut and equala ^p or ^ parameter. 

The focu8 of the ]>arabola is a |>oint situated on the axis of the curve and at a diatauce from 
flie vertex eiiual to oiie-fonrtb of tlie prittdpal parameter. CalHlig m thto dtotaiMe^«ehave tette 
■qaie of Uie dUtauoe of an; point of tbe curve ftoin the focus 

Henoe the diittanoe of any point from the focus equals jc'+m. 

The directrix of the parabola is a Mlrai(;lit line pcr|>en(1icular to the Hxhi and at n distance of 
veJtex DiitNidi' of tlii^ curve to m ; hfiicc tlic (li^taiii'c of ;iiiv |M»iiit on tht; curve from the diriNti i\ 

must equal x'+m. We have, then, as a fuudameuttd property of the |jarabola, that tke duUamx of ang 
foittt Iff tlu mntfnm thefaetu it efiuU to U$ iStUuMfiim tt« Urtebim. 



Digitized by Google 



12 TBBATISB OK PBOJB0TION8. ■ 

Tli(> (!<^|uatioD of the ellipse in MttiHtied by umkiag xssa Hiti x,3=b cos x, when x i« tbe couiple' 
mont of the uncle I'VL (FSg. B), or is the oomplemeDt of the cooPBtiie Mioiiialjr. We heve ftonk 
tbeas valofls of x and y 

•nd flw die elMMBt of are 

TiiliitiL' th<> i'f('<:'iitrii'ity <if tin' ollipse --g — aatheeioiliiliuofaneUipdoiotegnliWebaveet 
for tiie length of Ui« outiro elli|>Ae, 



B^k dMiotliictbeeopplMBelUiilieintatrirfrf Am eeonMdtgr ie email «r the 

ellipae le neorlj- » drde, Om fboetlao B^IIum Ibr value (Osirley^ ElUptie FmetioBi^ page 40) 

B.»=j(^l-3i*^-Si-4,*'^.^^*' ^,4p:r. . . '^-) 



Hie ana of the ellipae k mril koowii ta be icaik It call fee oUaiaed teadity b.v inicgmuii^ 
J' J did^, theUaiilBefsaadybeiiigtakeolhmitlieeviBtikHi 

For the hjpertwta 

mtta aee «i fa* tan «^ whata » li the aoomtriB anomtlir 

deH«aeewtano(r» 

aBdtiiMloe 



ilero take 

ft- 



HieiacipnMalof (haeeaaatiMly; thenli' UieeoaiplaiMotaiyiBodiilaBaqpiili^^^ 

an aagle /I aaeh that tea wfft. IbeD 

a , nk" ain adit 

«= — - — 



By diffiBmitiatioD of A^taa/i ire flnd 
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and eonvccMly integniliiiig fkom ien» «• tnA 

BolMtitutiiig tilts iu the flxpnaaion for «, and reuu-uiberiug tUut bk=ak' we have 

|(tiui fi/^n+iC'Vi,- Efi 

x <loni>U'.s tlir length of Ml are of the hypariwla awM 

ured fh»ui Uic vertex. 

The ineoogniitr of explniiilng the elementiiiy prfiiei]ile» 
of Conie Seotiou aad OHsnmin^ a knowledge of tbe more 
difftciUt one of Rllipttc Fiiiu-tiotis will ]K>thapM Ktrikc all 
readers; but tlio object of the o.vplaiiatioii in (he former 
oiwe vtOA Dot 80 much ttf t«ach oonics to one who had not 
atndleA fbe aabjeet aa it was to frfve a Inief ritmiii of the 
iiKtrc inipnrtant elementary priiu-iiilcs, wliicb wtiitlil afford 
uu aii8 of |*raetically dnueing these curv es. Uen altk'r ele- 
mentary explanations will not be given except in particular 
oaaea where it may tie deainUe to bring out some important 
ftict in the procnw. 

^Vl■ '.^ ill t:ik. lip liiiw the subjf'ct (if jirrkjitrlirc jimjixlion — 
taking tlie plane of projection at ttiiiit m i-utiside of tbe (>phere. 
IietG(Fig. l)deaote theeenterof tfaeaphere, Vthepointof 
eight, Op the trooe of tbe piano of projeittioii ni»on the plane 
of the paper, P the jiole of the equator, and M any other 
point on the HUifiww of the sphere, having « for latitude and 
m for longitude, i'ZZ' being the first meridian. Then we 
have 

•vZPlI, to these add PZb| 
MO-#«PM XZa^ 

and also assume VC=r, VO=c'. The imtjection of Z ia o 

nod of P ia j>i these btting tbe pointa in which the prqjeeting lines pierce the plane of prqiectioa. 
Asanme m aa the pn^eetion of M, then the poaftion of this point mnat be determined with reference 

to some sy.stein of co onlinati'S. The most foii\ (iiicnt s\ steni in .i:liipt will hi- the ic<'tiiiij_'iil:ir sys. 
tern UX, (>Y, then 0«i=jr, iiim=jf, and we have to (k•t(■rlmlll^ x ami y iw luiu iious ol' tlie ){ivi'ii con- 
ataiits r, r', r and tbe nngnlar roagnitod< s n ami m. 

Equating the aum of tbe three auglea about the jioint G to the aam of the three auglea of the 
tilMigto ODM we have^ ainee tUa triar>gle u faHiaeetn, 




Vlii. I. 



nlao 



ZM-DC J.-VOD 



combining theiio two results, we have 

MDCa^-V; ADGa,r-(«— T) 

Again, io tbe trlaogle VDO 

ainD e 
aET"f 



Digitized by Google 



14 



TBBATI8B 0» PBOJE0TI0W& 



or 



Bolvhif tUB Ibr tan T, wa And 

C+ r cos f 

and eonicqneotlj 

(HiMrTing now that HOPv^ w« at OOOB obtain ftv « and y tlw Tolnoa 

We bare now to detennine f audj,' in t«riii-'< of " and lu tbe Mpheriml triangle PZM we b»T« 

sin f Siu yaiOOB o»mn 
. ^_eill ff— siu a G0« f> 

ma 9 mm r = 'am* 

eoa f Btin « ain #+0M « floa « ooa » 
Oombhwtion of tbe ktt two give* 

•tn r flos «»bO(» a iiD f — oln a o(w « ooa » 
Snbttltoting tlMse vnloea «f «m ^, oia f ow «» and oiii y ain <^ In the vnlnes of • and y, tiMia 

t\\ (win a^co8 VMK. M— co » a s iti g) e'r cos HiiijK 

^ ' e^r (ed« « coa « «oa M+atn « «ia '^e+r (eoa a «6a « ooa <*<faGrM alii «) 



Upon these two eqnationa dependa tbe entin eaoatncthinor tiie |iCfqneUre prqleetion of a qAora 
npoii a pUwk • 
Pot b'aff-f r the \Mxve of pntjcotion beeomea the tangent phine at the point «; for«'Betbe 

)il!iiii> |iass<"< t1irfin;;li th<- • i iiti r of the sphere, and the fmot circle SO eot oot will be tho Hmiling 

Ww ol till! i>roj('cliuii. I-'oi till' last ejUfC the eqiiutions bcoone 

_ er (jsiu a cos 0 cos w— vos a siii o) w coa 0 jin « 

^ ' '~«Hhr (00* <• oDo » ooa w+ain « Bin f ) (coa « eoa « eba w+aiHTSnTJ 

If ilic i'\ (■ In- ( (iiiccivi il an Hituntcd upon tla' pKiloii^'alinii cif tlx- a\i^ of the earth tbe pbine of 
pniji't'liiiii will < (liiiriilr with tlial of tlir cqiiaioi ami we have nn eqmttorittl priyeetiou. Tbe vaiOM 

of and j) for this caou are fuuud by uiuUiu^; ^l"^'^^ furmiilii, tliim : 

o+raitt*" *" e-t-rafai* 

If the f vi' is placed in the iilanc of tlie equator tlio plane of projeetion will p:Ms throngh a 
meridian, niid the pnyeotiou is i<aid lu be a meridian pr^fcction. I'm tins case we have «sO. 

*"«4-reoa tiutm '"i+r eoa p'on » 

By making <'scO in equations 2, and ginngwnaanes of valuer, ue will <let«TmiiK> as loaoy points 
of tlie projection of the equator as will be naeaaamy to draw that line. And, iu like manner, by' 
giving 0 any conatant vtlw, and giving • any aeriea of ralnear we can detennine the pnijeotlooa of 
ttie intaneetiona of all the neridiana wi h the oaaamed pondlel of 0. 'Tbia piweaa ia, howem, a 



m^i& m tmTiSt •--eos «.aGr«~Sn a om com a tao « 



TIi£ATIS£ ON PKOJBCXIONS. , 15 

Wj' Icn^tliy himI inrlcftntit one. As we arc c«nc4Tni (l nrsly w Uh tlic iirojccrtions of ciroles or tlic 
ftphcro wt> know that, the projectiug curve hviiig of the m-couU degn.H>, these prqjections will bu 
ciiivcMuf thesecoDil degree. It will oonseciiieiitty bednlnbteto fiiid the eqiMtliiiuoftlinaiwn^ 
ntui I'l-uui ilw cqaationa ooiuttrurt (he iirqieotiona. 

To obtain UiecqnAtiou of the pniji-ctioiM of the meridlaoi, it in 011I7 neaeeaair to eUminatB ttie 
iHtitiMh) if bmtvwa Miutioiw 2; dividing tk« aeeond of titew eqnatioas by tlie Ant, m hun 



ftom wbidi 

y cos a 

or 

y siD* « coa* «— 2 jy ain « aiii • cy « »+ j* «n* « 
" ji» fl+j^iiQ* « co^v— 2 «y no a nn 0.coa«i+4^siiiF«» 

«» «.fy Hi^ « W M-S 4viln«ib«oo«i*-|-^«ii!^* 

anlMtitnting ItaeM Id the Talnce of y givos m the geoeral eqoatioD of the prqfeotioB of 

(3) ** (c'— >•* Niii* «) sin' <u+xi/ (r*— <•') siti m 2 . --i-y' <^ sin' a sin* I* MMi* •) 

— .r irh- sin 2 u siu' w-^-ifr'c cos a hill U m — r'<- sin' u. =0 

Thia 18 the et|iiatioii of an elliiise vboso eemi iuLcj^ ci uuU b an- ^'iven by » 

awl whooe center in at the point 

-jj. , _ cr' 8iu* n «in' ui _ — rr* cos a min' «u 

* ' [(■'-r' (I -cos' sin' .1.)] '"S'p-r' <• sin' «)]' 

For tke direction of the axes we bare, « being the angle that the m^jor axes malies with the 
Bxie of «i 

„ sin a nin' ai 

i.w w— aiiro 8UI* <i> 

and (Wmi this, by means of the formulas} 

Xa!ii2m=JL^' aia 2 «k8 ahi • eoa « 

Then easily follows 

<•)■ ^-"•-'-^^ 

Tlie quantitlee f and have different >-s1ne8 for ttvery meridian, i. e., for every valne of » ; If, then, 
ve eliminate *• between the two ijqaations giving f and ij, we will obtain the locns of tke centers of 
aUtheelUpaee 

^e— einataa* 

or 

tanoM— -ain« 
9 

from which 



Sukistitutiug thu in the equation giving it becumcM 
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(7) •in' slaceMMaO 

tiM equation of an ellipse bavins; ; and ; for iUt cnirent co-nnliiiates. Tbe elliiKte also pasfirH 
tbroagh tbe origin of vo-onlinuivs as it lacks au aliHolutu turn. Tbe veutvr of tbc elliiwe lies od 
tbe ula «f« sod ia given Iqr 

•od its wsnii-UM of and V an giveo by 

M\ . Hdrfii«cae« ^ i»ctm* _ 

U is obvioiu tbst tbe mojve uis ooiueidea wftb tbe Mcis otaty rad ooiweqiieot^ «adK 

nononom or tu paballslb. 
TofMalatbmpniK'BttMisltleMilirneeMaary toelbDiiiate Websve 

ftr-l-rc cos a sin « 
COS •= — . — 
<T sin II i-oK ff— ra; cos « cos 0 

Dividing tbo second of equations 2 b.v Ibc first gives 

y einw 

«^sin aixm w^coh a tan ^ 

From tbis we can readily obtain 

jr sin a coi< o w—y ciw a »uu tf=x tHM 0 siu m 

Sqnare tbis In order to get rid of siu « and we buve 

(Sf*siii*« eoi^«+d^eoa^«)ooa^ Sj^nia ■eosann (nm^oosm— j^eoa^ (H-j^eo^ «atD*teO 

SnbMituting in tbie tbe valae of oee «> given above, and iierforming eeveral ca«jr bnt tedioaa 
lednetloM, we oome Anally to tbe eqaation of tbe pndeotioiie «f tbe pnrallelB in tlie flmii 

(10) S? [if+3f«aln«8in u-t^ cm {<«—«) cos {.i + | + [<• sin u + r sin <'J'+3rBr(o Cioe« rin ♦ 

4-r sio a oos «)— cr'r' siu (a— tiiu (a-f <*)=U . 

Tbe enrve is an 

Ellipse 1 i >0 

Hyperbola ^ ac^^irding as c*+2 rc mu a »iu o—t* cos («— *) cos {«+») < <» 
Pattabola ^ (sO . 

tbe qoantits H*— AD bdng ben replaced mendy by B sbioe HwO and Aba petftot square and 
positive. 

the nsoai praeess of tnasfimnation to tbe neater and axea we And 

,,,v y r«oo8#(«sin a-fo«in«) 

^ ' "^"c^+SfB sin a siir«Hhr*'sln^ cSp- 

rr ros ii 



fat t he axes, and 



Vt"+- sill " sill f+Hsin'w— r-'cos'u 

^ cr c os a (i! 8in »+r vin «) 

^^+2cr Bih"« sin iij?~*-i* co^ « 



(13) •'-0 

for tbe ceridT und direetion of the niiijoraxbk Itfldlows, then, that tbeoentenof tbepR^Jsetions 
of tbe parallels all lie upon tbe axis of 
For tlie projection of tbe equator tmn 
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(U) 



libvioaify ftn elliii«e wbooe axen un> 



(14) 

and whoee oeoter is at 
(IS) 



, re* sin c 



Tk0 diataoeep of tbe projection of the iwie from the center ot the 
■Mklair tmi:^ iu tlM exprosBioa for and we have thua 

(16) 

two pointa on (he aada of aL 



pnijeolilm is 



«reoa« 



0+r Bin « 



1^= 



cr COB g 
«— r aln « 



XQVAioBiAi. noiiaaxioH. 



Foor I 
(17) 



<reoa#iiii« 



9+rma» 

We bate tkcn fbr tbe general equation of the prq|eotioiu of tbe para l iele 

c" Hcoe'* 



(18) 



p 



(«-|-r ain 



m betog ftWminatHl by tbe aiipl* ynetm cf aqoariny and adding. Thia 
la ttft aqiatiMi «r s eiiele wboM ecotHr iaac fhaariginof eo-acdinates. 
For th e eMBlnation of » It fa only n o ee w ai y to dIvMa » by thai ' 

m 

We 8c-e from tlii.s that tbe meridians aru prrtjit-ted in Htmigbt Uuen, niid 
that Ibe augic iucludcd betwc«n tbe projectioiis of iiny two iiieri«liana ia 
•qnal to tbe aogle between tbe aeridiiuia tbemeolves. Fig. 2 givea an 
idea of tUa pRtJeotioni 

In the cane wlipre tlu' point^of si^Iit is without the wpliprp, f. r., where 
extend frum tbe oquutor to tbo (Nunllel which imushus through tbe poiut wbeit) tbe tuiigviil t'rum tbo 
point Of right nwato tbe nuiUlan PBP^I thia latitode ia given by 



nV— 




kr — 

















Ihc pmici'tion v ill 



tan Or- 



niid the iMBm of ita iwqjeation ia oqnal to 



r 



cr ms fl, 
c— r siu 0, 



IMvlde now the circle of iinyection into iloprees, and count npon it from the name point K tiie lati- 
tude und longitude, und upon the line of the ]Kiles IM" Ui.v o(V fV'=e; join V with the extremities 
of any parallel which it ia doaired to construct and the iutentections of these prqiocting liuea with 
tbe diameter BB*, vis, » and **, are paints in the ciraam&renoe of the drele into which the given 
pamlh l iH pmjpot^il ; we have then merely with e aa a center to deaeribe circlen poaaing tlmnigb 
tlieee imintM, aud they will be the projvctioua of the poraUels. Tbe meridian* are of oontaa oon> 
atrncted by merely dnivtag Oe dtamelan of tbeeirolo of iifq|eetlon. 
3 T p 
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MSBiDUH nffjmanan. 

wbieh 



It to ta to o lwanr t d ttat tw Hw negative otHStdiintee the Tdnee «f * only chaoice fdgn, while for 
negative lonf^tndee (lie • raoaine micihaiifed tad y eheagee Ite ligii. Few tbe prq|eetione of tlie 

meridiiuta eliminate 4. 

9 

hem which iUlowe 

vhich being (mbstitntMl in either uf the expreaaions for x or y would give us the eqnationM of the 
pndeotioiia of (he neridiaas. Similarly the pnyeotioDB of (he pamllele nuj be found by elimina(- 
lag m between ttie eximaskms fbr :r nndjr. A Anther eoarfdentlon of this pnijeetion in tteeeneral 

cast" wonl<l W j>[(«!iii rivc i>f but liltlo that could iiitcrcsl, so «c sliull loavr- tlu' suliject h*'re, takiOg 
it upi however, in (he vuriouH spetinl cuh.'s of jn-rHpwtiv*' pmiiTlion Ihut we shall study. 

UKTIIOUUAI'UIC PUUJKCTlUff. 

6i the eaee of erthoiptipWe prejeelhm the eye le eappoaed te tofrfaeed atan inlhiitedtelaiiee 

tmm the center of the Bphere, 1. e., c=:« . The projecting cone becomes tlien iti thi* case n cylln- 
der, the ri(;ht section of which is a great cinslc of the xphiTe. llei-e tliere khi no panilKihui or 
hyperbolas fxmr iw thi- priiJe<-tion of any circle of the sphere, luit all I'in'le.s will l»c pmjeeted in 
circles, ellipees, or atmight linea acoording to the iuoUnatioa of tbeir plauea to the axia of the 
qrlinder. lliie prq^ectian fa not need te geographieal parpoaea, though it baa been ftr oelestial 
eharta, and is cotnttionly employed Ibr anhltMbuat and mechanical dcawingB. 
For 0=90 eqiiutiou ~ give« 

(20) x=r (sin doos 0OOSM— coaaalatf) f«rfloa faint* 
The general equation of meridiana nmr beeomee ' 

(21) ifi Bin* v-Af ^ « eb 2 m-\-f (1-idn* a Rhi* m)-i» ooe'a ain'vaO 
Tlie aqnatioik tt an ellipee wheaa aani-axaa (eqtttionH 3) »re 

(28) umr hmr cm « ain « 

Air tto eanlet ^sO, and te Ibe dliaetion of the mi^aada' 

tan*«»!«~- 
Miaa 

The equation of panillelM is now {ride equation 9). 

(23) sin' u-i-2 raooa aain 0— r*sin (•— «)ai]i (a-f «)mO * 

an ellipae wboee aemi-axes are 

a'asr ooa e v^r oos « sin ■ 



TheoaBterisat 

*srco8«ain# ^mO 

and the direction of the m^or axia msO. 
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The eqoBtioB of tte piraleatiim of the eqnator is 

(24) ifi+fiiaf—r*ida?awmO 

fbr which 

And flnalljr for tlie pole 

(25) J»B— TflM*. 

nwae expmwioiM an Boffident to determine the ortliogtafihio pn^eotian fbr 



oBTKoaBApato aqvATOSUt. ntojmonoir. 
Ikeoondidon Oat e9« ihoald be«D tlie aito of flw «aiili,«Bd fhe pta^ 
of prqJeetkB,liaiiiTsd •t^Minttio gonanl «Mo^byBaUaf m^i m flod fban 

(20) •!Bran#eoew yBr«w#iln« 

gad, diiiimtiiiy «, the moriJlMio wo gi w by 

and (So penUlal* faj 

(37) j:*+y*=r*eoa^# 

. Tfamtbenmridlanfl ere projected in ntmiKht lineit ihwhIiii! thnmgfa the center of projection and the 
pamllels are iirojcctcd into their true sizes ;is cDnrentric circlen. 

If the cetejitial spliere b<i thus projecttMl it will bo desirable to fiud the ecliptic Thin in Hiinply 
a (^at circle whom plane has mi inclination of 2;{o 2A' to that of the equator. Tlieir line of ituction 
ba» the longitode Qo or 180?. It is obvioiw that the R^nired prq|eetion to an eUipM whooe maioir 
axtosarand la ootaddentwMi the pnyeotioa of dia fliatmeridtaaf aadwhoaambtoratb ^Sr 
eoa 330 9V and to eataddent irHh tiM pn^M^ of flw iMiUiaa of 

HEBiDuir noiaoxiOH. 

laihtoaaaa tha cfa to in the plana of tha cqaator, maalljr atoa in that of the lint meridian; 
haia than «vO and 

(88) xsrsintf yBrooatfain* 

The equation of the piq^ection of BM>tkUanr< in 

tim aquation of an eUipfle ibr which 

•sr ^ssraint f=0 i^asO 

The equation 

(3<)) x=rfan« 

being independent of w, is the et^imtion of the parallelit; i. e., tlie parullek are projeeted into riglit 
lines pamllel to the asia of j^, or, the Kanie thing, pandlel to tlifi equator. 

For celeetiai eharta the phuie of prqjectian to oanollf that containing ttie uto of tlie equator 
and of the eeUptio, or rfnipl.T flw aolstitial colnre. Me prqfectioaa of tiie equator and eoHptie and 

all parallel'* to either win in (his t :ise 1hi rifjlit lines, 'Die eetiter of the jirojeetion will represent 
the equiuocliul jjuinlii, au<l tlie i^ulstices ar« projected in the «xtreniilie« of the ediptic. Decliuatiuu 

aliclcaof ili^taoeanatoB |— « and Baridtona of eolaatial longitude • are projected in eUipata wiioaa 

■Mtfor aitoaqaata Sr and whoaa minor atea rwpeeUrely eqaal r eoa • and r ate m. 

Tha arthagtaphic projection haa the disadvantage of giving the natural sizes only at the center 
of the dinrt. Towards the outside of tlie prq)ection the portJons of the earth's projection are mnoh 
too small. mu\ at the Umlt ON infinitely amall. liawoifar,oii|yenah>miapharaoanhei 
npon a single chart. 
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STKHKOOnAIMIH' I-ROJECTION. 

the eye is on tbe surfiioe of the tiphere; i, iii eqaations 2 we liave e=r, and in 



(81) 



r (Sill a I'os I' cos <r. — 



1 + COS a COB V con liiiTiiii i 
Our general equation of ineridiaDS become* 

(32) 



r cos 0 sin « 

eusacus vuosM-i- ainasiii^ 



jc'+jr'-a «r ttn «-2 yr^^-r»»« 



Hera H=0 and A=B, the nrelt knowR eoodi- 

tionHthat tbe genenil i'<)uiiti<>ii should i-epresent 
acirde. Tbe center of the circle is at the itoiut 



Mid tlw imdine ia 



r 

■ ain I 



reus a 



as— rwt^g 



'"""1+ Bin 

a point through which the projections of all tbe 
meridiana muat pus. The equation of the Iwnu 
Of centers of neridiau is In tlilB 

(53) 



ftsr tsn* 



nstralgfatUBeiNwsllsl totliesiiisof •«tadis> 
taoce from' it =r tan a. 

The eqaattoQ of paralkle becomes 

(M) a'^.y'^ 'rx ' r» («in f-ain a) 

a circle whose center ia at 

r cos a 




aina+sinf 
rsosf 



1-0 



wboss ndfan is 

^ilna+sin* 

lbs eqamian of flM sqnstor is isO. 
(SB) 4^-ty+2iwoot«-t*ciO 
•Dd BSfnitiMls of flus pn^setion bsing givsn bj 
B^vreaseo« fs<»reoia 



the 



We thus Hee that both un i iiH.ins ;iii(l |jar.illi'ls arc pnijccli'd in eirelej* f<ir this kind of i)n>Jeo- 
tion, and aince, by varying the angle a, we can cause tbe plane of projection to aaHuuie any position 
lelatlTely lo tbe eqoator and psrsUels, it fiollows (A«( aU ofrvlss qf tke ^kert anpnfeoled in eirele$, 

BTHnOSBAPlIIO BQOATOBIAI. FlKMSOTIOll. 

Tlie plans of flis sqmtsr is liers taken ftor tbs ptaneof prqfeetionnodsom^} this gives 
_ roostfoosw 



(36) 



r ooe 9 sin » 

»"~T+inT- 
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■tw ■ 



The neridiuuB are thus i>roject«U in straight Unes iraAsiug through the urigiu, or simply iu the 
dkaeter of tlw «(|iistor. The pRnlUia we pnfeeted Ib cMn of ncttiw sr tH |- For flw 

oqiutaritMlf ;=:2'"'*^^^™^'''^^>"P''^®'^*''™ sr,tkendfattOf tbeipbem. Fif-SnpiwantB 

thlt pn^eotkn, the cgre beiu^ placed al the aooflt pole| P le die north pole, and ABGO ia 
tbe «-qoator. To dniv this a circle of null as, r ia dceerflwd about any point P and its circumferonce 
divided into equal iwrtions of 5° or 10°, or whatever ai^ be most desirable. Tbe diametenrAP 
180,SDP314^INK>P270an the meridjanaof IK>,SOo,aiidMo. Tbepaialldaai««lldnwnahoat 

P ns a center with radii =r tan *. Tiiblo I, which is constrticted by me^ns of thia furmnla, ghrOB 

the raloe of ft (the ndina) for every OP «f hititode * (s80o— ;) } in the table r ia aaanmed ssl. 
If • perpcnffienhvhe erected at the extrenHj A oT ttc (ttMneter AO tibe taogenta and aecanta 

of all the iiiigle.s necestiary to conKtriK't the chart may beMd Off on it. Tf, for cxainplc, the angle 
APm^23P, then Aa'=r tan 23, Pa'a^r aec If r be taken as unity, tbe coustructiou will of 
iheqniteaiuiple. 



TO muw 



m PAB1LLXL8 Am OBOUS OF LOHOITDllB. 



In nder to do tliia it ia neceiaaiy to moeniber that the ateraographie piqieetiaii of eveiy 

circle is a circle, Dinw now, an in Fig. 4, two di-.iriicicrs 
of a *'ircle peqM-udicular to one another aH Alt an<I CI) 
and the chords DE and DF cutting AB in e and /, then 
ft ia the atereograpbio prqjectian of tho arc or clKiad F£. 
Nov, dwaii^ FRDiameaenred byooe-half of tbe«rr 
FOaad 

are, l'i:i) = /n) and KFn-/, IV 
I^ therefore, FK Ins the iliaineter of a circle on the 
I of tbe sphere, the snrfnce of a cone DEF will cut 
a ptaoe through AB peipeadiailar to DQ, ia the flgnie/f. 
Since, however, the plane of thia aeetion, on aeoodnt of 
the cfniality of the aiifilca 1"KI) uml r/"D, makes a »iil>eoii- 
trarj- sci tioii, the curv e of intersection /e is a circle. Tbe 
distance iu the planeof pvqleotioill ftoB the eooteref thia 
oirole to tbo origin O ia 

Let Jl denote the distance of the jmle of FE fmm tbe point ofaii^tfl, 
pole fkoBi the eireuintereoce of FE. Then we have 




and A the diataom of the 



Md ftom the trianglea DO/aod DOe 
<y«r tan i 



0«=r tan ^ (i-^) 
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BolMtitatulg them in the above value of i, this beoomea 

I tan i (i+i.) + tan I (i-i.) } 

or 

r sin -I 

•as- 

CO 

aiMl,biHkei 



r ain /( 



.S. 



If it in dcHireil to draw Die parallel to the ecliptic, which ia 30° diataot frOB Ul pole^ It 1> oolj^ 
neoeaaaiy to lajr off fton F, on the djamrtw PD, the distanoe PO 



^ r Bin 33° 28^ 
"*"eoJlB* SB'-Kooa Sft* 

from 0 fliiia ebta&Md as A oanter and vUJi a ladlna Of 

_ r Hill .IIP 

ros 2;«'-'' lifS' + cojs :!<)'3 

descrilie a circle; this ia the required proji t tion. Fur tlie ecliptic itMlf /ibOO", and the distanoeto 
itooentorbPO 

=r tan LMc 28' 

andltoiadiaaOQ 

= r 2.'|3 28' 

A(jC is this projection. For the {wlu uf tlie ecliptic ,"=0} whence • 

Fortbcr, the diataneea «f Oa potnfc PflNnnUiet»opointainwliiAtliedlaBietar BDkent liiythe 
parallel to the 

«+Bsr tan | {U^,,) <>Bar tan {l-p^ 

OBHBBAUSHD DUCUHlOlf. 

We shall now take np the pfoMem of penpeettvaptcdeetbn fhmi a more general point efviev. 
Unto now the podtion of the Toriahlo point M baa been detemined by meana of fhe qnantitiea 

ZPM=» PHsi9OO-0 

The poritkm of M will now be determined with refeienoe to «iqr fljted point, aajr L, on the aarfaoe 
of theepbere. To tUa end wiito HLs^t M^P^r. To dctenaine with rapeet to P the qoantitiai 

ZPL»ir and LP>^Mo<- 0 

Let, for example, P denote the pole of the eqnator and L that of tlie ecliptic; then 90^— 0b 
obliquity of the ecliptic ForaetarM the longitude =9(K>— f',the latitude s90—2,thedeelinatlon 
sO, and the right aaoenaion sMPL— MOor =j>— SNP, denoting MPL by (9. 

lO DBTBBIOHB THB TAI.CT8 OF m AMD 0 IH TERMS UF / AND V, TUK LATITUDE UKD LOHOI- 

TUDB or M. 

In the spherical trian^rle PLM two aides I'lj^fKP — « ;iti(l LM— :itiil (lie inr Imlcd anplc MLP 
sVuiv Icuowu, and from them we have for the deteruiiuutiuu of Ali'L=,n and PM=UU'3— the 
UNrmnlas 

(98) COR " sin j9=sin / «in f 

008 0 coe 4$ss00B 0 coa j;— ain aiu / ooa V 
ain ^vabi 9 eoa ^r+ooa 0 ainj; eoa ff' 
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it Mid fbeiimlband from tJMMi wil given Iqr therelatioD 

The values of these qnanUHns u> and o mant then be Bobetitiitcd in equations 2 to tad the valiiee 
of X and y, the oo-oidioates of the prqjecUou of U in temu of the new variables. 

APFLHUnoN to vm •nwBOcnAmo xquatobui. noisonoH of faxazjubui to na 

BOLIPTIOi 



Fer IliiecHeMnB and tlMdiBlaiBfleer the cgreftam Che plane ot pr^^ HhevahM 
«f • and y aliMdj fbnad aie 

Kow sioco, acoording to asanmptioii, tite pole L lies ia the circle whoso x>iuoe p— w thioagk UD 
perpendiwilar to tlie plane of flie paper, we have 

c denoHiif the ebHqaHy of tile edlplle. The dtetanoeef the given pmdkl limn the pole la jj^aad 

for tho jiointa in wliirli it Ih intorscrtod hy tlio circlo perpendicular loBD, TstP uad ISV*, The 
above equatioiia become. by tlie Hubstitutioii of these values 

{4Ui ooe 9 sin ^=^0 

OOB « 008 fi- nnt cos 2— oot»( sin / 
sin e=co»t 006 /+8iu* eio / 

meneeitlBllowettat 

(41) J»bO aln«-eoe(<-;r) ' 



) of # and « to the espveaaionB llbir « and y we have iMT 



For the pole of the ediptio x^O and 

(46) ..O »=rtiinj 

Since in stereopraphio i)rfii<H fion nil l in los of tin; splipii- are pmjected as cin lcs, it will only 
be neueHsary to find the projwtioiis ot auy thn^- pointH ot tho Kidiere wliich lie in a circle lo be 
able to determine the center and nulitiH of the jirojection of the circle. Galling U the radius of the 
piofectiou, and ^ and if the oo^oitliiiAtcs uf its center, akio 4r| jfi '^ttt thne points of the euvum- 
, we have then 

(46) (x,-rT+(y.-«;)'=U-- 

' (j%-«)»+(jb~>»y*-w 

(ah-«k) (ft-»i)-(e*-«ir(ji--^ 
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(47) __ G(4!>-g,)-E(j,-x,) 

3B-(*s+#w-{^i+i»i) .2o-(«'^+l(^)-(«^+J)^). 

Of ooane thin Inngthy analyticiil j)rocet« iitH!<] not 1>p fmpItiviNl, for, Imvitiic fmniil tlii> tlm-c |ioiiit8 
1, 2, 3, it ia ooljr neoeaaao' todniw line« l-'J, 3-1, ami biHei-t uuy ttroof them by pcr{K>udiuulius 
whkih win neet at the center of tbe circle. 

Two points are sufficient to determine tlie projection if they lie at tlie extremities or u diameter 
of the sphere. For example : if two poiuts are known on tbe sphere wboee uugulur disttutoes from 
the Axed potnt Lunr and 1909— r we faeve fbr the detennintioB of it, #, » 

(48) eo8 H sin ,?=Hin ;f sin T 

co« COS ^sCM # ow xJLtAn sin;; coe r 
1 0 eoB x^feeoe 9 ebi ;r Me r 



Tbe Dpperiiad lower sfgiM give as two Telne* of /9aod I, f>lm>m^n+fi. New, ftwn the known 
flwcimdihTis: 



^ ' l+sET" '■"T+sET" . 

wc will be eUete dfltermfaie two points x^yi, xty,. The co-ordinates, then, of theeenter of the pro- 
joeted dfde ace 

nnd for the radium 

nSRSOOBAPHtO HBBIDUir raojaoTKRi. 

In tUe pn^Mtioa, wbieh b the one connionly enpleyed when a complete hemisplMra ie to be 
projected, the eye is placed at anj point of tbe eqnator, aod tbe plane of the meridian VHP dirtant 

fhom the eye is taken as the plane of project iou. 

r<ir ItTn'striiil cliart* tlie plane of tbe meridian at Oieenwich is usually taken a.s the plane of 
prqjecUon, and the e^'e will then be at the point whoee loagitade is IMK> or 27U^. But here, as iu 
the flmner tMaeny the meridian imaiittir tinvagh the «gpe is to be taheu ae Uie fln«t meridian in tlie 

reckoiiiii;? <»f lonfritude. 

This itrojeetiou will give the means of reprvscutinn the twn tenestii:il hfiiii.-<pliei'et9 upon two 
separate charts. If it is de«irt>(l to olitaiu maps of the ]M>lar i<';;io}i.'4 the stereograpbie equatorial 
prqjection sboold be emplc^ed. For this case we have «b=U, and etiuatiooa 31 becooie 

(M) — r eia 0 r oos « atn « 

l+ooo«eoe«» ''i+eoa f ooe « 

The equation of neridians thus becomes (equation) 32) 

(52) »r cot r*-cO ^ 

adntewhoaeeanteriaat * 

and whase l udiim U = r eo«<'C w. For the bounding meridian "«= 90°, and R=r, which determine 
the bounding oirole of the chart For tbe meridian pawing through the eye we have •sO, tbere< 
iNN^ B— i|-ae , and e>0) thla meridfaKi is flute piqjeeted in a aUaigbt line, whloh ia of eoaiae oh- 
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viooB witboot any praoT. For Um dktenoe ftom tb« oeotor of tbe map tn tiie iotaneetion of the 
moridiaa nailer «mrid«ntiaD witli tho eqnaUn it ia auj to aw that w» have ter tu j 
For tbe pandleb cqnatkui 8* beoomee 

(53) j^-|-y*+Sn;iMiMe«-|-r*>0 

n uirolo whose center is giveu by 

— r ooaee t 

nud whoMj rutliu8 is U'=r cot ». 

The equator le prq}eeted in a stni^t Umt, tm h ebviooa fton the eonditioM 

For the dlatiiiwe ft«m the eenter of the nap to the point of inteneetioii of the pataliel nader 

eoiuldoratioo with tiie Ant ■eiidian, ire have fmr tan ^. To ooaalniet thia prq)Mtioo, draw a • 

t-irolf with nuliiiN nA=n(' = r to luiy ronvenieatoeaiet TliP equator ami n)<>ri<li:iii imssiiij; through 
the eye are pityected iu a pair of tectaogular diameterB. Take AC aiid DE for tlit^ie lines, I) ami 
£ are, of ceuiM^ the polBa vt the equator. off on AO, ia oppoaite diieotioBa fltoa It, the 
diiitonceo 

fBrfer cot at 

gi vf ntr any oonTenieat aoriea of ▼alnes. The pointa tliaa obtained aM the eentera of pn^eetie n a 

of nieridiuiis. Tho valiu's — r (»<if r.) llio centers of nieriili;in.s that lie on the + side of 1)K 

aud the vulueu +r cot co giving the ceutent of the nicridians that lie ou the — Kidv of UE. With 
ib«8« iminttt aa eeatecHi dnw oiraln ef radii ooaee waod tbe meridian prqfeetione wUl be 
cooathioted. 

. Similarly fbr tbe parallela we lay olT dlatancea above and beknr B od DBs^r eoera » ani 
with tbe«e jiointH as centers dniw circleti of mdii =rcot D; these will he the pmjeclions of tbe 
paraUels. Here, however, the J: r ooeec o give the centers of the circles lying on the £ aide of AO 
leqieotlveljr, widoh ia Che oppoalte of what heM in drawing the meridhuM. 

TO raoiiMi m BOLimo im m pakallbu. 

For thia caae we luve 

a=0 //=() »=90O-c 

Letting X deoote tlio diatanoe of the given parallel fton the pole of the ecliptic and VssO aud UOPf 
eqnatioiM 38 give 

Bnbatitnting theM vataea in fbm above valma of « andy we obtain 

(«) ,«_rtaa?!!^<?iil 

Take, therefore, froui tbe |)oiut D, on the diameter DE, the distanoM 

(66) *i=rtanJ(flOO-C+/)i ^.^r tan * |00O-(.+,)] 

The pointa thna obtained Biethoae in whiah the parallel to tbe eelipllo onto the dlaaMterDB. The 

distance lietwoen these |M)int8 isooBeeqMntly Owdlamotcr SB Of tbe prqieetion, and middle poiut 
of tbe diataut-e i» the center. 

Gall « the diatanoeftoB the eeater of the chart B to the center of thia prq|ectioa,tben 

4 T p 
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or, BulMtitutiug Uie valuM of and Xi 

(5T') « rMnx _ 

■in i+«M x ' •& *+ttm t 

By means of tlu sc (-(inariotis ui i an ilniw all tlu> puialieb to the eeUptie by menly giving x*l>* 

values. I'or the t>clii»tif itwll /='•<>=', aud 



K=r coaec i Isr oot t 

For it» pole 2a;4l^ and 

tiiiB beings of Mone, flie dlrtnnec <rf its pole fkon tbe origin of OHMdlMMi, abng tlie tine DB. 



TSB AHOUE AT WBICU H[K ru" it r i ionh of twu ni:KA T ' iuri.K8 ruT W KQITAI. TO SU 

AMil.K AT \MIH U TUK CIliCLE.S 1 lih.MSJJI.VKS crT. 

Let D ( \) \w tlie iMiiiit of sijilil, and P lUe |>oint <»f intcmi'tioii of two emit i^inrlfH, as, for 
eonnpli*, tUt' ulreleH making with i-ucb otber an angle equal tu Tlio plane of projection passes 
tbrongb tbe diameter AB of the ephere, and ia peipendiciilar to IK!. Let M be the iwqjection of 
• point M on tbe aorlMe of tbeapbere. Koir,ftao onr general equation tat tbe prqjeetianof 
\ by the etanogiaphie neOod, we IwTe 

^ CM a 

siuoe 

OfM-COt* 

From tliiH it follows that mpn=0O'^— c^. If, now, j/^f in a circular arc wboio center iH at m, or 
tbe Hame thing, if i>g is the projeotioii of a ureni circle ttunwgb P, the angle nfg^tx Likewiaen 
eeoood great cirule, alao paeeing tbrongb F and making an aa^e an' vith tbe aante meridbui tnm 
wbfch » was measnred, wonM bsiw for ite pntfeotion • oiivie oattmg tlie line AB at an angle 
Tlip two pioji i tiniis tbereflne would mdM the aame angle t»^mf tbat the dtdee npon the aplien 

niukc with each other. 

THE SAMK rUtiroSITION AT.SO HnLDS FiHi SMAI,L CIltCLES. 

Let (PiK. 4 1 Ix^ the center of the |>rojccliuii of a paruUel of latitude a and m the center of the 
prqfection of a meridian of loogitttde to. Ibeae dtdee interaeet at right angloa ea tiia rniAnje of 
the ephere. Farther let < be one of the two paints of inteiaection of theea einlea. Then far tbe 
paialM 



For the meridian 
ftdlowa: 



On«rtna« wiMr^— mtm — t' — 

eoea eoaann* 



_ r (l+fdn aiiin«) 



\ a (lin «+ain 

" »in "+siii' -'— coe'ajj i* cot'o* 

' coB'a(aiiia-t-8intf}' *°ooa^ a mu' « coe'li* 

rlnnlly: 

«<^+f^'^'l>Ma^sai^ 
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nml coim(H)nciitIy tlio niifcli' "i' :i right niigic, as i.s ;iI>o tin* utirIo of the two circlcK on these 
diametctrs pauwiug throa((h tlie jwiiit t. Ueiice the prujectioiis of the meridians and puruUnU cut 

at light angle*. 

In stereofrrapbie pntfecUom we see, kben, tbat all cirelm on the chart intenuHst nt tho same 
angle that they do on the nphera, and nlno tbat all angles on tlie sphnro am pmjeclcd in equnl 
angles on tlif cliurt. It follows from this !li;it the i>roji'rtiou of any iiifniitoly small |K>rtion of ihii 
•phero is »iuiilar to the iuUiiitetiiuittl it««lf— the only difference being in the relative aizea. Tbia 
praperty whloh lim at the Iboadation of aone of the most InteMOtliigaad elegant faiveatiga- 
tioiis of the problem of projection; for the present we shall sny no more OOUoenung it, but will 
t^tku it up in another pliu« and fully develop it. The fact that circles »re projected in circles, and 
tbat (he iufluilcHimal element of surface and its projection are similar, are the reasons why the 
■teieogiaphio prqjeotioa ia the one moat oonunonly employed for oeleetiul and terrestrial cbarta. 
It i% moreover, evident that not onlj whole hemlepheree bnt also any part of them may be pro- 
jected in thia way, as, for example, any single eountry or continent. Tlie point of sight should be 
ohoeen as nearly as jiossible opposite the middle of tbe part to be prqjected, because the further the 
part lies from tbe normal upon the plane of pnqjeetkm ftaM Ob {wlnt Of ^t^t the gi ea i e i ' fai tlie 
distortion of the pntjection. 

TBB mnAtuM BM rw jUM i TWO roam on m mnBom mmd oh tn noiaozioir. 

Lett be the distance wtween two iwinta A and B on the spbew^ and I* ttiedtihiiiee between A* 
and W their infections. Suppose a given point M such that 

MA=x MB=y 

M'A'=j' M'n'=y 

Wo have thus a spherical triangle MAB and a pLiue triangle M'A'U', its projootioo, with the 
auglea M and H', eqoaL Sow, ia the Bpherioal triangle ABH we have 

ooa 4sea» • eoa y+afai a abi y eoa M 

and fton the plana triangle 

yjr' coe Ji 

Obaervethat 

Vow eUiainate M, and after rimple ledaetlone we baTO 

"eoa^aooaig 

From tills it follows that if r and y are constant, for example^ if thoy nre tk^stinioil to remain ui>on 
the Hiiiiie parallels of latitude, then is proportional to 3 afal ^ or to the chord of the arc Ali upon 

the qihere, whatever Iw the angle M. If M then 

and oonsequeutlj' tbe chortl of i 

_y «»torjl(»-y) 

from which for erwy valoe of ^ on tbe ctuut the eomeponding vahie of 4 on the sphere can be 
fimnd. Thia emueninn, of eomae, eannot be need when tfs^ or whn a* la very nearly For 
tUa case we nnst make MbUO^, then i^^+ff and ohond of 9 

„ ehordo/Jjc^gt 
*'+>' 

ftoBiridoh the valne of « eao alwnjB be enetly obiyned. 
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On penpeetive diarta the acale of nulw is different at diffiemnt poiuU. In onief to nemnira 
nn»n dtemaoM and when great aeenracy fs not nqnimi, it will be anflldent to take the of 

]| (IcjirfC of lougitnilc or ];itirii(lc in :iiiy part of tlir cli.n t ami [ imsiiU'r that as e<iiial to IMI fjco- 
l^pbieal mileii. Fur greater tlistanrcs, or wbereaccui-avj' in important, it will be ucic«88ar> lo take 
tnm the chart the latitiideH n und 0' and the kngitadm m Buifi/ the pfaMM and flnd the 
diBtanoe it (radius units:) by the known formula 

COS 3=Bin 0 Bin o'-^tm » eoa ¥ ooa (<»— 

For eonvwuimoe of logarithmie eonpntalaoa main bm 

oot ooa (m— •i')s«ol ft 

tbeu 

00. ««afa> # ain «'+«oa « ootA afai ""^ ocmOj^ 

orfloalfy 

^ iiin fl 

T» Jlad ffta iMvMNb inmI MUntdt of a j/um ji-um Uk potitUm tm the dkarfc 
The oqoatioii of BCtiAHia (3-i) la 

s*+y*-2 jy tan «-2 fr^J^-t*-© 

That of parail^a (34) is 

+'*'*8ina+aii#* aib#H-aiii« 
Make Ibr oonTeolaiMea^-i-i^B^; then tlie fliat of Oaae c^ntioDa gnw 



the 



o^t ooa «+-8m« 



These equations givu an the means of tindmg 0 and <• if ve know ,c aud y. 
For tha ataraograpliie cqnatorial piq|oetioii 



«k9<K> cot sin ^ 



For the atereofiaphio meridian prqieotioa 

OKOMONIO rno.iKc;Ti()N-. 

Thia ia a perspective prqjection made apon a plane tauiteiit to the spliere, the point of aight lieing 
at the center. It hi clear that evwy great cirele will here be projected in atmlght Hhm. A mm- 

pli'ti' hernispheri' Ciui oln ioimly tiot b<^ ciuistnirteil oti tin's plan, as llu' iHiitilN of ititcrsc<'tioii oTllic 
pmjtictiiig lilies with the plane of projt»ctioi) will, for the |K>iiitii iu the l in iiiiilVix-iici^uf tlu- eoniplt-te 
great cfrcle of die haniapheia, Ihi at an luAnltA dlatanoa. "Fat fnomonhi prq|wtloD we maat havo 
OsO, and in consequence 

xa=r (sill a cos 0 cm «>— cos a sin 0) r eos 0 a iii » 

~ 008 «ooa ^ Mi •+aih • aiC* '^ooi « eoa 01)1 at+ain « ain « 
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Takf flrnt the siniplA 
the former of these ciUveH 



The equation of meridianfi is thua 



29 

pnileelkiB. Far 



fa^tan* 



Tbu ineriiliaits are tlius pn>ject«d in HtrHi(;ht line«, nmkiiit; the anme angles on the prujKHion wMl 
tb« il»t merklian lu the linei themiwlreM do on the sphere. The equation of the paralleU it 

conoentrio cirde* bftving radii pioportiooal to ihv lotiingent^ of their todtadea. 



/ ' ■ /■' '■■■'■y'V" 


' 1 







The eooitraetfan la axtniMlr aimple (Fig. Sy. Divide the limiting oiidaflifthealiart Iota any 
convenient number af paita and Join the center to the points which mpnm the latitnde* counted 
from the dianatar AA' perpendicular ta the flntt uieridiau ; these radii prohmged meet the tangent 
TT panUiel to thla diameter aad rat oir on it diataoeee eqmd to the radii of the paratlels. 



For this case 



ommomp inamitAii PBonmioii. 

tan » 



C0B4 



TiMeqaation af the laeridiaBa ia than 
that of tlio parallda is 



Till- nicriiliatiH ;iri' (lien stniit'lit liiips ]);ir,»lli'l tii llic ;i\is of r aiul Hiniplv I'OTiKtnK'tcfl. The parallels 
are h}'i>ert>uliM, wIkj.si- iiiajor axis is in tlit' liirei tion of jt ami equals L'r tan i> ■ wliase minor aziH is 
aqnal to Svnnd is pcrpeDiliciilar to the first inericlinn. 

lliaiBaafc coavenieot method of coostructloa by poiate will be to eatplo.v the ou-ordinate« 
given by 

.taa« 



and celealate the interaeetioDB of the porallela with the meridians ahcaily drawn, by giving 0 a 
eertalnTalne nnd <i» a scr'u--^ of valui's, ')^', lo". i.")"', \-c. 

Waaball now talce up tlie general cattt^ wliere tlie plane of prqjection is tangent at any point 

oriatUade«. 

Tbo cqoatioD of the meridiana ia now 

ff cos w— X sin a sin M=sa cos a dn ai 

whivh ia the eqnatiaD ofa light Una making an angle wkb the fliat meridiaD 

tan~' (ain a tan •) 
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uatl cutting this meridian in » iKtiut whode di^lauoe from the center is 

Op^r oot « 

Tbe «qwitiaii of tfa* pmllah b 

j(* (Rin* o—ofM? a) ain* 3 f»«iw « rin «— r* eoi^ #~oo^ 
TluBi«»eoiiiioMctton and is 

•B ellipw if liu «>eM a nr «>flOO— « 

an liyperbolaif flin ff<co.s a or fl'<1HI°— « 
n luiritliola If ain #=«•<)« « or 0=9O"—a 

We wlU consider briefly ttiebe three cases. 11' o'^'MP—n, we liuve an ellipse whose semi-axes are 



Bin' » 



The OMtar «f tbe dlipM to M 

* HXiEft-vuft) 

Wot »<90ft—*, «• luive AD hyperbolft wboae aml-tam ms 

r sin 2$ . r ain « 



f-0 



and tat fhs 



■ 9 Mil « 

' 2 2 cos (0— (i) COS C'-f ") 



For f =90'^ — a: This gives for the f«iiiutioii oi' the [larulluU 

J r*0OB2a— rsi n ^g^j 
mm 

Tlito to > panbol* whow aeml'puaiMtar to 

j»v>roota 

and wboae vertex is at the point 

f er oot 2 « fMO 
the equator m have #bO, and Ha eqnathtn 1 



tlie oqaattoB «(» riskt line peqiMidtootair to tiM fliai UM!^^ 
Ot(Pif.^ 



aad aft • dtotiBM ftmn 1k« 




FmkS. 
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Then 



Qpssr cot «, B(sbO + 0«»« — 

r t«ll a> 



ton f , or 



when {h'wi a tun »). 

InstoiMl of tracing the paruUeU direotlyt it will be oouveuiunt to determine in the meridiooe 
]HR,IM*',fto., ooii««iTed lu nlreRdydmwn, pointooflatittide 9, mi ttMnJobtiluMBpOfiiti ^kearWi 

Firsr, to lln<I tlio proji-ction m of the point M whoso Ion{;itade 18 wsOPM J 
is 0=90^— I'M . This problem reduces itw^lf to tlii^ Andini; of the diHtamw pn. 
In tho triangle OpO we hnve 



In (he tiiangl* Qpai 



or 

Onllinf K the angle OfM* and «sOFM, we have readily 

eoaKaiOoaf eon« 



and from the triangle Clp» 



For tho datnnninaiioD of K w« Imto 



_ r coa tf 
Bin aooB(0— K) 



eooK: 



COH a 
VT+ sin* a tan* m 



which shows tbiit K is constant for uU points of the same meridian. For each value oto we have, 
tiimi. Air tha datgnninaliiaB of f«i 

_^ r coe g 
'^■ab«oo»(*-K) 

For the constmction of this projection we may proceed as follows: Lay o<rfh>m the center O 
(Fig. 7) upon the Ant meridian Op n length Ofmr oot Thia ia eaaily oonatmoted by eraetiDg 




rio.7. 

at 0»p«qinMliea]arOC to qpi making OCrzzr, and akClafiiis off dm angle ;>co=ooo-«. aiQ. 
llHlyeonMftiet Oisrtana ^erectiiij; C. perpendfcnlar to Op. Vow draw te pen>endlcii]ar to 

Ct| and tliriL rlrmv liiii'j friiiu (', itiakiiiij au(;lo,« with (-qiuil to tin' loiijtitiules of the meridians 
wlioao proJectiuiM uru required, liy this means we fluU uik>u <e the lengths i/a', of the iuter- 
oaptaortlieniecidiMa«ponllMe«nalor Btparpondienlartof*. Then, with* aa a < 
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arcs of oircI«^^ [tasking throng tbe points y', &c , and enttiug Et in the pirints », && ; ioining 
these pointfl to /> mid we have eonatmeted the iirojeotinnfi of the merfdionii. 

We will now ili teniiine tlm point of (McIi niciicliiiii (ifwliicli tin' Uititiiile is nivcti fl'i^. (i). 
Ill Jlio triangle i'jif (ii triniiglc in spatic) the huU- C'*' is iti the i-quator, so tlnil the figure is right- 
linghMl at C. Its iiiterHcctiou pm with the siiliore is a meridian I'M whoso projection is in j>m, and 
in vrliich rM=!MP— 0, tbe distance of M frutii the iM)le P. The right line CM proloiiKLHi intcncctii 
the line pe in (lie projection m. Now, in (I'ig. 7) lay off on <V the distance C&=(''« corresiwnding 
to (In- line Vr of tlif inc'cciling flgun'; pli will be eipiul to the ili.staiicc of the pole fn»iii tln' 1 ipinlor 
of the map and iu consequence to pjt^ and might be constructed by drawing from |> us a ceuti^r an 
mn of radim pi* Hiteneoting Ot In k It is now oqIj neeeasaiy to draw a line O in making with Gt 

the :itigl(- tn'Ci^": its intersoction W' with ph gives tlie distiiiice pm'=pm; the lattflT diStSUM JHH 
being luid utl'ou the line already druwn. it may be rciulily vehlicd that 



Tbe gnomonio projection is nut much employed in the conatruct^on of geugmphiuil chacia^lMt 
is fteqoeiitiy used for celestial projections. Siipih>mo that we take the plane of piqjecti<ni peipcii- 
dicnlnr to the horiion of a point O, whoso gengnipbical latitude ih f, and sappoee that this pfame 

meet the horizon at tin' point O, whose iiziiniith is <u; let Z di'iiot<' the zenith ofC, iiiid I* the pole 
of the earth. I)mw the nieridiiin PZIi of tbe XHiint C, and the vertieul Z(>, making UZO s 
Tbe nro PZ is equsl to the oolatitode irf O, i, 90^— f. In order to innke tint prciieding formulas 
iipplicnble to this cane, cull PCOsa. In the spherical triangle PZO, we know l'Z=l)U°— f ; tlie. 
Hldierical angle PZOslSU^— «>, and the side Z0»00<>; we can now caloolate the angle ZOl'sV^, 
and tbe side 1*0^900— « by menna «f tfaa flmnolaa 



If in the jiluno of projection Op rejircsont the projection of the meridian Ol', and O; that of the 
arcof a great circle Ox, thenzOj>=ZOP=sv>} in like manner, OA drawn perpendicular to Oz will rep- 
resent tha pmdeedott nf Ihn lioriaoa OBH, and petpeodkiilar to jm, tta* pm^eettoo of tin equdnir 



Er*. I>imr ttw line OA (Fig. 8), the projection of the horixon, and at O erect the perpendicalar Oz, 
■uridngtiM angle sQpaBr, rhdngflakatated hytiMftmnln 




and 




ibiaM->aini»eoaw 



tan fBsinwooty 




Pto. fl. 



tan fWeot^ain «i 
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^viUdMiototlMfliatiMridum. In ocder to fliul j> we bftw 

psr oot ■ sin as:— sin cos » 

Thep flnaUy layogoo QftOmftMi a, and the pMpendicalw «>tojwt will giva tlie prqtectionof the 

auBMiiOB BBTWxni TWO ponm. 

Sinco in thiR projoctioQ oU gnat ciKlcH nii- pniji-ctnl in Ntr.ii^'lit lim-s, It is i-a.sy to linil tlic 
cUstanoe between auy two points. If we apply Lcre tbc {;cuunil solution for ull |terti]iectivc pro- 
JmOoiH} tt it oliTioiiB that it is «riy nccwMiy to draw fhm • (Pig: 0), two pecpendieahnt to oa 




Fta.9. 



•nd atf tte radii of ttie two iwintSi and make tliem oqnni to the radius of ttie sphere. Then, with 
the three rides ab (known) aC, and ftC" thus deternjiiied, conHtract n triun{;Ie oCkfood flaally, 
from the point C, witli a nMlius equal to tbe rudiuH of thv KphiTi-, lU-Hcribe an are AB of a gnat 
omioy which will give the required dietmioe io degrees anil IVoctious of a degree. 

Tiieee are the piiaeliNil perapeeliTe im^eetions which have been Bfled fcr eeleetial and terrea* 
trial rliarts. Any !inin1>t'! nf nKMllHcations mijjlit \>n ni^'*'"- 'l«'P*'n'liii;r ^^»m the |>osition of tlie 
point of sight, as c utu.v raimc aiiywhi-iv from 0 to x. It woulii he iliilii nil, however, bj' this proc- 
eta, ta ainipliQr very muck eithoj- the ooimtmction or of the luuji ' mous by such means. The 
■taieegrapbto prqiection i«,ftom theliM^ that both meridians uiul paralli-U are prcjocted In ciielea, 
tbe moat oonvenfent to naei, Tbe common flinlt of all of these projections, and one which is indeed 
incident to the uature nf projection, is thai only thos<- |N>rtions of the siilitn' o]>|K)>iite the rye are 
projected in appruumately their true diDieuaious, those near the bouudariea of the map being vety 
mnoh distorted* 



omraoMOBPHio psojbohov. 

Fnm tha moat general point of \ncw a projectioii may be deflned aa the representation of any 
given snrihoe upon any other sorikoe, whether plane or carved, in such a way ns to satisfy certain 
prescribed conditions. In the representation of any non-developable surface (e. the sphere) upon 
a plane certain I'lmrs arc of <-(mrs4' niiavoiilabli', but any of thi's«> erntrs may be iliniinislie<l, or 
even made to disaptwar altogether, at the coat of iucreasiiig tome other. In the iwrticular case of 
pwijeetieos whMi It to prspeaed now to atady* w« wOl aaaaaw that tha alementa of tha aphare are 
similar to the eonvs|X)ndiiip elements of the pmjection, or we Khnll so construct tbe prelection that 
correxpondiug infinitesimal areas upon the sphere and uik)u the map shall be limflar. It will be 
rouvenioat to hm the teim flven bgr Oevmain to aooh piq|e«tloii8, oad aa m ahall aall them artho- 
morphia. 

Vbe natara of a cnrred snrhee to determined by an Mination b e tween tbe three oo.oidioateB 

X, gf Z of any one point of the same. By ineatis of this e(|iiation any nue of tlie«' oo onlinates <"in 
be ezpreesed as a function of the other two, or, more genentUy, e^tch of the «|UautilieM x, y, z Mny 
ba given as a ftmetion of taw aow indepaadant variaUas^ « and a, and la aoaaaqnMioa eadi twlBt 

a T p 
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of tbu Murfiicc will oorreBpond to defliiite vahics of h niiil r. Tlie {^ncral oonafdention of this case 
irinbe rftMTved for nnother cli;i|it«'r. Ax wf are Iutc •<> <'oii(iiii' om-si'Ivefi lo the projection of tU6 
■plwret it U obvioiw that Uie two parouiet«n u and v comsiioutl to tbe »pk«rical oo-ordiiiatea f 
•nd or to tte fg w p bt MJ colatitade and kmffitado (aiooe fmW-^ of apoint on the snrftwe. 
If, na nnal, r doMle tlM ndioa of tiie aphera^ then 

ia'tta eqnatioo, and tbe known foninlaa of tnuuformatlon to spberioal oo-oirdiiiatea are • 

mmrammAnf fsr aia • ifii f nrooof 

Let, now, t,, c denote the ro-orrlin;itos <i('a iioinl upon any otlu-r snrfacr- on wliidi it is (Icxirod to 
project tbe «i|>b(<re. We make this geneml asMuniptiou here, as it i.s as ciis.v tooltiaiii the results at 
pwoat aouKht for any surface at It if fbc the plaue. The f, r^, ; are of course <li'i>euiIont ntMNi one 

•ootlier,and, aa in tbe former corc, may each Im< );iven aa ftinetkHM of two indeiieadeat poiaoieteiiai 
nfondv'. Tf the poiutB (jr,y,:) and 7)corrui«(Mmd, then tin eo-oidlaateaf,^ cam deittndent 
upon X, y, :, \uh\ iti conaeqaeiue ujion u and v, or« in tlie oaae nnder eouridorationf apon f and «. 

Now, iutroducinK Oauss' notatioit, we bave 

dx=adu+a'df dgssbdm+b'df . d2=edm+&df 

and likewiae 

de-«AH-«''p ik^fiim^fit it^tim^ifif 

the a, h. r, n. pviilently ilenotinp tlif first difTerential co<>ff)cipnt-< of j-, y, z, f, i;, r, with respect 
to «», and similarly these same symbols acr<-nl«'<l denote the derivatives of x, y, Jkc, with n-spi et 
to f. Iinagino, now, thene iMtintK u|M>n the surface to )>e projected, which v^e shall call 8, intinitely 
near to each otber; tbeae can tben be conaidered as tbe Terticea of an infinitely aniall plane tri> 
anirle. To ttane tbree imitita npon B tb«te will eorreapond three points uikdi ^ (tbe second snrface), 

likt'wisi' iiitliiitfly near each other and forming an iiifluitcsimal triangle. As the condition of ortbo- 
nutrpliic [trojcction is tliat tho corrosponding iufioitesiinal areas shall be similar, it is obvious that 
the sides of tbeae two trianglea moat hepropoctionaL Denoting bgr A and in oomaponding linear 
etoioenta of 8 and £ we have 

4mMd«{ 

« 

Ml, deootinir the ratio of tbe linear dementa of tiie two aarfhoes, ia in general a Itanodon of m and 

If and varies from jioint in jtoint of the sutfiice. In nur raso *i ia a oouataat, and oooae^nently Um 
corrc«pouding etements of urea uiwu 8 and £ are similar. 
The onUnaiy expM«h» fhr tbe element of lengOi dil ie 

dU*»dta^+4V+dy 

wUdi beoonca, on anbatitnling the new Taloaa of dliv, 4p, dlt^ 

SinUarly 

*»=s(«i»4.,i»+r')'i<^+(«"+(5'*+r")«Jr*+2{a«'+Aj'+r/')*^f 
Now, aiooe m is eonalMit, the eqnation 

givee 

We «an thoa writa 
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If 4vaQ^ ir» flod 1>r Mliitfoa of tlie nmltinf ^OBdtatie 

turn this we derive immediately, i as muiH <teiintiiii; V — 1, 

Edu, + Vtl^ i ifiy- i:< 1 — F'=0 

or 

Edu.+Fd^+»dyi VKG— F'=0 

Erfo. + Fdy -idify/ EG— F" = 0 

OaUButdB' the integradngfoeton of tlieae two differeniialeqoatioiie udeMnmo tot tbn integral 
arOofKrt 

jhfj^eont 

udArOiafcof fhe 



la iHwiaely tte a— le wiy w—n' tod far tl» auiilMe Itho intogHJa 



or, making 
tben 



and (br Uie dement of leogtli 

These two expreesious for dt' anil «l<r' can be written in the forms 

d9'=n{dp+idq){dp—idq) «f»»=N(dP+«Q) (<IP— tf(D 

aod from thesOi by viitoe of the oouditiou da^mdn, we have 

Itia evident that the ntimerator of llie right-hand side of thiN i>(|uation is only divisible by ttie 
denominator when dP+^Q i* diviaihto Iv 4P+^) aod dP— wiQ is divisible by 4i^— Mg; or when 
gP+UQ ia divim-bte bjr ^tdq, and dP-MQ ta dtvhftiie hf ^-^U^. 

In the first ca.se dP+idQ will vanisli when dp+idq—O, or 1*4- iQ will be constant for p+i^con- 
Btaatj t. 0., P+tQ will bo m(>rfly a fiuiction p+iq and V—iQ siinihuiy will bo a iUuctiOD ot p—iq. 

Placing (hn 

P+»Q=/i ip+iq) P+«Q=/i (p-iq) 

V-iq=/,(p-iq) r-Ui=/,(p+iq) • 

It ia easy to see that both aHsninptions give rcsnlt^ which difl'cr only with renpect to thcir signs. 
The fiinctionB /, and /, ninxt aUo l>e of the same form sinei* P+iQ and P— tQ differ only in the 
sigu of L All oouditioiu) will then be satistiinl if w(> take one of the fanotionsj aay/i, and write 

■ P-\-iQ=f{p+iq) 

replacing for convenience /i by/; P will be the real and the imaginary part of/(p+i9). 
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Amqim lint in geDMil 

Now we have 
aod 

iP+UQ _d/{p+iq) 

w, aooonliug to the above conventioii, 

toM^lMOOBMiMnr 

*P=?#(f+ID#(|i-<D 

which }^ves the ratio of the original element to its projectiou. 

The rcKults of tho forr^folng tlincufwion may to briaflj nmUBHiied M fMloin$ Filtt^ lud frOB 
the aasamed equatioa (VbO the two integrals 

]»4-«9s=oon8t. J)— {9=const. 

Tben, denoting hy F any arbiteaiy fbnetioa such that P shall to tto vmI part and tQ tto imaginaiy 
part of F{j>+I^),ira And at ODoetlM two eqDatioo\ which give P and Q in tanno of ^ and f, or we 
liave the Honght oleiaBntM of the prgjoetion in tenno of tto o h w nonto of tiio ontflwo to to prijeotod. 

Filially, if 

do 



♦(!►+<•» 



'a 

which gives the ratio of the length of tlic linear elemeats of the sarfnces S and Sy where 

« ' ■ ii* 

QBTHWOBmO raOiXEOnOll OW THE 

BqnNNe «o tuvfo n aptore glvMi bj tto oqoation 

Tto fcmmbM already gtveo fbr tnuMftmatteb to sphetiool < 

•mrooo^ainf yarainMainf owrootf 

dr= ^rdat Kin «> sin y+r co.s w cos fdf 
* dji=ardm cos i» Hiu f +r sin w cos fdf 

r tin fdf 

Sqaarlng and adding 



If ire than ttaka Awfl^ «• bam 
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«• iiB* Jrw* iin 

The intogial of thia ii 

•^<log«ot|.fldart. 

Now, if FdfooleiivfliiMtimwkatofW, ire will ]i«v»etiwiiMt and f the imaclMfy part of the 
fonoUon 

F(«.+ »logcot|) 

and tkese values of f and i; will b« the rectangular co-ordinatei of theinyection of the point od 
«he aphara wheae loogitDde ia « ana whoae eetatttade ti 



The simpleot anppositioa that we can make is that the fhactfao F («) h llaiiar, AT thatwe hlTC 
F(v)~Kv when K is aa arUtmy eooatant. We bave then 



tnm whicb 

?kKm igsK log eot^ 

the known eqnatknu for the Meroator itrqiection. 



We had, bowevar. 

ani anbatitatiiif tteaa vabMa ef # aad ife 

«Bt*ain*f Nal 

4 4F(«) KAf — 

and ooneeqaentljr 

HABDIKO'S PROJKCTION. 

Soppoee we make the aoppoaitiea that F(u)sKi^ wheie K and 1 an eoootaiita. Aa before, 
t la tte teal and If tte taagtaaiy pait or 

F(.^-<hif eotir) 

or in the anonied caae 



Since 

<*teeaab-flaiBU 

we have 

e>iK Ua'gooait* ^ tan'| sin tw 



Digitized by Gopgle 



38 



TBBAIIBB OK FBOJBtTTiXjtBB. 



■adiat 



• MriworoooeentriodnleswitiindiicivinlqrKtM'l. In lika 
tot the mcidiM* 

ttiecqntioii of Ktni|^t Udm iNwaias tlinnifih 
Ite tha dfltHntiialioo of «, we obMirtre tkat 



■f r w« ham 



3 n-f'iitff 



torn irbidt it to etaw tin* 

auU ooiMequeutly 

«r simply 

For the case of 1=1 we And 

<kK tan ^ on • y^K too | tin « 



g(l-coe ») 



tbe fo^IlmIi^'^ that occur in the case of Rten'opnipliic equatorial projectinn ; antl thus we see that 
this projcvticiii the i^n'At adrautago of ])r«>)«erviuK the similarity of itifliiit««imal ureas. lA'aviiig 
•ny further appli* ai mn nf this method for another phtce, we will now revert to the l>(';.'iiiiiiiig of tbe 
eal^leat eigain and develop the neoeaaaiy fitrmiilM fot the orthomoiiphio pntjeetkm of a spheroid. 





In Fig. 10 that PQ denote an elenent of • meridiaa «|Mm tbe ephoroid and QP, tbe 
a parallel throa(li the Bamo letters aci!«nte(1 to denote tbe n>pn>8fntHtionN of these 
npon the prqjeetioo. The condition of equality of angles gives for these intinitesiuial 

«'l"i_QP. 
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Sqiuinng and adding imilgr to botb ahlmi of this equation 

P'( •'^ 

ObHcrro that the Tactor j,^.. (l(-]>en<ls only on tbo latitodo aad longitlid* 9 Mul m of tbe |raii>t P; 
denote thu factor and wo have from tbe ligiire 

The ratio of the correspoDding linear elements PP| and P'P'i upon the apheroid and upoii the 
pn^eetioii d«peiid« only npoo the eo-endinatee ■» end # of P and not iqNNi the dinotloa of the 

element. 

Bjr the usual couveuttou we have 

P'P',*.«K*+di|* 



and we know that, daMting by <b tbe element PQ of th« noridiaa 

4,^ «(!-.') d« 

I denoting the eooenttidty of the aphtnid} if ^ denote the sadine ef the parallel! QP, we have 
QP,b/kI«, and oonaequautly 

or 

Deaotfaic ae befim the eolatitnde (i. e., the angle which the normal makea vtth the axis of the 

d$ 

ajthenid) 1>y f, we have df=—do, and the qnantitgr — haa tor ita valae 

/» "(1— cos' sin f 
— is an exact diffsrential and wo may denote it liy d«; conseqnently 

J iff? J i-^co^r" i "«l+ooa^ + i^i+i 55 



The iiret term of this with flie eooataai is the Talae of « ftr the earth anppeaed ^pheriod} edileet- 
ing the ternts this is 

If «• siviPMe snch an aai^ C that 

KsslogOtaoy 

whii-li is tlie Sfime fonn of u (Iiat we have for the f.n-ih s»p\]if<ot\ npherical; Z niiiy tliur; he rrfr^inlcd 
fui the {lolar distance corrected to allow for the ellipticiiy of thu earth, and, the euceutrtcity belug 
yniy snail, we hnve, asaily eooogh, te C 
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Botuniiog now to the equation giving the ratio of the linear elements upon tkA ipbenid) wliksh 
we win again deaote by 8, and the i^aac^ danottd lij wtito 



We hsva BOW to determine eaodi Id tenna of • and*. Write tiv toevitgr 



Call is„ tliv value of m, \rhen the qoaatiUM • and «^ on whkh tt dcpeada, aie nplaeed their 

values iu a and fi, and we have 

New 

and, consequently, 
ftom wMflh ftillowa 

.•-F(«) il»-FK« 

Thow are oqiiivnlont to the rpsnlts already ohrninod on tlio Riipposition that thp angle between suiy 
two elements of thu pn>jeclioii iH equal tu tlie augle betwoeu the two corre^poutlinK elemeutH of the 
Spbernid. 

The flinotiona F and # are «inite indetenainate and maj denote any arbitrary fonetioDeof u+im 
aipl «— in. Bat ainee tb« Taiiablea f and ^ are real, aa are « and m, the fhootioas F and # are not 
Iierfectly arbltraty* hilt Imx c ileterminatc values as soon :in vahies hiu e Ihh'ii asNifCUt^l to V and 
It Ih obriong from very Hiiuplo oouaideration« that if tht^ fuiictiuu I'^ real, then F, muHt denote the 
name fuii<:tioii, and if F is imagfaiaiy Ft will denote the conjugate (tanctkm obtained hy the change 
of i into — t in F ; of courae Uieaame femarfcs apply to the functions * and ; and so it is clear that 
each of the two wlntioas obtained contains but one arbitnu>' function, either real or imaginary. 
We wiil oenrider aieraly fhe Inter theae aelatiaBa, vb: 



Diraot eolntioo gives 

e-JlF («+{.) +F, (a-fe)J ,-^[F(iH.*.)-F, 



It is t»»s now to find Hm Talne of « er the ratio ef Uie tegtha of two eeiteipendlnf eUnaota npon 

8aiid£, We bad 
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and in order to preserve aa much as possible aimilanty of the notatioa in Uus pari of the chapter 
vldi ttafeanpIoirediB flieflnt part, «e win inakslaiik Nov 



the teinlivM of F and F| with iwpMk to fi+i" v-K 

d5»+di}'=F' + F'l (M— 1<-) (du'+d™') 

and to 

iN«*sF' (•+<<«) F'l (w-H 

wUah giw at ouM 

•-i VF^(»+<-) F', V(l-.»ooff) F' (•+<-) F'l (•-<•) 

_1 
•-^ 

Linear deownli in pvqiaetion an aUeiad In tha latto of and 

ratio 1 : m*. 

Obierve that bom the eqnatiou 



« bdng for the time ooDstaat> and danoting by a the real part and by ^ the ooeflicient of « in the 
dari?nttv«,irilliMp«0lto««rF(«+l«)} fluttar 



Vav, Ibr atgr poiol triM*8V«r of flM aarihoa, we knvir tkal 



da dp dp d» 

From theae reaults 

- - _ (°*+^«)' 
/»•— 



6 T r 
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For the paraUeU we And, regarding u m oooaiaot, 

f 

BoMBbflring Um duflmMwi of the qauititr 0, vii: 

tlicM two cquatMHW beooaw 

1 4*0 
Sinoe — to indepeixleat of «, we beve that g^g^"^' ^^''^ ^ neridieu am npreseotod by eir> 

U to clear Ouit tiie paidMa an alao flinlei, for ^^^»0 to the oondi^ 

da 

ataot with napeott»«,aB«enaBlJieeoBdittoa that ^ahaU be eonataiit with leapeefcteii. The 

ptq|eetioiiH iu theMi- i';i<<«.s ure or rotirrw ciri'lt's. tin' drcle to the €ii|70iiiTe which wiDaattofy the 
eooditioo that the radiiut of ourvatiin- tdiM be coiusUutfe 
Write 



tlMin tiie ooDdltioiB 

obvioualy becomes 



*"{m+im) r'{u-im) 



Viv (1oiiM(> a<-<'onta denoting ttie second derivativea of tlic correspond inp: fnncUoDS. The t<«vond 
number of thia i^^oatlon moiti by virtue of tbe natnie of the fuQcUoutt * and V, be deduced Iroai 
theSntbythemmple interehaBgecf Iwitli — i, vbiobeqaalitr can only egdat when each namber of 
the equation to equal to the eama oenetant Jti then 

A* and Bt iMing oonataat% i«al or inaginaiy, and ( 



A| B, and II Ix ing eonstiiats of the same naturo a8 Aa and Bg. 

The conHtant Ir may be clearly eiflier poeitive or negative; bnt if we sappoao it negative, say 
f*, we will evidently arrire at the aame leenlt as that which wouhi be obtained by changing « 

Into m and m into —Hi ao we ahall only eoaeUer a pceitivo value of safi, aod the above oqaatioii 

Belaining II is only eqaivakot to n tnasfonnation to paialld azee thnngh a new origin, aO| of 
ooorae, nothing is kat Iqr ■wUng HbO. Multiply the third tern of thtoeqnation, i 

denominator, by 

Tbto girea 

4. Br-— -f Ar-**' Be-M».f a (oqb 2 t«.-i sin 2 fa.) 
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• Beganling A and B as real aud iMtutive, tliia gives, by equaUng Ui«j real parte and Uie coefficient 
of the liwiginMy parti mpuoMj, 

. A coo 2 <«.->■ Rg-"' ~A aln2«» 

'~A«*"-+2AB WW 2(»+IJ'«r»~ '''A'o^+2AB OM 2fa»+BV*= 

ElinJQating u ftom these equations aud we find a relation between and », vhich will be the 
eqaation of the dnsles repa'^eiiting tlic meridiaus, o&d elimluatiog - we And the relation betwoen 

T„ and «, wbioh represonus the p imilelg, alw eivoleiyM «v Imtb alNNlji 
qaaotitiai t uad i) and add the results; 

and 

gy^sA^0M2fai+B ^^^-A4r-nii2l« 
IhB cUoifaiatkMi «f • from thMe glTM 

or 

• otRde wbooe oenter hi at 



.1 oot2i« 

Iwliowiii^aiii 



Ute oiPBle ohviooily pawiwi throH|^ Ito origin of tl»o»fl»JhMit<»(tT). IheoiilKof f lottonoat 



by all the meridians in two fixed points— the ori^^n and a point diNtant from thA origiDB^^ 

Iheae two points repnaeot the poleoi and the axis of ( ia itself the first meridian. 
MieciUiniMtion of* ftwa onroq— tfonagiTeo Ihea the oqMtlop of liw pwalleh «■ 

a circle whose center is at 



aud whoso radius is 



Designating by O tbc origin of coordinates and hy V thi> point distant lh>m theorigbl^; i. O 

and P are thepoJeaof the earth in pn^joBtioD, and denoting bjr C theoentorof anjoneoftiMoiRta 
xqmontiiig paiaUoloj we most elearly have 



then 

It ftllovo finn Ihk Ikaft 
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or the diameteirH of th« projectioiu of piinll«ls an barmooicaUy divided bgr Um polM or poiata of 
iDtersccUou of the projentiooa of mwidiani. By tMag the origio of eiMiidiiMtM at die middle of 
OP we ««B aonoiwhafc atanliflr the eqaalioM of botii I 



theu the equatiun of mehdiaus bocouii-jt 

lot 2fy--i'=0 



It wia be eonTienieirt Jmt here to introdiifle the >o called ItyperboBe and 
The iQpMtolle fiinotleDB teqniied «e fivea I17 



1 



The deriTatiTee of the first two of ttieae era 

d 8inh . . d cosh * . . . 

To thaaamay be added the fiilliiniitg aijwwiiioiiii for Qodennaniuan fuuctioiu: 

■CTBtanh * tan ^( eg y eaeh yaee <st tgxsttinhx^—^9nh 



tbifg^Ouhx^^n ooe«f=ooeh x = A tMi«r-*ta«hjt-iiaf 

It freqaently makes the expreasione we are dealing with simpler to introdaoe these fanctioDS 
in plaee of llie oooiplleatad oiqienontfad qoant^^ 



and we hmre Ibr the eeefflatanl «f f In the above eqnalioB 

«^ ..,.7^J=2^^..^, eoth Sl(iH.A)»3 Aeirth Sit 

giving for the equation of perallels 

V+r.^+2l coth2toe+i'=0 
Beaume now the expressions for f and viz: 

Ihe diaage to new origin ioTolTes writing instead of which givea 

BV""— AV 
^*iB(AV-+*AB «oo2M-B«^ 



Oigiiizea by Google 



TRBATisE onr FBOJBOnONa. 



46 



. g-i"**'— f**-^' >ltanh2fr 

«= ^NiW)^g^.+i)+2oofl2<«»~l+co82(*8ech2«ri 

— 2Jt«F«rio2 fa» _ -il rin 8 « 
'"i"^** ^ CM S to+«-~"coiiri iH-w a *» 

Now, 8inoe 

iiiih9f»>-trih24lv 
eodiSlv> «m2II* 

we have 

. ^^■fiD2 itr+sin 2 

F(u-f ici/)3!— i/ tan f(ir4-<u) 

F(w — 1"!) =— W tan t{iv—d) 

Of conree these can be given in terms of the liyjH^rliolic fuuctioiiK, but there would l>e no gain in so 
doiag; and Himilarly the valneM uf c and i; luigbt bo given in tcrniM of the Oudenimnnian functions 
by meana of the precading formataa, Imt (he remit* voukl be ioteraitiog only from ma vatxaiig 
IteoiratioBl point of Timr. Weli»TeiHnrlbrau»nla»«r a 

1 coa l{io+a)co» t{in — ■») 

Ilw T«l«e of «!, viiieli ii to be mad in all fliete timila% ia 

C denothif the pdar dJalanoe^ ooneeted, to allow fin ellipticity, in the coae of (toevtll. 
In tbe «oiiatniotioD «f ihJs pntfeotioB tbeie are two lideteiBluito qn^ 

i-SU-Pl- 

DiM>n which t)ie scale of the map will dei>cnd, and the coD»tatit (; there U also iDdeterminote the 
position of that point of the earth's sorfaoe which is to be taken aa the eeoter of the map. 

YalDesforaii riienc iodfltcnniantM ahouid bo mo found that the atteiatioo ia mfaltadeooBf 
aeqaent upon the i)n)jiM'tiun of any port of the N])herie«l or Hpberofdal smaMeaban betheMkat 

poa.^il>l<'. Tin- Koliitioii ot tliis iirolileiii irivulvt s tindinjr a jxiint for which m is n niiniiii\uii, or the 
neighborhood of which m is least altered. Keturniug for a moment to the equation of the parallels 

wo will aolvo the proUamof finding the points ni>on the axis of j- which wOl hamonically divide 
the diameten of theae dideByOr aa we may state the problem, to And the two poista upon thenada 
of « whose dialaaeea flm aa aiMtraiy part upon the otaoiBft^^ 

be in n roMRtant ratio. 
Take Che equation 

this is the eqniition of the locus of points whdsr distatMOa ftWtt two flvtMl pdint-a f/?. o) (j;*, o) npon- 
the axis of s have a contttant ratio K ; comparing this with the above equation we have 
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TbetM) are rauUiplied by 

(>r wi' have tliiit iliv circles wlii<:li represent the paralli'lt are tliv Ukm of [Miints wlio.se distaiicfN from 

the two fixed points 1', i' liuve u ooastiuit ratios ^e^. This u rather mure ^eui^rul than the 

principle alrcmdy obtained, viz, that V Had P' divide tllA dt«n«ten hsnnonically. Conflning our- 
8*lve« now to It fiplifrieal earth, eoiieeive that tlie constant / has iK'en clio.si'ii and iissmiie (i|Min a 
borizoaUil line the iioint« I' ami P' for the |H)IeH, taking; ilui north i>ole on the right. Thi8 liuti I'l" 
ifl tte meridian m=U; aline Qif per]>endicnlar to IM" ut the middle point is obviously the pamllel 
eonwipoiMliiig to i«, or tsO. Xliia meridua aod iNuaUel am of ooum be wade to pom thrao^ 
any iwint of the earth's mirfiMse, and thU point wftl then tie the oentiror the projection or map. 

A knowledtre of this iijiu e infers a knowledge Of the uiuridlan from wliieli lont;itu(ie.H are reckoned 
and aQbrdu the means of liudiug the oonatatit h. For the center of the chart <»=() and ip=U; 
OHlUng the eo-l»UtiMl« of the ooDter (imtMd of d m in Cha CMOof •aplwraid) tto valnoof « at 



tke orator wUl tealog tMiJ<G«l) and fo«H-* 1 

loftan^ftaO 



Nov, to And tho naiidiBBOf kagttodo «, dimr vftfe PV'lbr Imm a segment oontsialns fbe sngle 
» a m i if « ia pooitiTi^ or «4-2w If « ia negativei And Air a parallel of latitude « or wy>—f, and for 

wliich Malog taii|', deaoribe • otaela the loeoa of potato whoae dlataaeea fhmP and V liavo the 

ratio 

.g^«^«+»>=tan".t<;ot"*; =» 

Mow, take np the anttject of the incnaaa of nagnitnde reaalting from the prqi^*^ of any portioa 
oftfaoMiflieeof Cbeearttk We have Axr « the value 



V(A^+itAire(MS^+iyH->]alB^ 

[taa*f I to!*!;"! 
|-(-Seoato+ " siuf 
to«-*f to..|J 



fir A apherieal earth ef radias r. 



-An 

— +2eoa/«+ " Islnt 

tan«^» tan-y 



Widi leapeot to it la obviona that m is a minimum where wCi, that ia, the alteration ia a mint 
mom aloHg the central meridian. Asanme, then, i»— 0, and oonflMouaalvea to flie sphere, we have 
then fbr the fiat merldiaD 

_ 4tl 

r ain y [^lan- \[ cut' \, +- tan' ^' oof | J* 
Tbia ia a uiiuimum for the dcuomiuator A maximum ; write 

Q« Vmf l^tait' |-oot'|!4-tan' |f wV-^] 



Oi 
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ftrfti 



this gives readily 

2( — eosv 

TliUK, tUe distance PP' is divideti in tbe ratio ., , , — by a point at which the alteration ib 
possible. Substitution in the abore value of m give« for the uiiuiuiuiu of this quauti^ 

<^(4C-ooB^9>) 

This is de|H'ndent njKHi I and f. and we c;iii iigain assume that (liere In a viilne of (f sach that tho 
derivative of m« with reapeut to f shall voui^ih j i. e., if we give a aUght iucrament to f tho resulting 
duwgelo «• will lws(^ «r 

thia givM 

an cqmBoo Ibr determlatng t when tlie flototltade t is given. The pnHstteiil ooprtrnettoa of thia 

|lH(jection will \k' piren in Part TI, and neeil imt l>n n-frired to lu-n'. 

The entire theory of the i^gnuigian prujecii<»a might have been obtained from the 

oowidMatioiMattlMlwgimilBf or<iUa«h«pCar. If «e aaanoM F (ir)aoaa w« luve 



»|[(eM •+< iin •) tan S + (008 f-< ain •) «a» I] 



Boinalinc aapanlcly tta laal and I 

^ cos«» _ ainm 

finf '~ tanf 

QriwiratuaidlrtM 



«, it being oonataatif tte laanltiag vatnaa of 9, f beooow in tlii* 4 

«s^ooa(.+i»-)(tai>»J+ool^j) ^«ln(«+^.)(l!«ii»|-ool^|) 
And agaiD, if m mfta 



^ ^ ^ , P{«)=Ktan(«+|W 

Min use fffn m i^ 

we will ultimately come to the formnlas of Lttgriuige's projection. But enough has now l)oen said 
on this subject. 

it baa been aeon alnady that, if we aaanBefor F a linear flmetiMi, that ia F(»)»Km, wbore K. 
ia a flODataat, wo obtain MsMator's projection. AwnnenowfiirFthovidaa 

F(ii+i«)=Ks'«»*** 



Digitized by Googk. 



48 TREATISE OV IWXnMHERXra. 

aud also 



Siiioe 

r-*>-«Ml«-<«illb 

thw wIum <f F Mid 7i glT» w 

«=K^«wb 9~Kt abb* 

In the case of a spherical earth 

giTlnf 

Tlia pmolleto «w thiw prqjected lato ctoelw glvan by 

and Uie mehdians iato right lines, all poMing thraagli dw Motar of the coocentrk oirelM reprcMnt- 
inf pMlMii wIkiw aqnaiini ia 

Vor tin nUio M tkm mnlti 

fKtan'l 

Stinoe I in an arbitrary ooiuttaat, ire are at liberty to assign to U any valoe fluife we 
For <-sl we have the atereographic equatorial projection whose equations are 

■Mridiau ^stMiM pamUeLi tw>* ^"'^ 



f_MO-«. Haw K wpw wntitlie Midi— ttf the equator. FortUa 

1 

ms= 

2ooa»J 

Ihe fcnenl valnaa ef I and f BMV be pafc in tke Ibiai 



It is obvious fmm these formtiliLs tlnit tlie c<n)nlii»atps of any point wbosc longitude iaa> ate the 
i those which oorreapoud to a longitudeaU in the stereogiapbic equatorial pr((|eetioii Jbr 
wUehM. f^1lieii,lia»ltaMtioo<ltlwiiM4eeltonartheaatinaiil^ 
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drcle which is that fraction of the entira csinsaUr aiM. Tbk pRdeeUmi WM piKi|MMd tv huabttt, 

but fullj- elaborated atxl discuswd by OaoBB. 

Siiict! I i« nrbiti.iiy, -vc may (li't<'iiiiinc it .i-: ti' satisfy the condition that the leii^lh.-i of 
degrees apon two givcu paraUeU of the project iuu kLuU huvu the same ratio as they ha\ « u|iuu 
theapheie. (kdl ft and fi tin cotetHnte of tte psialldi a|M« the apl^^ 
thetatioof 

siuft : siUfi 
fbr the chart It ia tino MOMwy to mite 



l_ log am yi-k>g ain 
lofftan^-togtan^ 



For f I and may be taken the extreme values of f. For the construction of thia projection, willed 
LamberC* orthomorpMe euUe pntfeHiomf draw an indefinite line PA for the oential meridian, and 
with r, the pole, aa a center &»w-cdi«ilca oftadii 

/•-Ktan'l 

C agai]/ denoting the conrrt polar distance for the .spheroid; these circles are the ])arallfl.'i; Kla 
an arbitrary coiiHtant wliii-h fixes the Rcah- of the chart; it may ho (letcnniiii-il l)y giving, for 
example, tlie value of the latitude, for vliich (he nidiiis/) ia c<|ual to Ilie com-Npoiuling arc of the 
meridian upon the apberoid. Soppoee that e=ok, that ia the diatanoo trom the iwto to the eQuator 
ontiiaiBiViaeQaaltatttofaartarBMridiaa. Vow 



adenodag the eUiptieitsraad a the equatorial fadiia. Then, en flie above 

K=^«(i-:) 

The meridiana which oo the aphere make anglea with the eentml meridian a: make on tlie chart 
angtea with the repmrnntatioo of that meridian slW, and tiieae are the only anglea that an not 

proservci! in tliiMr tnt*^ size. If the arbirr.in / lie ilctci iiiineil by the condition that the d cg i c eo of 
the cohititudcs y, and fi shall liavo the .-^aiii*' l atio as u]k>u the sphere, wo know that 



l_loK Mill Fi-1"?; "in ro 
log tan Ti'— hig tan \' 



There yet remaina <mc method fut obtainiog the valnee cf the ccMNCdinatea i and « in i 
phic projection, whfeh diflisra entirely fr<Hn all that we have ao flir examined; thla ia known aa the 

iiiotho<l of iiKh-tt riiniiate ro<-lti< ienln. Tiw derelopnieiit of the tlh-nry <if thi.s sy.steiii ^'i\cs li&otO 
quite couiplieuted formulas, and conaeQnimidy ftom a practical point of view, the geuenii uietlmd 
ia oaeleaa, but tliere ia one partiealar eaae in whieh tlie reaolta aimpUiy thomaelvea to aooh ao extent 

7 TV 
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as to make it worth vhile to examioo briefly tlio motbod. Tbe particular case refeired to is known 




In Fig. 11, let PA n'prt'Hciit a mcridiun of longitude and MB u ])iira11el of littitiule o; tlio 
kogitade of M" Is m+d» and tbe latitude of il' is 0—d0. She fint condition of tbis prqjoctioa 
makes H"MH' a right aoglo and couflqoeDtly tlia teianglei M"a^]f, MWlf aiinilBr. Sinea alM 
tii(> <i>Hrn OS of loogitade and latitad« presem tbe mn» ratio that ttuiy do upon tlie qdMve m 

must have 

MM' ilo 
MM"~d«oos0 



M""i"_^l"_dui ooa» 

M'»' — ^ 



Mm"_dr,"_d«« cos 0 
MM'-dr ~do 

HoWi Binee i and q are flmctions of » and (9 

* 

Vnr ft giTcn nwridian Meonsb, and d»=0; tli«B 



For a given liarallcl d;=0, and 



The above eqoationa of cmidition are, then, in general 

a:— 

p|joltii47 tbe flirt of these by and fbe aeetrnd by ^ a^ 

ds di dtj d^ _ 

the wi'll-knowii toiKlition of orthopoimlily of the lines — (xmst. atid 7;^con8t.] 

Wo know that any variable quantity a a fuuctioa of two independent variables m and e can be 
givea in Ch« fbnn of th« mtim 
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where A, B, 0, &c., arc constants to be determined when wc kuow a safUcient number of valOM Of 
t or its sacoeosiTe derivatives for tlie given values of o au<l u. The mtU-s iniiy be atiil more ^ 



paotly mitten if «e d«oote the in tiie above by A) tbe B,by A, tlie by A^ , Ao. Theaeriea 
tatlien 



gsmi m i, At 0 
t • 



Thelbrm dio»«n by LMBbait fbr tUi anta, in the tmpHtfaolarcHMof sepraieiitiBfflaodf in 

laform^is 

w 1 a, OOBW fasi tv 2 A, lin 1S 



« 

atenn A^»t- A^° a|^*'«»' having to bo added iu tbu iji'coiul formula, tiiuvc siii OtfsO. Now, the 
eQnillonn 

«;"4[(<-i)A;.,+(i+i)A«] 

o = J A 



Similatly 



<'=li(l-l)A-+«+l)A-] 

a;" = |.[2A;-.>] 

<'=i[A;'-"+3Ai'-'] 



«; =i[(i-i)A;-+(i-i)A 



'1 



m J 



A>; [«-!).« 
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We And readily now 

•f'-J[{l-l)Ai:|,+(<+l)A'^J-j^[{<-l)(t-a)««+rf««+^^ 

+(4+i>(3<^h8<+3)a;;^+(<+i)(<+a)(<+3)«;;;,} 

It is not ncco.Hsary to ;:ive the gcoenl cawef ej". the lev being obrlons^ the leedir een leedtty 

oonalruct it fur himself. 

In the particular case niciitioiied above, Lambert's orthomorpbic cylindrio prqjection, take for 
the central meridian a Btn'igbt Hue {vide flgure)i and upon it lay off the actual leugtfas of the 
degrees of latitude ; n sccoihI Ktraight line at right angle* to the first denotes the eqnator; other 
parallels and meridian^ an tiithn^'i.iial curres entliny in soeh e vaj tliettliedegroeeef longitude 
■hall be represented iu their true length. 

Taking t&t torn el eoH)rdinatea the central meridien and the eqnator, tt le deer tliet,tbe 
llf^ni-o iM'iii;: s\ nitiii tricul w ith icsppot to these axes, r, sbouKI coiitniii oven powers of <u and odd 
powers of o, mid tliut ; .shuultl cuutain even powers of 0 and odd powers of Also for 0sO we 
ahenMhaTe ^m/i, and f afimetion ef onlyi for mO, ^ ^0, and f^o. Theae aeriea am tbn% 

• • • • 

fiatiaiyingf aa befine, the eqaetloneef condition 
and thoee aeciee are readily fimnd to beeoaie 

,-#+.. I J," - 2 al+ 2 a— 2 ?!+ • • • j +" { a* - w'^+is'^ } 

» Tin/'- 1440*^+ •? 

By properly diviiliug the uuuu-rical cocAii-ii-iil.s in iIk-m- scrii's, tiii'y are readily found to aasome 
the fltnie 

• «^«^^coa0-|-cos39 . 5 4 cos 0+10 cos 30-1-6 cos* 

. ,34o0B*-|-154coe3f+210toa5f+00co8 7tf . . 

irrsTTT^rsTT. + ... + ... 

'-'+'^ 4 i. 1. 4. «. ]-'. 1.-3.-6:- 



496 sin 2tf-mH2 sin 4tf+lCao sin 00+980 tin S0 , 
4. 8. 12. 16. 1 3. & 7. 
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AgalHf gronp the tenu in «in sin 4^ Ac, and thoM in eos am 3«, fto^ and tbase bMonw 

«a«+ain fo ton* ,+2^ ^ Uui« j+g aiu <i» Uui*^4-^sui 8tf tea' ^ + fta 
Tb« law «f thflw iMt tnro d«v«lopneoto to cAivkinfl, tlM graend tsm 

= t" . i;<« (2i-l)o ton"-'" 

J sin 'J ( t- 1 ) W t:m«''-'»* 

t deootiug the uiunbcr of tlie U^rm. A liual ^uu|)iQg of tbe tonus will conduit us to the fomulaa 

/ l+2tan*co8<»+tan'^\ / 8in2«tan*^ \ 

*=Jlog| I ,=fl+tan-'( =- I 

\^l-a tanjjoos «+tan*|y \l-9Mittmif^J 

or, hr intradsdiiK tbe colatitada 
or simply 

Fociatug the dillBraattal ooelldents «f e and 1) vltti reapeet to f> an A 

sin lit COB y rfr, _ —cosf 

sin' u sia* f sin'cTsiTi'^ 

d( cososin y _8in u sin f cos f 

dS^l— sin.* wain* f iC'^l— sio* « aiii*f 

These obvionsly satiafy die known eqaataona of oonditioiB wbldi amat exist between theae diftta»> 

tial coefficients, vis: 

d? (i>, (It . dz 

The ratio of the change in elementury ureas is easily arrived at from the above values of tbe 
diUhrential eoeflleienta; vuSng the finrmnla i^SF+Ti^ eenalder a ataall qqadiiiateni oo tke 

aiihoro cout)n-is(>d between two imntllelH iind two iiK-ridiaiiR; itaaieatosdff AtCOtf. IflWTj IwaMllg 

f=^W)°—o, we have for the arc of a iiarallel, when du={), 

" i/t^«da*#iifl^ 
aad fbrflie aie ef a ■Mridiao, ftr wUdi 4bas(H 

do 

_ _ ^ ^ 

Vi— co8»(y8in»« 

tbe ana of the veetaaffle to then 

VT^eoiFTaiiP^ 

and fbr tbe tatio of iaeraaae 



•**"I=eoi'Wn»^ 
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If aisO, mail; or, Ibe ratio of areas on tlio spbcro and on ttie pnyoctioa u = uuit,y aloug the 
e«Bti«t meridtan. Tliepiiiid|«l«dvratafe8 0ftlii8pn|)eetkuiamthoswwto)w: 

(a) Thnt it pn-serves all the an{;Ies in their tme aixe, and ooiweqaeoUy fives orthofooal inter* 
se^onn of the iiRTiiliaiiM ami pnnillclH. 

{b) Th« (lo;;recii of lutitudc ate i ijual upon thn cciitnl notilinrar iiu'ridian, nii<l the (lej;n-i>8 
of lougitade in tiie neighborhood of this meridian differ bat iittie from their true luzo. Thia projoc- 
tion vOl be obtained, m we l»Te already men, by paarinir a cylinder tangent to the q»liere along 
a iiu iii1i:ui, projecting tbo aplwin npon the rvlimlfr and ({<'Vc1i>piiig ttie latter. It ts On this acoount 
tliat the uanin orthomorpho-eylindric ba^ bftii cbuseu for this projection. 

The general snl^ieGt of ortbomorpbic projection will be resumed in another place, and a fulier 
mathiematicai theory giv«n of tliia moat intoteating problem, bnt befiwe leoTing tlie snbilect it in of 
importaaoe to note that if either of the Taiialdea f or 9 be given, the otlier «an he fimnd by simple 
integratkn. For^ihinitlieeqiiationaorooadltion 

J = , C08 9 j'=,.coa# 

ire have 

j» *l <i9 . dS do dS 

I( then, either $ or « ia gtven^ ftmning ita diJbMntial eoeffloieota, and aubatttnting in the eom- 
spnnding one of these two equationa, we have flie meaoa of obtaining the remaining oo^inate. 

For example, let then 

and 

^ ooa« 

fkoB whioh 

esIogtanitOOO-f) n^m 

the cqnations of Hercator's projection. Liihrow givce tbo projection of wliidi one of the eqnn- 
tionaia 

jsstanffooev ■ 

Tbo diflbvential ooefllaiente ave 

« 

^»-.tan«ain>» 




Integrating thbi , 

_ ain» 
'~ eas« 

Combining' tbn valtio of S with thia valoe of f ttt Ncb a way aa to eliminate m, we have for the 

equation of the poraUela 

l*+9*aii^«-tan*tfm0 



and in Kite nanoer Ar the neridiana ia ibnnd 

C aui* «— f* ecM^ a-f ain* « «o^ 

Thna the panllelB aie pntJeeted into eUfpaes and the meridiana into liypeiboiiaB having ttiehr 

common center nt the orinri" of tlio cn-oKli-iatcs and (lioir nu^lor oxes in tho direction of the axis 1;. 
Littrow 8|>eak8 of both tbo meriiliuiw ami paratlcU m being |nnjected in hy[)«rbolaH,* which is 
evidently n Kligbt vrror on the part of the eminent aatronomer. 
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FinaUyi 



Diflkrcutiating this gives 



Sf tint tint ^ wmtM* 

S 1— an* m aairp . dm l—^m«lKP$ 



From theeo wc have 
of which tin intapial to 

wfaiehtoideiitkwl with 

tte iDcimito already obtaiiMd. 



. COM at do , 8m a> 8111 0 COS 0j 



OBTHOHOBPBIO PBOJB0TIOV-<<3(H><iinMd)> 

We vat fak llito diaiiter lake np tw»|wq|eethnia dMd|r allied to eech ofberi and vefy intemt' 

itij: ill Mio methode of development employed by the llliistrioua aothon. The first of theae is by 
Sir John irorschel anil is found in Vobime XXX of the Jonmal of the Oeojntiijhical Sotriety of 
London for ISCO. Tlir paper is entitltnl "On :i New Projection of the S|ih( ii " ami (lir anllior 
flirtber calls it Iin e.sti{;atiou of the conditions under wliicii a splierical ourfacv can be pr^ieoted 
enaphme, Bothiit the re j r e ie atation of any small portion of the wirfiice diall be aimilor in team te 
theoHginal;" tbi8i8,ofo(iane^neie|ytlieAiiHlamentalpiope«idoDofaUorthomorphic projections. 

Assume the radina cf the ephei»«l and ctenote as nwial latitade and longitude by o and 
and the plane oondinateo by f and^ Wevaateleirijrbave, liiMef aodi| arefinetioasof »and«, 

If I K, 1'. Q lo'injr, of conrse, finiftiims of '/ iuid Tlio <-l('nipnfarv rcrtnnslo incliirlcil l)<>(«vecn 
two nn'hiliatiH, wlioBO diffeix'nce of luugitude ia dm, uuiL two punilk-ts wliosie ditl'ereucc of latitude 
lsd9, will hare for its aides dt and rf« oosf, having to eaeh other the ratio 

dtit _ • 
J cos e 

In passing along the prqieclion of any one meridian « does not vary. In paaaing then from tlie 
pelBtirhoaep r nlee U aBledeilaed by to iiie pofait o« the tmaU sMrMlaa whose prqjection le 
dellned by t+it, t aad f moet vaiy by the variatieB oft alooc^ or 

df-SdV 4i»-Qd« 

aad the distBDoe between these two prqjeoted points Is, on the aaaie meridian 

Similarly snppn^in^' oiirselvei« to pn»8 along the aane ponlld we have Air the diataaoe between 

two intinitely near jraints, do being = 0, 

dm'/W+F' 

ThesB^ then, are the sidee of the elementaiy ttgan en the plane of prtdeetUm eaRespoDding to the 
tnflnltesimal veetem^entheaurfiweor the sphere, and theae two igniceninatliHt similar;- which 
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ooDditton» being aa t U l l e d, obviously canriM witb it tbe aimilarity of an iofloitesinial flgum on the 
qpbanniditopniiMtioii. The sidMtb«n moat be in tik« Mate latio and 11m angle tboyiaalDdeft 
liglitenflb The fizat (rf theae oooditioiu glv«a 



Tiie tnuRvut < r ihc aagto made bj Cho pnifeetod dement of the meridioo vitk liie ordinate f la 

evideatly rcprcsvuted Iqr 

and that of tbe gcqleeted etenent of tbe pecallel by 



do 



x—do 



V 



beoaoae, lying on oppo«ite sidee of tbe ordinate ig, if one tangent be taken poeitively the otber 
mnit be taken Mfsthwly. She eondttion, dien, of leetangnhnttj reqolfaa tbat tbe pndnoi of 
I taofenta diall be » 1, wbkdt glTsa fbr llie other eewntial eqoatton 

M N , 

FQs-MN 
'P\» 



or 



we get tbe fidloiriog 



Aemnie now 



which gives 



/ do 
ooef 



and bf anbatitnttaig theae In the eqaathma 
we And 

dr » i (P + M) da + i (P - M) ifA 
lAenoe, addiug and MbtiaiBtiBg^ we obtain 
d(«+f)«Pd<i-Udj) 



]I«-Qeoa# 

J eoa« 
df«}(««+d|j)eeB« 
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But iniir«nally 



The tot nembecsof tbew oqiutioDB b«ing euiot diffiBTOutial^ thsam XhA 
ooodftioai ftr fliit an 

dp_ dsf 4ip_<nf 
9 — i« as V 

Hw tot meinbair of CUb being on cmct (litri irutiui, the aeoond mat be aoflh alao. Ihla ghraa 

Tho known fima to tbalntegial of fhla partial dlflhrentialetnatlm 

ftiaotkdta 

Bnbetttnting tbto to H in tha ciqpnaaioik to 4P, Mdneing and iBtQgi^^ 

and putting for brevity 

—■'-(/iiS,* •>'(/«-) *-0"»+-)-</iS»-) 

veflnd 

d{(+ii)=i[<f(A)dA-r{li)dn] i{!-ri)=i*{A)dA+r{B,)iB 

wUcb, bsr mittng aF(A) to/#(A)4A, and 11^(3) to/r(B)«B, aflbrda tba fiiUowinf vafaiea of e 
aodf: 

f-(l+<)F(A)+(l-»)/(B) -,-(l-i)F{A)+(l+.)/(B) 

in vhfdi F and/ an Ite diacaotoiiatioa of aaj two fbnetlona. bolli ooiBidata^ 

flHII HW in aw ■■ tt i n iJa- «m faka 

F(«)-/(«)-» 



A4.(l-i)B«(A+B)+l (A-B)sBa (•'-^)*=4<» 

and 

~f A+(l+i)B.(A+B).< (A-B «9 J i5}»*^ 

which is tho law of Moio a to rt piqfoetion. 
The eqnaliana 

*»=(l+i)F(A)+(l-i)/(B) -,=(l_,)F(A)+(l+iJ/(B) 
befog aabjaet to no raetriotloD, It la oyMent that we nay aaiieradd to Oe geaend ooadltiooaof 

till' ])rii1i!«>m .'iiiy wtiirli '.vill suffice either to (letonnirie al!o^'l•tIl<T or to limit the penenility Of thO 
arbitrary fuuctious 1" and/, in the view of obtiiiiiiiif; I'ouvi'tm-iil forum of prfijected representationB. 
Siii)po8o, for iiistaiico, that we assume as a comlition that the projected rei»reaentatioii8 of all 
circl«fl about » fixed pole on the sphere ohall be oouoentrio didoB about a fixed oenter on tbe plane. 
8inaatl*«ilglnoftteoo4tdiii8taB|andviaatbitn(7,wewillflxitlathatoentBr} and ainea flw 
oondittaBla that when #la given, and thenibra 

theatnatlonbetiraentfandfahallbetiiaftor aefamieabOBtdiaoenter, webnro 

f'-f flmotkm of Par t 
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For brevity put 

P(A)-X . /(B)-Y 

Then we huve 

«-{!+*) X+(1-I)T -,-(!-*) X+(1+<)T 

and rabstittttiiur and ledodng 
thailitoangr 

P(A)/(B)=^ 

Siofle any ftanction at an arbitrorj AinatiOD is itself an arbitcary fimotton, wa maif withonfe any kwa 
of ganerolity write for F (A), and for/(B). How 

P (a+W+/(«-«/»)=*'(«+« 

iMoaoaa 

It (loos not appear that tbla aqnatioa can te aatialladbyaiiyfliniiaof Faad/aiongeiMialfliaii 

tbo tollowing, vis: 

P{a)s(9+a)a /(ii)«(-H.^ii 
vUdi giv« tat tha Tataa of *^ (<■+#) 

or, wbat eoaiM toflie aano thing, 

Practically speaking, thiM cxprr-Asion is naekn unlMa the tmaclDary tent vanlabea, or f+A^O, 
f '-Ab^T, in which eaae it teducea itself to 

wtMDoealao 
which, aioce 

redaoea itself to 

BafipoaefM^ Thia la the law of tfw atofeogtaphla pn^cotion, and the Tdnea of « aud <; bccoow 

f>a^ [eoa»+8iii i»]=:2/> VSsin 
-.igs9^ [floa «— ain <»]«S|p i^coa (45o+«) 

In the ncro general oaM oft ^Ka, we And 

fs^fooa iNH-rin fl«J-a^%^f ain («|0+<i») 
— f [coo iMi^ain /fooa (4So+ii») 
^.Si^2taitf'|(00o-«) 

To interpret theae eaipreaalona we haye only to oonaider that when « inereaaca hy^any nonheref 
degieea «« inweaaee by a tfanea that nnmtwr; aothatif «iiicicaaeBfkoiBOto3fl0o,««inei«Mea» 
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times 3000. The ooordinatcfl of the pnjMtfon of aajr p«>iiit, tlieieftne, im thow oorro^itonding to 

« tinu's tlif li>!i^'it'n!r in tlin ciihc of the sti ivo;;n\|(lii(' i)mJ('<'tioii. IT, Ilicn, ii lie a Cnu tioii less 
tbaii unity, the iirojwlion of »h« wlioli! miln'rical NUrl'a«-f will, iiiNti'a4l of occupj iiif,' tbe wLolf iin-a 
of a circle, be comprised within a sector, the same fnictional part of the whole an-a. ThuM if n=^, 
the pnJeeUoa of the whole sphere in longitodo will be oompriwd within a aemlcinile; if 
within • sector of 12 P; if ii=f , within a meter of 2400. &c.; and ttie entire parallels of latitode 
will in like iiianni'r \w icprcsciitcil liy tin' portions of concctitric cirrlcs coTni)rise(i bt'twciMi this 
extmue nulii of these respective sectors. If y be the {Mjlair distance of any imrallel of httitude, 
and f the mdiua of tlie oinolar wgnent repretienting that paraUel, w« hftve, ne^aeting the eoett- 
dent --211^ or taidngltetiieeqnalarial radios iafAspnifMieM, 

Beam whldi It la easy to ealenlate /> for each polar distaua^ from oo to 180o. The valnea Ibr the 
ftor eases asl, |> Ii | A>r f «(P» lV*t given in the table. 

The Hecond ease that we take np is in its devi^opment Teiy similar to HerachePft projection; 

it is an ill vest igul ion of orthoiiioii)hi< ji; i i. i r imi tiy Pnifcssm P.imiIc. Tlu' itli'a was mijr'rc.Hteil to 
Boole by readiiiK ilerschel'-s pa|KT. I'lie iiivi.stiKation i.s t ontjiiiied in the mipplenicutary volume 
to Boole*s Diflerentia! Equations, published by Todhanter, aHw the anllioi^ death. The general 
Oeoiy M given by Boole is applicable to the pntjeetloii of aqy auikco upon a plane. 

Let «,f,s denote the rectangular lidiiliieareiHMdlBalw of any pdnt of the given mtlboe; 

tbe oo*aidtnatBa of Oeeorreeponding point OD the plane of pn^eottott.' Let the eqnatioD 4rf 
t1i« given anrflwe be 

or Biiuply 

Begwdlag f aod i| aa altlaiately fkmotieiw of 4^ Vt « we have 

iitfi^tde belug couucvted by tbe relation 
Now for brevity write 

rfy=" Vlf** 

»-* as-* 

£- 

(1) dS^adx+bdy+etb 

(S) dii=a'dj-Jrb'dy+e'd: 
{3) 0=Adx+Bdy+Cdz 

The two conditions to b« fullilleil are, aa we already know,, the equality of eomepondlog 
angles, and the proportionality of corresponding sides, of tlM element on ^e snribee and the eor- 
Ifsponding elciiH-iit on iIh' jil.tur of projcrtion. 

Aasnming now any point ^ un the piano of projection, let ? alone vary, and tUo iutlnitesimal 
line genented by df} and ainae 41)^0^ we have 



i 
I 
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a, 6, e 



Cben the above eqoatioiu give 



BO that the diruvtiuu-iXNiiuea uf the infiuitvtiiaial liue ou thu surface F correspoudiug tu ibu liuu dc 
on tlie pl«w ue 

L M_ H 

VI^+H'+B* 7j>+M»+:^ 7D4^^b3 

In like auwiMr, If 9 aloM vwy sImII And Av the dlicodoii-ooiiiiM of the loflalteiliiuil fine oo 9 
eoReepoodinf to At 00 tiie plaoe 



M' 



Sinoe the Rnfle beiween t and is a right niigle, the angle on Om emflMse between (he Uoee vhoae 
diice(ion<«eainBa have been fimnd mnat abw be right. Thla ghree at enoe 

Iheiatioof theeHenentaf len{flidl(totiieeeReepondJngeleiiient«Bth» 



or 



finally 



ml r-^-li'h/-\-rd} 



£qnating thia ratio to tho corrcHi>oii(liii^' ratio of the length of dr^ to that of ita prqjectiou on the 
biitCmw, ve have 

Fovr we know that 

the niimenttonef CheUMteqaatknoBlydlfflBrinf inaign. But ^, being the detenataunt ef the 

syatem 

«d»H-NH-«''~A •'«t4-l'4i||r+«'dnB0 Ad*+Bd|r-fCMia>0 
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expmwes, when cfiuatcd to zero, the coudition tli;»t if vaiii>lit'.s dr, must also vanish ; and d; and 
4^ being independent, this coudition canuot be uutisliod; no that the above equation reduces to 



and this, with the 



L 1 _-- 1 =0 

l/+M'*+X''-(li*+M'+N')=0 
-found con<lit ion of orthogonality 
LL' + MM' + NN'=0 



will fully express the oouditious of aimilarit}'. 11° we multiply ^ by 2^ 
teaolt (torn a, we obtain the eqnlvaleot ayitem 



add and subtract the 



Bbv 



Writing then 
we liave 



(JF du 
dz rfy 



I/— Oie 



dFdr_dFdv 
dy dz~di dy 



Mf _Lnr ^ d%L dFdu 



w/ jM dW dv dp dv 



BobidtatlQg theae in the laateqaattou, there leaoU 



-0 



\dy dz dz dy) ^\dz dx dx ds) "^Xix dy dy dx) 

Eaoli of t1ir.<c cati Ik? written in the form of a syminctrieal determinant of the second order. Ddig- 
natiug by Oi, Ot, 0^ any tliroe quautities whatever, umke U equal to the deteruiiuaut 



<»1, 




«j 


dF 


dV 


dF 




W 


S» 


du 


du 


du 






ds 



the fliat of these two difl^rential eqnationa is mmply 

andf'aa is wdl known, can be writhsn 

/-rfFV. /-JFV. /-f/FV dFdu . dF du . dF du 



(I) 



fdu dFdv dFdu ( 

)'<s)"<£)*r 
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and iu like luauucr for the second 

/dF\' / dFV . XdF\« dF dr . d¥dv . dF dr 

(II) ^'•^ * «• ai+^r 

Tluwo ar(( th«" i»iii tiiil ihtliTfiiliul ciiualimis of thii flrst order, serving to liettTiuine u and r ax func- 
tions of J*, y, and z. 

But it is not neoeaoary to aolve tbeae equations io their general fonn. It is well known that 
ttw eo^rdinnteB se, y, and a at amy point on a sarflMC, being eomieeted tlie eqnation of the mir- 

fitc«, can alwayK lio fxpn^ssed .as ftlDCtionx of tn'o independent varialilc ])aninieU>r.s, and tlicse 
parametcni, wben Used uiwu, become tb« indei>endent variables of the problem. Let 0 and u> rep- 
naant snoh pafBOMilen, ud let tiiair aqnessiona in tmna of y, • give 

which equations, combined with that of the given mrihiee, will leciiinwallj deteimilM «| f, * aa 
functions of » and «. The diJIbraatial ooeffleients 

dF dF rfF 

di dy (f.- 

which an functions of x, v. *. now become fnoctions of « and »; and fnrther 

dtt dudo ^dudat du dudt.dudtt du dudo dudt 

s"a»aa*'sai Tt'Udif^c^ ^"SiK+Kii 

«.das'S ^ known fta»,ti«» or «,f. and ..tbeyar.^^ 

«. The nanlt of these snbstitations will tbon b« to convert (I ) into a partial dMforential eqnatioa 

in which u is the dependent and 9 and <• the independent variableif and this equation bdng, Ilka 
(I), of the first order and second deforce in the dilTerentia] coelBctentacf «, will be of theibnn 



IVir • w« hava an exactly similar equation, vith the same coefllcienta. 

The above equation is, by the aolntkm of a qaadmtie, teaolvable into two eqaationt of Oie fam 

To these corrwpond the reHptHitivc auxiliarj equationR 
If the integnls of these ate 

8=c, T=Ci 
respecliTcljr, then wo have ' 

tt=*(S) r=ri:T) 

li^ow, V being determinable by an equation of tbe same form as «, it follows that of the above two 
vahies of « one meat be aarigoed to «, ao tliat tbe aolotlon of tte problem win be contained in the 
ayateitt 

«.d(B) «ar(T) 

or in the system 

ii««(T) »=r(8) 

TIk' iiui iinihir fnnnH of the lirWtraiy fboetiODS * and rwill depend aolely opon thenatneof 
the problem under consideration. 

The lint meubeta of (I) and (II) aieebvioutyeaaentially positive; aadao^if theiatamediatB 
I aversely is the firet member of the equation whoaaooeflieieatBaMPfQ^B. Heoee 
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' tbe qnadratic determining ii, and /.will bave imikgiuary root* of tbe form a±ifi. Ultimately, there- 
fae» it wiU MilBoe to iatagnito 4MM eqiMttoD «r the aoxillai^ 

and ihen to deduce tlie aolation of the other b; chugfog i into — i. 

Supitose, now, tliat the mrfhee to be nsineeented en oblate ■pberoid, Bocb as the earth ; take 

tlift ]»luiici iif the equator for tli:it of |in)Ji'i>tii)ii and tlie cpiiter for origin. Let the oo ordiiiiiti'.s .r. y 
pa«8 tlirougli tliu iiit!riiliaii» uf (P aud iN)^, n>HiHf tivcly, and a through tbe polce. Tito cquuUuu 
Of tberar&oeiriUbe 



wheo « ie the earth's equatorial, and /> i t s ] )(>i a r radioa. Let aim fiie httitode of the pointi {«, iff m) 
be Mpneented by 9 and Ha longitndo by We have « 



rfF_'ije 



dF 2y 



-.1=0 



and <$uUstitutiug in (I) , we liave 



-ir-+jj» 



jr du ff dk , a iu 



or,«ii|HHMUAg thia and writing 

(ui, ,^«^{(*)V(*)Vfj_r)'!-(^xj>4;4..^>-.) 

• >'ow as X, ^ are co ordiuat«s lu tlie jdauc ol tlie equator, and <r iwshv^ through the tin»t uieridian 

^=tnin« 
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A<:ain, representinp in Fij;. 12 tlio im iitlimi of the point P, or (r, y, :) toucbed by the straiRlit 
line QR iu tbe saiuo plane, we have C'M= y/x'+y' and MP=i. Thmifore if Vx'+g'=(>, tkocquu- 
tioo of tlie mecidiaa fft 

and OatoT flitt tangmt to 



bdi^mrnnt iMtangidarMMudiiutM of tlM tangent Hoaoe 
BbKIQBm*. ThoNAm finally 



and «« mmt now tnuwforu (UI) so as to make 9 and « the independent vatiablea. From the last 
eqnadom oomUned with that of the autfiMe ire have readily 

oftwa* a ft Bin* . •tan* 

and aabotitatinff in (III) we obtain 

(IV, 0=«c-.>| ) i -(co.s.^^^+mn tan ) 



i% du do du du du_du do^du dm da du do du dm 

Vow 

rf" —Meg — 8iD»co e» eog«Vg 

when Ksi^^-tan* f . In lilEe manner 

do_ — »in g cos a ain » ■/K «W Kcotf g\^g 

3y~ «K ~ dz™ a 



Hen CO 



«U -aini-VK dm wmVK dm ^ 

dy'lK'L"''" " " "dtf + " d-J 
d»_VK_, - *» 

Snhatitnting tbeaein (IV), and dividing by tbe common ihntor wo liave, on roduedon, 

(^)W»[l+(K*-l)coa^*pQ'.0 

whioh is ri'SDlvablc into 

J^-«coo»[l+(K«-l)eo«^*j5j=0 £+<ooa*[l+(K»-l)oo*'*j2-0 
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partial difiereatial equations, of which ibo intcgralu are iiicluiletl in the common fonnala 



Now 



Hence 



J co8#[I+{K'-l)oo««ff)~J wwtf"^* 'J l+(K*-l)co«»tf 

J.M k-ix r cosodff 

/do _ , r cmodii r . , o»— 6»\ 

=.o«u.,(;+.)+'.<,g|-'-»-: 

='»«{(!;: °::)'-<^o} 
—K((i;:ro''"°<^'')}^'-] 

or changing C («} into 4 («"), since ^ is an arbitrary- fiiuctinii 

1 ot p and <f denote the jiolar co-onlinatesof that point in (lie plane of projection which corresiH>ndfl 
to tlie iioint whoee latitude and longitude on the surface are o and m; and let 

H\lit-?) 

then the complete solution oaauiuea the very simple form 

(V) *(8««*-) /.««'=V(S<'T-) 

Aiwnme that the parallels of latitude are projected into circles round the pole. This requires that 
/' be independent of ». a condition which is mttisfied in the most geuenil manner by assuming 



We then find 



pi*' r^CSv'<*» 
whence, on mnltiplication and division. 



r(M-)=C'«'* 



whence, A and n lieing now arbitrary constanta di rived from C and C, 

Observing that « and » should vanish together, we have B— 0, and the erination <T=i nv shows 
that (Lo surface of the iq>hera will be ]irojet;ted into a sector of u cin;le, the are of whicli in lu the 
5 T p 
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ciraomferenoe of the circle m : 1. Thus if n=i, &*•., the sphere in projcctc'd into a quadrant, a 
semifiiKle, A«. These are of ooniw the leaults that we have olieadj ohtained in aeveial dtflhicnt 
plaoee. 

The oUwr oqnation tatf irivca 

If CU, u« tliul 

whence A the diataooe of the equator fnim the ])oh^ in the plane of pn^ectioii} and if thatdia- 
taace, which i« arUtniy, be awutncd »« the unit, wo liave 

ftr the dlMaaee ik«ai tbe pole of that paialld vboae latitade ia 9. We can throw thia fspreaaioo 
into » ninn< ramiliar fgrai by amuaiing p^*+»t and introdofling an anxiliaiy quanti^ 9 deflned 

liy the i«lation 

* ooapsHnaf 

We have then 

.=(,an5/(cot If 

Tabic IV gives the values of p for the B^ien and for the spheroid wboas eooentrieity {a M 
(abont that of tbe mrth), fbr each ten deinreR of polar dlRtaneo, for the T8ln« «b1 and nm^. 

T!ir iiri'n'iiiii„' invi'sti;,';itic)!i li\ I'xkiIc is ■■ii 1<i lie iiiiicli more netieral than thatof Oecscheli 
the latter couliuiug hiuist-lf uifruly tu the projitlioii of a wphere upon a pluiit^. 



$ IV. 

FSOIB0TION8 Br DEVELOPMENT. 

In order thiit a Mirfnce niiiy he reiiresciitcd nixm n iihiiic v. ;t limit any change of aiiplt's or 
art'as, it mnst be such an one as can by actual ilevchi|iiueut Ix' r<ilic<l out iiiwu a jihiiie— all i)arls 
of it coming by a coiitintiou.s tnotiun to coincide with the phine — as, for oxiitniiUs all coiu-h and 
cylindors. If «e desire to make a prqjectioo of a omaparativeljr small ragionf the opetulkm will 
be rendered nnHs rimple if we can snbatitnte fbr the aetaal snrihee to be profeoted a oerlain porthm 
of some developable surface tipOQ which are flrawn the tiicri(li;iiis iiml ii;ii:i1!c!r. Ttie eonstrnclion 
of these lin<-s iiixui the developable milRt of course Ik' su<-h :i.s In iii.iUc llie new element.s corre- 
8]»ond as iloscly as possible with tlie actual elements of the sphere. The aitciii|it to make pro- 
jections of tbix liiud has naturally given rise to two methods: (1) Conical I'rojectious, (l!) Cyliudrio 
Pn^leetions. We will lint consider the former of these. 

Oonoefve a cone i>a»se<l tan^ieiit to the nphen^ alon^ the puraHel of latitude which w nt tlic 
middle of the rpfion to be pnijected. Also itna;;iiie I he planes of the different parallels and inerid 
iaiis to Im" produced until they cut the cone. W e will then havi' iipnn the mu lin e of the cnin' mikiII 
qnadrilalerals eont»iK>ndiug to those of tbu Hpheiv; the magnitudes are dilleient, but tlic anjjles 
are obrioasly the same. Now develop the cone upon » plane; tbe meridians will clearly become 
rin;lit lines from the vertex of the cone to the dilTerent |>ointH of the developed paraltel of tan- 
)j;eni'y (or any other), and the pnnillels will be concentric eirclen, the vwtex of the cone being the 
common center. The tiarnllel ol" tiinj,eruy is oliviou^ly tlie i>nl\ ime unullered by the development. 
The (|uadrilatcrHl.s upon the spheii> aiv leproduced ujiou the iiliiiie still as iei't:iiif;u!iir, but the 
mn{;nitude« are diflfbreul, as equal distances of hitltude upon the splieie an' n pivsenti-*! by dis- 
tanocs whieb diminish towanis the pole and locreaso towards the isqiuilor. Thv iiifiiBrenoes of 
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longitiKia arc all greater npon the surface' of the i-one tluin upon tlie »iplK>n<, except fur tbe parallel 
of taugenrv. Thu error iu latitude may bo completely, !Ui«l tbat in loui^itude ]mrtially, eliminated 
by laying off along tbe middle meridiiui of th« dflv«li^iiieiit tb« rwtifled lengtb* of tb« distimoM 
bstweao flie pM«1kls,ftnd tbrcmgh the points tbiuio1)ta1iied,ir1llitbeTertexof (beeonemaeenter, 
describing arcs of circles. By tins means we obtain f<ir tbe diflierenoee in latitude tlicir trne 
viilue8, and for tlie differences in lougitude values wbicli are mora nearly ecnrect than tbose giv«-u 
by tbe flrat OMtbod. Fig. IS ahowv botili method*, the dotted Umo oonMpoodiDig to Hw aoeoad 
method. 





We kave deoilr, ftOB tke lint flguoi 



I80O 



iir«oa«^ mm' 



when ^ Is tlMlKthade of the middle ponIM BH, ead « te the dlflbreneB of bngitade of Oe es> 
treme meridians whleh arc to be piqleetad. Let als'i v ili note the ani;1e of tbe extreme elements 
of the eooe whieh appear iu the devaloiimeDt. lUtt r»iliui» VM uf tbe middle parallel is given by 



and ftom tgnie (3) foUove 



T]|> 



180O 
•root 4b' 



V 



OomUiMdoa of theMtwo 



nIaeB Ibr ■UR' gives 



It is obvioM DOW how to oonstmot the projection: The angle V being dcterminf^l, wo bave for the 
HmIIm Cf Oe middle parallel, VMsr cot <W Lay off from M the distances Mis' and as obtained 
hrMtnlieeiillastiaa. If ttedMoaoeofti 



\ 



Having then tbe center and one polat In the einmmlbraiieak we osn draw the eiideevhkb 
tlie parallels of latitude. If m caU « the angle between the prqjectioiu of two raeridinoa 
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cponding to m apoD tbe spboce, wo Iiave clearly 

She Ndlu of fhe pmOM a* Mitncb « wm be 
and Ite eornqpondlag aic of loQgitiMid • win be 

Tbe emir te SMh dmne of tiw pandM wiU Mmd be 



Baler inveetigated al aaoM leoftt fbe flMOfy «r eonie iircdeeMcm and datamiiied a eooe fttUlll- 

iOg fllA fbUowiog conditions: (1) That the errurH at tin- iiortheni and Houthern c-xtremitioH of tlie 
ebart ahoald be equal. (2) Tiiat they shall be iiinul to the greatest error which ocA:uni near the 
mean parallel. 

The cone in this caae is obTioiu^ a aecant and not a tangent oone to the aphere. Let 9, denote 
OeleaefelBtitadeef tberegioBtobepfqleetedjandtf^tbegreatertTahieof Oebrt^^ LetAB 
denote tbe portion of tbe niddle meridiaa eonpziwd between tbeee eztiene latUndee. Perignato 




no.u. 

bjr « liielengtii ef l^of tiie meridtaD, and let P and Q be tiie hitetaeetione of the oeatcat i 

with the parallels along which the degreee aball imwrvo upon thv ni.ip their exact lalio with the 
aotnal degrees of hititade; also call 0, and 0, the latitudes of these two parallels, npoa eac h of 
which a degree of longitnde has rcspeethrdx the valnes doM0, and i cos Lay off theae tare 
Talnea of 1° along tbe Ibiea Vp and Qq perpendicalar to AU, and join thia line will lepieaent 
the meridian removed one de{a«« from AB. The point of intersection O win obrioiuly be tbe 
cumuiou |K>iut of iiicetiii},' uf all the meridians and the center of all tln^ |iandlele> The 
from O to any parallel is readily found; we have, Khio<> OPp ie a right angle 

^Ceeeff,— eoB»,) _ * ooe ff. 
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fton wbidi 

cos c,—coe 0, 

Having doteriniiicd the center O, it is ouly necessary to draw an arc of radius OP and npon it lay 
off lengths cos the.se will give the |K>iiitH through which the inenduiii.s pass; then laying off, 
along tlie middle meridian, dwtanoee equal to the number of degreea of Utitude of the diflCerent 
panllds to be eooKbnutod, draw timogli the polnte thna Ibnnd dnlea bavinf tbeir eenten at O, 
and the proje«;tion« of the piirallols will !)<• (■onstnicti'd. 

We will now determine the errors reHultiug i'ruiu tiiis construction upon the extreme parallela 
tluoa«h AaadB. OalUng m tbe angle POji, \re find 

Pp 4(008 0,— OOBtfJ 

wklcb beooniea 

cosf,— oos<», 

(",-".)" ' 

it we take S—l'*, and expreae tbe denominator in piirts ut' radius, which is done by making 

the value of 1^ in » circle of radius unity. Call s the distance in degrees flnn ttie oenter O to Uic 
pole. Tbe diataooe from P to the poleirill be ttP— f^ftoaiPtoOwillbaSOB-^i'^-f*; dtevahiB 
of thia in p«tB of radiaa wOl be 

It Is eav to see now that we nut have 

OOS#,-I)00#, 

niedlitaBoeorilieeitMineiiandkl AfromO wilt be, in parts of iadiM» 

AO=u {900-0,, + :) 

IDnltiplyinf this by the value of m, we ha\ e for the value of the degree upon this parallel 

inalMdef ^ooe^,. The diffiaienoe of theae two values gives the enor along the parallel tbroagli 
A. ForBttMemrlaaediibnooeof 

Baler's proposition was to determine tlic par:i1l«>1i< P and Q in snch a manner lis to nake 
llieeitnoio errors at A and H oqnal. Eqa.itin;; these two ermre and reducing, we have 

(^a - "r.) (eo« fl, — coH i\) + {o,—o^){v»A />„ — cos 0^) =0 

For the length of one degree upon the parallelM of A and li we liuvo 

©{90O— and o(903-(?,+s)<» 

We have ften thooe 

vi!MP—$,+t/im—Ca§ «.a*»(gOB-«k-M)— O0B# 
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fron wUdt fbUom 

Further, ftjiiatt" Iwitli of tlii'se ern>r8 to tlie greatOHt prmr wliioli (x^cura l>ptw*'«'n A iind 15. sii|i)m8- 
iug in tbe iint iustauce tbat it oocars at tJie point X luilf way from A to U. Tlio latitude of X ia 

The ennr then ia 



itoaignbdiigoppcMltotollMalgiuiaf ttMCRonatAaiidB. The oonditiott to now axpcMMd Iqr 
tho two eqaatkmi 

oiWP-o,+z) «-co«ff.=coe ^ -o(w>-^^~xy 

OinngMltaTftliie 

we lluU readily 
triiioh radnett to 

(Woo-t,.-t,;+»)-55j^^[«»#.+oo.&+&] 

floB wbkli i» to taadilr foimd. Applyiui; this to tiM oonMraeiioii of a nap of BiMto) it U ooiy 
n oMMtt iy to wiito 

I formula fur » gives now at onco 

COM 40"'— cois 70- 



TLe equation 



(80O_22) u»=1.339C2 
oi.>=O.OUl 



8o Jhr irelMWPaaaMiiiwi! fliattlidinaKianimanorlayt tte aaiddtoof AB, liat w wiM now And 
ths eorreet point, »aA Msnme that fbr this place the latitade k »i the emw will now be 

T)ifrer«iitfaftiBf tlitowltii napaottoiood aqnatiiiK to leco we iad ftr flM poaitfam of 

error 
or 

te04P4' 
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Eqiiutin}; the error at o to those of A and B 

u { 180O— — 0 + 2;) »=C08 <*.+C09 0 

from wbii'h 

5=5° c ;jo" 

The valuejii of r ami » ilifliT very little fh>m their assumed vuluca of 5° and 55° respectively. The 
errors at A and B aic then equal to 

oii.(003-<?.+r)— CC8 ff.=0.00940 

A doKW <ni lh« imr.klk'l of 40° isi then expressed by 0.775.'»0 inHtead of O.7GC04, itH true value u|>on 
the sphere. This decree is, then, about .V ^reiiter thun the true dejiree on the pandlel of 4<K>; 
and the degree on the pitruUel of 70° iH about -^^ too great, its true value being 0.'M'M'2. 

Ml'KUOCU'ii I'BOJUCTIOH. 




In PiR. 15, let t>, »nd denote the latitude of two cxtrento parallels Aa and Bfr, which limit 
» i«pheriejil zone whose projection is to bo detennined. The latitude of M halfway between A and 
B is Murdoch's projection consists in making the entire area of the chart equal to the entirw 

area of the zone to be projected. In ortler to eflw-t this it will be necessarj', supiwsinir PN and PO 
the radii of the extreme ]>arallelsof the chart (obtHiued by rectification), that the surface penenited 
by the revolution of OX ( = All) alK)ut PC shall Imj =Urr(ai), when r=radius of the sphere expressed 
iu degrees. Let i denote the e<iual angles i;CM, COM; we must then have 

From the similar triangles Kck and MFC, giro 

K*_KC 

CoBscqnently 

KA'=r cos cos S 
and snbstituting this in the above equation 

This gives for cos i the \'a1ne 

cos i— — 
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It is easy to see that for the radius Kp=B of the middle iwallel we have 
Kp=r ooH 7^,,^ R = r cot^-J c«« a 

The quauliliett which we huve ahrady ilenoted by r ntid V are here connected by tho relatiwi 

V=rBill '7, * 

Mnrd<>ch, in onler to draw the intenuwliatc parallelii, dividetl the right liuo du into equal 
part«, giviug for the radiua of any parallel 0 

This method, although i)erfectly arbitrary, ha<l tlio effect of diniiniKhing the error* in the chart. 
Mayer, wlio resuintid the iin)bleni proposed by Murdoch, gave the ra*lii pZ and pr, as 

pr,=pk—Kn pC=J»K+KC 

and siuco 

Kij=K:=r nin 3 



*T,=U-r sin i^r — > - — 



pr = |{+r un s=r. 




A second mcthml of pnijoction was given by Murdoch, in which the eye is placwl at the <"ctiter 
of (h)- Hphftru, an in giioniouic projection, and a {terspective w made which is subject to the condition 
of preserving the entire surface of Ihe rone wjiich is to be represented. Lainl>ert was the flwt to 
indicate a method of conic development which should preserve all the angles except the one at 
the vertex of the cone, when the having upon the sphere the jiole for center will obviously 
Ik> rvpresenUMl in <lift'»'rtnt manners, ao«xin)iiig to the diftereiit conditions to Ih) fulfilled. A full 
account of this method ia given in the chapter on orthomoqiliic projections. 

bonnk's piiojection. 

This mctho<l of projection is that which has lieen almost universally employed for the «letailed 
to|)ogr.iphical maps based on the detailed trigonometrical surveys of the scvcnil states of Enn>|K'. 
It w«is origiuatod by Dunne, was thoroughly investigated by Henr>- and Puissauit in conne^-tion 
wiih the map of France, and tables for France were computed by Ple»>»es. In I'onstructing a map 
on Ihis projection a central meridimi and a central parallel are tirst assumed. A cone taMg< ut 
along the central parallel is then assumed, and the centrsil meridian developed along that' element 
of the cone which is tangent to it, and the cone is then developed on a tangent phuie. The par- 
allel falU into an arc of a circle with its center at the vertex, and the meridian l)ccomes a grad- 
uateil right line. Concentric circles are then conceived to be traced through ]ioints of this meridian 
at elementary dintances along its length. The zones of the sphere lying betwmi the jiarallels 
through these point« are next conceived to l>e develoi>e<l, each between its corre«i»ouding arcs. 
Thus all the parallel Kones of the sphere are rolled out on a plane in their tnio rt'lations to each 
other and to the central meridian, each having in projection the same width, length, and relation 
to the neighboring zones as on the spheroidal surface. As there are no openings between consec- 
utive develoiHHl elements, the total area is unallered by ihc development. Each meridian of the 
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projcH-tion te 10 tntoed m to cot ««ch panlld in the auw poiiit In wUch It intemeted it on liw 

splien*. 

If tbo OHM in band be that involving tlio g witort «xteosioQ of tbe netliod, or that of tbe 

projection of the entire spheroidal enrfiMM, s prime or centml meridiaa ntnst first l>o chosen, one- 
half of which gives the central striiifi^ht line of the development, and tbe other half cnts tbo zones 
aiMut and becomes the outer Ifoiimhirv of tlio IdIuI di vi hipcd fl^nirf. Next the latitude of the 
governing parallel most be awumed, thus fixing the center of all tbe oouoentric circles of devel- 
opmeot. Having tiien dimrn a etnlght Una and gradaated It flrom 90^ north latitude to WP aooth 

latitude. fukI liavinf: flx<'(l tlu' \(>rti'X or 04>ntor of (levclopinenf on if, <'onceTitrir iin-s an- dniwii 
fruui the center thruugli tlie diiVereut praduatioiKs. There re.siilts £rom tliis jH'ocejts an olilonp 
kidn^y-ehaped fignre, which n-presents the entire eartli's surface, and the boundary of which ia 
tbe douUendeveloped lower tialf of the meridian first aganmed. This projection prmrvca in all 
oaaea the areaa developed, wfthont any diange. Tbe merkUans teteraeet the eentral paralld at 
riclit ;ni;:lrs, and alonj; tliis, a.s '.ilnui; tlie central meridian, the map is strictly porre<rt. For inoil- 
erute umut the intcrnectioiw approach tolenibly to beiuj; reetariKuhjr. All distances along par- 
allels are corrects but diMtaucea along the meridians are iuereum *! in projection in the same ratio 
aa tlie ooaines of tlie angle between the radins of the parallel and the tangent to the meridian at 
tiie point of interaeetlon are diminished. Thra, In a Ml earth prc^eetton the bounding roeridhm li 
eloiiv'atcd to alH>iit twice it.s original li'ii;^th. AVhilc e;i<-li <iiiadril;it«>ral nf" tlic map i)re,serve8 its 
area unchanged, its two diagoualo become unequal; one increiMing and the other docreattiugin 

receding towai^ tbe oocnei* irf flie niqh lite fi****>^ IB^Q^ 
polaroanicn. 



o 




Denote the ndioa of the oantndpandlel by ^; then 

OA,«A=reot^ 

l>enote by tlw Ictif^th of the an' AA„, and the an- [lassin-r thronjzh a f;iven |M)int M; 0„ of course 
denotes tbe latitude uf tho uontral parallel, and V that of the parallel UC Tho latitode of M is 

+ ~i i>ud thus 

MA=/>- =«i.rco6^tf,+ ^^ /»=/»,— *:^r cot f«—<I 

i;=MQB/>8lu«i |riEMl'i=rcot«»«— /icosw 

It is not difBcnlt in tbia projection to take aocoont of tbe apberoidal ibrm ot the oartb. It is only 
noceaaniy to anltiply oot e, by tlie principal aonial Mi, and niplaoe the (•pberioal aie # by the 
flUiplio are 8^ given Iqr 

8s«(l-«'}(A(#-<v)-Bsin(«-<V)«oe(«4>'4+|Oain2(«>«b)ooo2<«+«b)] 
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Tbeu 



^■aCotO— S 



Then give tUo radii of tho iirojccfioiis of tlu- parallels, which arc then rcradily coaBtrueted. I-ay 
off ftom the central lueridiau, upon tliu |wraUel«i uow cooKtructed, Icugtbe equal to one dggno upou 
caoh diflbnot pmllet, sod throogh theae pobita pua a earve, which will be the pntfeetioo of the 
■Miidtaaa. The Icagths ere given by the flmtihi 



2» 



-a cos 0 



Tlie 0011 vuv«: i»ui t« of (ht'iM! curves era oil tamed towards tlio ccutrul mendian. 




The aujjlc x, in Fig. 17, itt tho anglu which the taogont to tho meridiaa at U mukcs with tho 
radlm OM of the pmmllel tbroagh that point Ihia angle is alao the dilbranee between the an^ 
that the Bieridian aakea with the parallel at this point and 90O. 

Wehaveebvionaly 

dp" 



tan«a 



hat 

tbenfine 
Vow 

DiOVrcutiatiiig tliut gives 

and we have 
But we know that 

Ooosetaeatty we nuj write 



d>-dt 



jMsaiteosft 



taa.-«*f 



am CO« 0 



••"rt-FBarijr 



•(•amain* 
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tan xsai sine— w 

Combining theae 

«*ss«» aln 111 

and ftur thto eawtaa «sKI or«s(^ vhieli onljr ibmni wluit we already kiioir, via: fhat the merid- 

laiiN nnd retitral parallel cut at right aoi^. 

If lor tli(^ central parallel we assnme flie equator, tho Tortex of the tangent cone in removed to 
an infinite distance, the piin»llels all fall int« straight lines, and we have the so-called Flamstcod'o 
prqjeotioa. Tbe ktdn<^-«liapod iloDno becomes an elongated oval witli the half oieridian for one 
aiii and the whole equator for the other. Hie oo-ordinatee for any point in this pnqjeetloo ate 
readily fimod to be 

The form of the eqaattan gMng « haa ladiUMd M. ATesao to give CUa pn^eotiM the naiae 

This projection, wUdh ihonld really be called Banaon'a p»tjection, is evidently only a particular 

case of lioiiiie's method; it is bawd niion u icsoluticni of the earth's surfacf info zones or riiip* by 
parallels of latitude taken at 8ucces.Hivo elementary distances laid oil' itlon^ the central meridian of 
the area to be prqjected. Having' tleveloped thia center meridian on a Htraight line of the plane 
of pn^leotioo, a aeriaa of peqiendieulara i> ooooeived to be erected at the elenientary fliatancea 
along this line. Between these perifendicalars the elementary cones are conceived to be developed 
in (he correct relations In rm li other and the center meridian. Each zone being of uniform width 
oocapies a constant len^^th along it« entire developed length| and consequently the area uf the 
]daoe projectioo is exactly equal to that of the sphcraidal aoilhee tbna developed. The meridians 
«t the developed spheroid ate traced throngh the same palate of the parallds in which they before 
Intersected them. They all eat thn porallelB obliquely and are concave towards the centre meridian. 
Thus while e,n )i qujiltil iier il l>et\veeii paralleis antl meridians eontainH the same area and jwiutH 
after development as before, tho form of the configuration is considerably distorted in receding 
fiom the central meridian^ nut the obUqnity of the intoiaeetiona between parallels and meridiaQs 
glows to be highly wmetniml. 

WBBXBR^S Kt^nVALEKT PBO.IHrTION. 

If the vertex of the oone approadies the sphere instead of receding from it, as in the preced- 
ing case, we bare Anally, when the tangent oone beeomee a tangent phine, the proJeetJon known as 

WenieHs E<inivalent I'roji elion. Tin' parallels are now ares of circlea dejjcrilied ahont the pole as 
a center and with radii e<iual to their aetual distances from the pole, «. e., equal to the rectilicd 
arc of the colatitndes. The meridians are drawn by laying off on the parallcU the actual dis- 
tauoes between the meridians as tbciy intersect the parallela on the apbere. Ibis prqjectioo ia aa^ 
of enough importuiee to spend any thne to obtoining any of the flamnlas oanneeted with it 

POLTOOmO FBOJaCTKMUI. ^ ^ 

In al tin eases of eonie pnijeetion that we have treated so far we have sanHMsd that • nuiow 

zone of the earth was to be projected and that for the xono was substituted a developable surface 
u|ion which the parallels and meridians were constructed according to auy manner that may b« 
desirable. We have sev n tliat tliis kind of ju-ojeetion is mdy available mIm ii but a small portion 
of the earth u to be represented and that to make a projection of a country of great extent in 
btitade some medifieatioii woold be n e ee e sa t y. 

The system which is used in America and in England replaces each narrow zone of the eartVS 
surface by the corresiioudiug conic zouo in such a way as (o preser\'c the orthogonality of the 
meridians and ponlleb. This is tiie pn^setioD of which we h»Te already qNdGen at length in tin 
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fntmdaetion, under the title of Polyconit- ProjiH tion. As a rerj fall acconnt of thu sfBtem has 
bMB atr<^n(I.v givcu, nud comparkons made with tlio Dthcr ordinary motbodit oi prqfecUoo, MW Will 
not anything on the aattjeot here, but will proceed to devehip the theoqr ot the ayetsm. 

IbB name ne^ngntar poljoonie pnjeetloa It applied to the method In whtdi eeoli punlld of 
the spheroid in fli'volopt'd symmetrically from an assuiin d cciifiat mt i iilian liv iiii ;ni< of tlir cone 
tangent along its cir(^ulnteFouce. SnppoRint; eaeh (Aleniciit thnu d<3velu|M;d relativt* to tht- cummoD 
eentcal iiieiridian« it is evident that a projection results iu which all paiallela and meridians inter- 
aeet at right anghw. The paralleU wiU Im pnyected in clnto% and the neridlaiM la ow^ 
ent thoae drdee at right anglce. The radii of llie psralMa are equal to the eotaageuta of tteir 
latitnilf.s (to ra^lius Auppoaed unity), and the centers are uik»i the line which haa been ehotten ax 
the central meridian. Along tibia meridian the parallela preaenre the aome dintanne aa they do 
the 




FlO. IH. 

In Fijr. 18 let M bo any jwiiit of the central nu ridiiin of whicli the latitude is (VzslW^'—ay Pthe 
ymU; tlie urc Vii=ru. The center of the pamllel through the point M is given b|y CHsrtanik 
If M' be a point inflnitely near to M (<. MM'^niM) and C the oenter of the ooneqKNidiiig 
drck^ we liave <yU'm,rtani%+i»), or 

f^tnu ^d^rtan(«+Ai) 

Bxpaading the aeeoBd of thflao) we have 



but 



W« have ftoB Hm triaagla 009 



d^.OO'+^'sOO'+rda 

CC'=rtan'udm 
maf C'B 



and integrating 



logcoe«KlogtBn ^ -l-conati 
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Of fwiiig to eoqxmftnthria 



r 



BwbrtitBting tM< in flw eqnatiom for the mftridiamt wa hiwa 



tiui| 



ThA distanoe tnm uy potat A to the eentnl meridfaui to=pdn»of —rhmintnf ; but 



ForMs90<>, or, at Uie i>qiiator, U>i» becomes 

»Ser 



The oooatant 0 nut then represent ooe>hatf the hmgltode of tiie given meridian, the eqnator 

bpinp dcvclopiHl in its triio Icnptli and divided into eqnal jmrts in tlic same iniuiticr at* flie t^'iiinJ 
iiicridiuu. The following aiuntruction for tliis i>roj<^ction is due Ui Mr. O'l-arrell, of tlie toiHigniph- 
ical department of the War Office, England. All data bviug as already given, dn>w at M tlio 
tangent im' petpendicalar to PM. In order to determine the jioiot A, whose longitude is given 
•8 Iny off ftoB M the lengHia HiibII*' eqnal to the tnie length of the reqnirad an on tiw par- 
allel «^ I. SL,i-the an Withnanda'aaeeiitenaiMlfi^aiidNO 
■a ladH, dmr ana entlliig the given parallel in the points A and A', 

Mum ^ ihitisesin « 



CM^rtann 

we have 

tanMOiia>eoMi(Ktaii | 

or, finally, 

AGMaaf 



and the dlalanea ftom A to tlia eoDtnl aMridian la 

srtamiaiaf 

Ihendioaof theonrvatunof theneildlaii whoM loogltade la • Is nadilyoMaliMd. Wehave 

Now 

«faKr(ae(^«— taaFnooHftdn 
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flMrafiMe, if f> denote flw fidlitt of eairstnn «f the meridiaD, «e have by ea«y rednetioiia 

l-K-*+<^ »ln'ti 

Now consiilcr tli<- distortion in this tMsc. aii<l for this iiurpusr itn:iLrini'a small square des^ribctl on 
tbo spUcrv, having its tddeti punkllel and i>uri»cudiculur tu tliu luuriiliitu. Let h uikI » (=Ci c) defiue 
itspowtiouf aodleli^bethelenKtlior theiide. If «ttdUlhnatiatetheeqiwtt(ntuk|aeo(»«oii 
the enppoattioii that • ia eonetent, ire have 

alao, the leafth of the r e preeentatfam of ith is tauailn or 

•in^«oo^|d2e 

Heoee that aide of the square wbidi is iiaraUel to the equator will be tepcemited br e Um CQoal to 

#eo8«J ^ 

CHiailaily the meridhui aide will be represented by 

#eori*!|(14-c'+^ain*«) 

The square is Uierefore rcprtscutod by a n-(^tunKlo wliose sides buve tbe ratio 

l+c^-t-c» siu' u ; 1 

ft 

Olid its an>» is iticmued iii tlie ratio 

Jt ire make thia ratio Kuni]^, tbeo reenlto the eqaatiou 

«• coe* «-l-3e^ cos^ a-S^sO 
whiiA is satisfied either bjr «»0^ <• «i «wO, or by 

^ eoe* ••l>3 eoi* «— 2^0 

Wp sf-o from this that there is no exiig(;<-i ,ttii>n of area alonjr the ineriilian or alonp (he <'iir\-e given 
by Uie last cqoutiou. This curve crosses tbe oeutntl mcridiau at right angles in Uio latitude of 
about 540 44'; it tbenoe sloirljr indines eontfaward, and at 90^ of leaf^tode ftom the eeotral 
im tiiliaii rr;ii tii M "lO- •HV of longitude; at 180°, or flie iqpposito meridian, it has reacli<-d ITP If!'. 
Tlie ureas ot all tracts of countriejj lying Ott the Itorth side of Ibis cur\e will be diminished in the 
rcprestMitation, and for all tzaets of eouutriea eonth of this eorre tbe areaa will be iooreased in 
tlu) reiireeeulalion. 

If we rrprcesDl the whole snrfliee of the fdobe eontfaoonsly, tbe area of ttw repceientation ia 

r= [^(1 +.,:') tan-' J+2k] 

which ia gri'ator than the tnie surface of the ulnlx- in ilic r;iti<> >> : ■>. 

The iierinieter of the represeutatiou is eijual t<i llie iK iinu ter of the globe moltiplied by 
V4+r-'— 1, or 2.71!. 

Jt is desiniMe in certain eaaea to retain the lengths of tbe degrees on all tbe pamllels at tbe 
eaetUoeof their i>eriicndieaterify to the mcridiaiia. We tfms obtain what is known as tbe ordl- 
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nary poljeonio prajeetion, whieta applied to the reprMentntton of the entira wmttn of the ffldbe 

<li\i'!< .1 (if^tirc with two ii'( t;iii;,'nliii' ;i\( s atid ftoiii rinial <|ii.i(lt;nits in the rr<-tanpnl;ir polyconie 
j)riiji'< !ioii. The ceutral meridian uloiie in iieri>einlicular to tbe ]*arallel8 aud is duvoloitctl in its 
tt iir u upon cjicti parallel deacriboil with the mtaugent of its latllode M a Kwlius ve lay off 
the true lengths of the dcgroea of lODgitude and draw thtongii tiie eoiretipoiuliug poilita M» 
obtaineil cnires whJoh wfll be the projections of the mwidhinfl. The ordinurv pol.voonfo method 
basbei'11 a(loiit4.''l hy tin' rniliMl St;ite.s Coast Survey because ;ts <i]ier.)tiiiiis hciny iu i^n at part 
llmlto<l to a uunow hclt aloii^ tho st alionrd, and not being inttmdi-d lu fiiruitib a map uf tlie country 
in regnlar uniform sfaet'tti, it is preferred to make an independent pn^ectkm ibr eseh plane table 
and hydragmphM abest, tqr ncMis of its <mi eeotral neri^^ 

The method of pH^eaUM la oommon tise in the Goaat Snrvey Ofllee fbr tmnll nrens, anch as 

thosf of ])lauo-ta1)le and bydlVgTaithic shcots, is i'al1('<I llic i r{ii;ilist:iiit ]iii1vi'(iiiii' |ir>>j<'<-ti()li. This 
is tu b« i-egitrded as a convenient graphic apiinixiinatiun, admiiMible within certain limita, rather 
than as a distinct projection, tboogli it is capable of beinft extended to tlM largeet areas and with 
tesults quite peculiar to itaelf. In conatructing snch a projection a central meridian and a <;e:itra1 
parallel am oliOMcn, and they arc constnu'lcil as in the r<>ptan;rular polyconie niethotl. The top or 
bottdiii |);irallcl ami a ,-iilliri< iit :]ii:iil>c!' of iiLtcrrniMliato iiaiMlh'ls are constructrd liy nn-aiiN of the 
taUIi-ti pri'ikonHl tor Iba purp<Hie, and the iioiiils or iulersvcUuu of tlic diflcreut lueridiaus with tlieae 
parallels are then ftmnd and tbe ■Mridfams drawn. 

Then starting ftom the oentral parallel the distaaoe to tbe next parallel is taken from tbe 
central meridian and laid off on each other meridian. A parallel is traced tbronfjh the points thus 
foiiiul. Kacli (laralli'I is cormtrooted'by la.\ iii^; off ii|nal di.stani't'H iiii llio irirridiaiis in like manner, 
and the tabular auxiliar}' [larallels are, all except the central one, erased. In fact, as ontj tbe 
points of tBterie etl oB are reqnired, the anxillaiy parallels riioBld not be actnaDy drawn. Fronthis 
process of conHtnu tion results a ]>rojection in whidi equal meridian diatanon are tnteicepted 
ereiywhere between the tsunie iNtrallels. 

rVl,I.M)KIC PRCUECriON. 

So far, in treatiu}; of projection hy ilcvelopriient of S4>me auxiliary 8urfa«-e, we luive confined 
ourselves to the case of iiiteriwotinn or tang;ont cones. The next niont uatural case to consider is 
when tbe developable surface is » cylinder. We cannot obviously, as in tbe case of tbe cone, pass 
one cyHiider throngh the npper and lower parallds of a apherieal zone, bo that we cannot here have 
more than otie of these [iMrallels developed in its true sire; if the 7one is a!>ove the (>cjHiitor, the 
lower parallel may 1m' developed in its true size hv eireiuiiseriliiug a e\liniier, and the upper 
parallel may l>e reprem-nted iu its true size by iiuM-ribint; a ••ylinder. The better plan, however, 
and one which in general redncos distortion, is to pass the cylinder tbrongh some parallel inter- 
mediate between the extreme panlMs of the sone to be priQeoted. We win, however, first eon< 
sider the case where the c}'Nnder is tangent to tbe ^hera either along the eqoator or along a 
meridian. 

Vn SQVABS PBCMBCITIOll. 

The simplest, Imt i nde, method is one in which the cylinder bein^ fan^rent aloii;: the e<|ii itor. 
tfie tteridians aud i>arallels appear as equidistant imralici straight lines, turwiug Mpiures. Degrees 
of latitode and longttnda are hers alt snppoaed equal in length. Dfaitauees and araaa, esiieoially 
in an eaat*and-west direction, are (rrossly exa^i^erated, though for an elementary surface tlie tme 
proportions of a liguro are preserved. This method is occasionally used for representing small 
anrftoes near the equator. 

PBOjEonoNS vnrn comKoatxa juutistAHS. 

Tliis is a modi fieat ion r)f the stpiare projcetiuii desi^jned to i-oiiform nearly to the condition that 
arcs of longitude .shall ap]K.u' proportional to the cosines of their resiieetivo latitudes. The 
straight line reprc.si'utiug the <:eu(ral meridian being pmperly {(niduatod, that is, the true length 
of no arc of a degree of latituile (or of a ntiuute or multiple thereof, as the case ma y be) having 
been fadd off aoeording to die aoale adt^ed, two straight llnea am drnwa at riglit aii;;les to the 
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nieridlaii to repre^ient iiftrallt lH, oni" near tlie bottom and the otbcr near the top of tlio chart. 
These poraUels are next jirnuhiatLH], the arcs repreaeuting degrees (iiiuItiiilcN or .sulHlivisiouB) of 
hngitade on each hATing, by Hcale, the tnut length beUmgiiig to tli» latitnde. concppoodlng 
points of equal nominnl nngnlsr dntnnoe from the middle meridbui tliiw nsrked on tbe parrilda, 
when connected by stmiglit lin»"«, will pnHliirc tlic system of conver{»cut meridians. Tlic dinad- 
vantagcH of this projection are iu the fiU!tM that but two ot the parallels exhibit the lengths of arce 
of longitude iu their tnu- proportion and that the i^eutnil meridiaD is the only one whioh onto tlie 
pMidlabatii^taaglea. 3^ p«tieotion is eniubto fiir iJie projectioa of toianblr laif^ 
alwve defiMta aotMng of a Mtkioft natote wfthia ordinary' limite; tt nlio iMattntBd* itaolf Ity 
the earn with whioh points «Mi he prqiMtod or takw off t^ ohwt by mwmi of lattcnde nod 
loDgitade. 

THB X»ITAIHiin.AR PBOJKOTIOH. 

A less delhctive method of delineation than the 8()uare projection conmRtH in prefwntinjr the 
leogtbs of degrees of loogitade along the Middle parallel of the ebMt in their true rehitioa to Iho 
oorreepoDding de grec e on the sphere; Vtwy will thenflm appear smaller than Che degrees of 

latitude in thi' ]ir(i]H)iiio:i 1 : coh ",. In an ca.st atid west dlrecttop the Chart is ondaly caqMuided 
above and undulj' coutnictcd l>el()w tlic middle parallel. 

TUK UECTA^^a l.Ali Ki,>UAL St UKACE PUO.TKCTIOX 

This diffcra from the bust in that the distances of the parallels, instead of being equal, are 
now drawn parallel to the equator at distanees proportional to the sine of the latitude. This glTBB 
it the distinctiTe property of having the anas of teetaagks or looes on tlie pntiectian pn{M»> 
tiooal to Ike arsas of the ooDssponding flgHK* «D tha sphere. The distarttop, fcowewr> hecoaial 
qaite eieearive in flhe higher latitndea. 

OABBDiA FBommoir. 

This projection niakcf* no n^^e of ttic parallels of latitude, but substitutes for them a scroud 
Sj'ateoi of co-ordinates, vi/., one at right angles to the principal or central meridian; it is conse 
qnentlj convenient iu connection with rectangular spherical ee^vttaatcs having their origin in 
tiie middle of the chart; the pn))ectiou of Gaasini's chart of France consisted of sqnares and had 
neittier meridians (exc<»pting one) nor parallels. This simple form is, however, not the one which is 
general!)' kimwn iiinlt r < 'assini'a name. In the projection cominouly called CaswiiiiV the cylinder 
is tangent tUoog a meridian ; through the dillereat points of diviaiuu of the equator, phines are 
paaseil parallel to the plane of tMa nwridhHS} and throoghflie points of diriaion of the meridian 
planes are passed intersecting the plane of the e<piator in a common diameter of the sphere. The 
first system of planes, of course, cuts small circles, inul the second great ciix'les, from tlie sphere. 
The cylinder is now develope^l, the generatives jiassiug through the jioiutH of division of the 
meridian representing the great cirdee perpendicular to this meridian, while the small circles 
whioh uepaialW to it have for their pr«[jeelioa the developmeat of these interseetiOBS of the 
eyUnder wHli their iiIutich. 

This projection is not now employctl, as it offers no facilities for platting positions by latitude 
and longitude; moreover, -ttie distortion n^idly tnerceBM witti ttie diilaaoe fkem the central 
meridian of the chart. 

We wfll now obtain ftmolaa wMdi will enable na to find the Sonna ef the. prqjeotlen of the 

p.iralle1s and incridiiins. In Fig. 10, M denotes the center of the S^CTS ef ladioa KAvr; Pia 

an arbitrary point iu the surface, for which we have 

T:r = AD = fl DT=AK = a. 

AB denotes a quiul rant of tlu' e<piator luiil Ai^ a quadrant of the first meridian. The dcicnuiiia- 
tion of the positiou of i' m 1 lie case of ('a.sAiiii's jirojts'tion is eflccted by means of the great cin lc 
pasaiag timnigh B and P, and the circle OH whose plane is parallel to that of the first meridian 
AQ; write 
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We have now, in the right triuugle MPN, 




no. 19. 

and from the right triangle PKN 

bat from the triangle HPK we have 

KPbVP ifal BPsr 

Bqutiw the two nloM of FN 
and Im like naaner 

aitt#|BOM#iin«» 

From UiMe two eqnatfaae we obtain leadOy 

|]0t«*a000«i Mt^ «0fe«|S00aw00i# 

and wo ilw hnve tLo flmnidu 

•in «,=008 f sin • sin 0=(v>h ff, sin «, 

e0tO|SC0t# coo m COt»=COt COS a 




Flo. SO. 



Let now, in Cassini's projection (Fig. 20), O, O' denote the eenter of oo-ordinatea, ^aOAsO'A', 
f.AH>A1['| aliooall4blliela<Mnfe«rO] Oen M-v tbo qnantitgr denoted ligr in the |ite- 
oediof flmanlM, end f in idfutic^l with <^ eo we bare 

■In^aioaafBinw eot(4h-(>f)acoewcottf 

6 « V 
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BiyaHMrinattonaf >^^hl■«^w■^^^^at^Clll^1^■ll>T»tortiw^qM 

aud by eliminatkn of » li»re for the meridians 

(eoi^»-Hwl^(''4-v)](rii>'»-rii'f]siiii^* oo^« 

Both inoridiaiis niul iiai-n)]!'!-* arc tliii< f,nveii in this projection as tnin'*c<'ndpnt;il curvej*. In these 
last equatioua we have rvKiink-il tla- nuliu8 uf tbe »pUere ad si; now make tbt* nuliuii =r; tbeu 

fiNT $ and V tra mart write ^ and \ When the prqjectkm only leprwmtMitMHfwwi^Mtn^ 

between two meridlaurad two pa»IteIave>7Bew togctlMT, the nt^ ^ are very amall aad 
loisllMdiflteaDMf— 4; lowv can write 

rin»=* cos,»=l-j|l tMtf-i^ 

and tbe eqiwtion of tbe paraUeli become* 

{n—r cot e^f-^e^ oot* 4h [oot«b+4 sin ^ («— 

and that of tbe meridiaiw 

We Bee that in this case tbe meridiiuis are projected in pnmbola and the parallels in etrcles. 

Write for convenience ^,+ry=J, and lot the an^rlo in V\ff. 21, di>not« the angle which tin 
tangent PM to thf inojcctiou of a uitridian ni;ik* H with tlx- iixis r, ; hIso, let I' denote thu an|(la 
which tbe tangent PL to the prqjection of a poraUel makes with the same axis. Then we iiave 




I 



YlQ. 21. 

The equation of the incridianB is eaaily thrown into the form 

tan 7=008 <ltana> 
and that of tbe parallels also beoome« very readily 

Kin 0ss=Hin icoat 
Far IheM we may substitute in pnictice the group 

cotitscotf oostu sinfsoostfsina 
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We now have 

*_ «. Bill > 

tnizs«>ten « ewf ■111 • 
Vov, ten llw «qMtloii of tiM pwdlflb, we kave 

OA tau X tau « " 

or, ainw taa ffa«4w 2 taa« 



Oonbiiiiiif tluoB toIom of tangaudtukf hf maltitiMootion, thon imoUb 

taii;;teii4r'»ooaFe 

Th« ooodition that the pw^petkms of the meridtom and paiaUBh ahoMld out at rif ht OBglea i« 

tUljtUl/Bl 

So it to dear that in general in Oawiol'i prqleotkm the moridian* and parelMa aio 
bgr orthofonal onrvM. Ear f^O we have 



or the prqjfctiiiiis of nil |i;inillel8 are ]K'r|MTi<liritlnr (n tin- I'ciitral iiii'riiHan. Ifi&Ot'°wc have 
or thti i*rujectiuiiti uf the meri<liaim uitike (hu luiiiie aiigk<> with each oUwr M the, aieridiana 

tiMBMlvM. FramtheoqiMtioiwlbr the BerldiaiM and ponlletoobtiiailiev^^ 

aadmlNtiitKteMflhaetof vahieoiBtiie tenrala 



and by Ywy «im|ile radiutiooa we find for the radius of corvatDie of the pn^eetioDB ^ 

raeey 

■iii;r[ookioM2-|-atanfaiii7j < 

Hip pflnatMi 

^_ rdtfiriiff 

'^''~oa0*2'ootep??+eoti) 

For the cjuse of /::=0 ami /=0, or tlie i>oint where a meridiun cuts the c'<iuator. tin- I'Nproision for 
becomes indeterminate, bnt by tiie ordinarj' meaBt for flnding the value of iudeteruiiuote qaan- 
tttiM ^ ia fonad to be Ibrlliia poiBi 



The tadiaa ^ bwoana infltiite fbr fhe Mine lotltade, i. for i aO, hot li IndistamiiHitofcr die poiiita 
■twhleb faOi one hao for tbooe pointe 
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MSMUunmiii nMuaonoK. 

If a es'liuder be pameA tangeot to (be sphere at tbe eqiMtor, and the plane* of the meridians 

and imrallelii be prmliiced to cut the Borfnce of tbe cylinder, the meridlaiia will be represented 
ui»)ii tlu- < >rmiliT hy i i;;lit liiit-rt niul the parullflH by circUw, tliB right sectionN df tlu- < jiiiHler. If 
tbo cji'lioder be developed^ we obtain a projection in wliicb both meiidiaos and parallels are repre- 
wnted hj right linea, the angles betveen the line* being right aag^ 

It will 1h? convenient here to define a losodroniic enrve, or simply a loxodnimio; tliis in n line 
dniwn uiwn the surfHce of tlie Hpherei in siK-h ii niiiiiner ;i« to cut all llie nn'ridiuns at the Kamo 
nn{;le. Any straijjht line drawn up on a cluirt conHtriK tod a.s above will of coursi' i-epn-wut alox- 
odromic upon tbe sphero. This pt«iievtiou has already l>e«Q alluded to under tbe bead of tbe square 
pnileettoB; its diaadTaotages are obrioiuly Terjr gnat, only east-and'tnat and nortli-aiid-aoath 
direetloua being imwrvt'*]. :tnU iic^^n-cs of lonv'itinle (iiily prcserviug tlMir Ime length upon tha 

line of contact of the cyliiuli'r mul spbcrts i. e., upon the equator. 

Bednud vharto, or Min atot^H charts, are chart« whose coDHtraction is sncb that not only are 
th« meridians given as right lines, a neoessaiy ooodition that tlie loxodmnic enrve maj be lepre* 
aentad hf a right line, bnt so that tlie angle between any two earviHoear elements open flie spliera 
is represpiitcil upnti the i hari by ail iMjiial anjrlc bctvvi cii the n<presental Ives of thna elements. 
This is efl'eeteU by a pitipi'i- spatriii;^ of the (liHtaiieeM betwe<-ii the purullelit, wbieh are abio rcpre- 
aeoted as right lineji upon tlie ( hurt. We will now give tbe means of determitiin;; the proper 
poaltkm of any parallel upon the chart by observing the oondttioo that the angles formed by two 
onrviMnearelwnents ppou tlie ijihare shall be p w w n r r ad ■poo the chart. Let at, Fig. 22, denote 



s 




Fin. 39. 



an otaaiHit of a k»iodromio cutting the two inflnitaly near meridians Pa and Pbf draw the parallel 
tV. How, in ocdar fhalthe angle ABB' upon tbaehaitaliaUsaW npon the sphcire, we uoat have 

88* Alt' 

KoWf as tlie distaiii-i' Uctwc'-ii .uiy rwo iin-] iiliaao lo avery wIicM' <'(|Ii.i1 to flu' diKiiiiKT bflweeii the 
aaSM UeridijiUH at the equator, Ali i.tza.if, the element of the equator. Let da repivseut uii element 
of a meifdfain npon the earth (hereafter we will write earth Inolead of sphere, as the intention is to 
take ncconiit of tbe trae shape of spheroid) and dt the element corresponding to this upon the chart. 
Let 0 ri'iirescnt the latitude of the extremity of tbe elliptic arc da (which ia measured, of course, from 
tiie) (|iiMt>M I, tu- v.u]\u-.n\- tiiepaiaUdof hititnde«,cthaoeoMtiiei(y,a]id,aabe<iiro,atlieEadina 

of the equator. The iH>tiditiou 

BB' AB 

ItciMitiiett now 

dii a 
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, •<l-t')do 



Mnlriplying ■* in th« annentiv of this oipwiMion 1^ Oaft+to^if Ilik 

cosw 1— c'sin'O 
lutegratiug from 0=^0 too,*, e., from tho <H|nator to latitude 0 



where M =iO.4843M0 It tbe uodnlnB of the common logarithm. Siuce 

tbitt.furmuhi cau ix' written 

.=;[loKtau(^4ao + ^y(^.HU.* + ii-"^^V .:..)] 

MiBf « 

fliudl7ftir« 



AgiineiipNtriiig«inBiiiiitesof Biefiiidvntin thair valuM, wo have 



fsTnv.TOMTl log tan (tfo+|^-.8«8T'.7(^t* ain ^ 

wliempowanarf aborethftlbaitliM]rbeiw^iM9tc(L IlMflirtteoooaidamtiimoftiUBpaq|eBtian 
ianNrvBdftrPwilL 

c 




▲ Iniar fiiVMtlsstioa Win 1m giVMi kcM Of tiie 
»BMife>lfa(oaaaiidgMMial«ta4jor UMieeaiTMVitt be glvea. 



the iphera) et i 
From tbe deflnltiini it to 
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clear that s loiodramie carvo upoo the apliero is a species of s]>inil which winda aroaad the sphere 
iipproachinfT indefinitely near bnt nerer pasKiiii; tliroiiKli tln' pok'H, which are cons^qm-ntly 
iissyiiipttitif jKiitils til tlir cHui'. Tliis is obvious when wii cousidfT that the loxtKiroiuic luakiii^ 
equal angles with all the meridians, at the pole it would have to make the same angle with all the 
■leridiaos, wtdeli iroald be impoariU*. 

Consider two jwiiits A and B (Fig. 2;?) on coiisccntive meridians, the jit'Ofrnipliical co-onlinatM 
of A lieing i> aud iiiid tbos«> of H beiriK "i uiiil oi,. The uiigle CllA, tneiusiired fmrii the north, 
is the constant ancUi that th<> hixodrnniic niakoj< with the meridians; call this aii^le Q. The nro EE' 
of the eqaator meaanraa the angle between the merifliana. Let ds reprewnt the change of latitude 
inpMffaif from BtoA,MidA»tlMiaenit«alinal weBB'. DniwIbepantllatBft; tiMn,eBlllngtbe 
ndiaa of tte eqitttor r, we htm, aSaot Vb^im «oe », 

*'"***-B5i#='^i-sin«* 

Integisttiif tiiii^ «• bsve 

(A) . (— OootQ-rlog — N — 4; . 

For Q=(l, or 180o, this reduces to 4>i,=0, whleh glfMtlMMirve aa the meridiati of n. For Qb90° 
the equattoa i» satisfied on^ bjr OstO^ or the curre ie the penllel peamig throagh B; fiw ttie 
jMiticiilar TaliM =0, the loxodionie le the equator UnUl For tbe OMBitatirtioii of the ue 
in minutes, we have 



tan 

,s7»ll»'.T0BtanQhig 



In the above eqanUoo (A) we hnvok bj peering to eiponentiab, 

/- t»li(«o+.'|') 
•flip <**— "O fBrt^a — 

' tan(^«o+J^ 

XTow 

1+tanf 

i,«raejr,=« 



Uieu 



Substituting tho value of a a« obtained from the above e<iuutiua, we have liually 

^ tan exp. =i==!eoliQ-l 

The Introdnetfam ht leelaiigiilnr leotilfaMor eo4idinatiM in tliie oqmition by neeiin of the 

•Kreooatoun* c|BrflO»«i eoetfk 

ftsrafai«ieoe# yissriln«ieoa«i 

;=rsino «i=r8in<9i 



. iswti saaa aMmilatlM «r I* MtjWMr ^f.* 
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givM iw finr Ui« general equation of » loxodrooiio pMsing thraagb ttw point «i, yi, «i oo the mrliMe 
of lb* «pliaim •*+j^H-i^Bff* 



CBO. 



■qiOAnoR OF A oMKAz aaxax. 
Mb€ifiiira,<MiiMMive»gfMtoiMil«topflM tbtengk B; ita 



Mm 




Fro. i4. 

In the trmagle CBO, Fig. 24, we have 

cot CG Hin CB=co8 OB con C-f sin C cot B 

or 

tMi e OM «i=aiii 01 008 (w— •»i)+8ia (i—tfi) oot Z 



aunj 

tonte r 

l-taii«J 

itiUlowstlnl 

(0) tan (l- toB» a) j tan «n co« Jiin (—- 1) j 



wiiich in the cqnadon of flie great drele pMatng thnmih B, and aiaking vifli 

anglesii. 

1aVUt,WS,pADtf npmtatB a drde irbleh te panlld to Oe meridiaa PBP* 
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from oDibOD— 0»Bi%-Mi^ if tke luugitude of D be taken Maiav Draw AB' perpendiciilar to 
PP*; AB'=oD, and tbe xj^itrugled triao^ PAB' gives ii« ft« tlie ralatUn between tbe lutitnde 
FA=tf ukl tbe loogitiid« «, of mtj point of this circle 

(D) dn(— 



wivATioiw OP na pBOjaotiom of tbb LOXomBoiaOy «bs ouav aaout, Ain» a pabaujel 

TO A XBBIDIAK. 

Sinen the c<]nator is developed Into its actual length, taking the rectification as the axis of f, 
we can replace w— «>i, expreswd in the liauie unit at> the radiiu r of the etiuator, by and equation 
A bcool 



Now, ill ordff to flud ont npoD tbe ehart bow many of these cnrrc uniitt are eontaiiiMl In ttlO 
ktof apoiatof the OMTO o o m M poBidtiig to anjr latitude « npoo tlieciphere,itwillb*a6e9«> 
•aiy tolitradiieotaUiiioqutiaoMMalrMAj'lb^ VteoidfaMtoiiortlie 
aano potot wiU be Ibuiid by nakiiif BbO to the value ali«a4y <Smi^ TUai^vw 



(F) ,=rlc»tonA5o+J) 



BUmtoatiiig » between B and F, we bare, for tbe eqaatfon of tbe proiectkM of tbe 



, ? cot Q + r log tau + 



a straigbt line making an angle Q with the meridian, wbicli ia here token for tbe axis of and 
passing throngh the point of tbe ebart wbteb eorreaponda to tbe point on the spbeie of latitude 0,. 

Tlio ef|uations of the ^roai t in U' and pnnillcl Ix-fore Kpokcn of :ir.' obtained by e]iniinattog# 
between equation F nud eqnatiouB C and £ respectively. Write equation F in tbe form 

ton (400+5)=^ 

tben we deduce immediately 

, - 

Substituting this In equation C^and«rittog»->viss^,iiebavefortbeeqaatiooof tbepnileetiioiiof 

a great oirule 

Biuoe 

OOe Omt ^ 

tiw pipqlflefekMi of the pannd la teadily ftnmd to be 

(H) sin ;=4 si..; 

Tims we rpi' that both the great circles (otliir tliuii iiu ridiatiN) and the parallels to any tuerid- 
ian aiv ))rojoet<t<l in trauscendetital cnrves. Tbe discussion of these equations is veiy abaptoi and 
need not be given berej the aniyeet will, however, be resamed in another place, and moto gwetol 
ftinis of oqoationa obtained fbr tbe h»xodroinias upon tlie geoeiml elUpaoid aitd upon tbedUpaotds 
of revolnttoiL 
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ZENirilAL PROJECTIONS. 

ApuiqjeettOBiflaaid tobeMnitlMl wbni«UpointoaponUieeactli'B«atfiM)ettiaAameaiiiiliateot 
ftwii B cwrtrin HnmMd central point un rapiwratad upon tli6 olurt in flM dwiulbiwnw of a 

circl*' whose center is tlic proji-clion of tlie assnniwl point uim)ii ttie sjiln're. 

The new oo-onlinatcH to which the position of a point m refeireil arc the almncsntora and azi- 
tnuthal circles of the assumed MBtral point, and, as in the case of pen«i)e<^tive projeetioiis, thejw 
dnjlos of tlw spben am givon iqiim the chart eonoentrio oirolM, tlu almaauitan and their 
dtemetors tlie MfnotlMl drolee. The eogfes between the aclmathal eiretee we eonaerved, as in the 

(■;!««■ of piTKpoctive projection already alludfil to. Tin- niiino zenithal projection! is obviously iTrtivcd 
from the fact that they can always be considered tlic represeutatiun of the heinispbc^ situated 
above tlw horizon of the given point, and having the zenith Ibr pole. For the determination of 
the new co ordi nates in terms of the latltodfle and longitodea, e ajp oee d kaowa, «e have only to 
wdve a very simple spherical triangle. 




Let C (Fig. 20) be the point upon the borir.on of whwh projection is to be made, P the 
poie; then BPCB' ia the meridian, and BSK'fi' the homon of Q. Let A denote any pmnt whoee 
hrtltode and loogltade 'and •» are known, and let i tepreeeot the latitade of 0. Now, in tlie spberleal 
titaogle PCA (the drcles of PC and PA being, of course, great ciniles) we have given fbe side 
P0a9(K>— a, the aide VA=9Qf>—e, and the angle at Pm the longitude •« counted lh>in the meridian 
BPOB'jtoliiidtheaideQA-eniidFOA-il. WehaveatoiMe 

eon «»ain # Bin A+eaa« eoail eoa* 

or, intradoelagan auHiaiy an^ C given hjrtan Cbooo* eotJl 

la tte eaie tfiviO, or tlw flutar of the ohatt aasnaied upon Che eQnatw, fh^ 

* * 

ooa«Meoaweoa' ten^Btaavooif 

The conetnieUon of the pngeetion h» now, of ooone. qnite ainple, If we Iraow tlie law which is to 

connect thv radios of t(n" n-presentation of each ahnncantiir upon the rtiart with the corTC!<ponding 
angle a; i. e., if we linow some such relation as /.=F(a), It would only lie mii-HKary in nxiim tlii» 
projection to have tables giving the values of /> for each value of a, and to lay off tlieN<- viilni>H of 
^ npoo the diameteia making with the meridian PC the oomsspomding angles as dotermiued Uy 
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iiiintliiT taldo. The projection will evidently be symmetrical with respect to the nifridinn PC nnd 
uIho with respect to tlie equator if the c«iit»'r clinsen upon ibul line. Tlie tilmpk'jjt form that 
we can (;ivu tu /• in evidently />=ra. This is eqnivalent to saying that the radius of each alinucantar 
IB eqnal to the an of tlM gra«t circto apoa the aphera whieh Joiaa tlie oenUtr of tbe r^on to be 
pntjeeted to tbe eiull eiieie iiiid«r eoneidenttloii. If tbe pole u lakeo Air eenter, tbe alouwuitan 
beoome tbe paiftllela and the^ are gireo Iqr 

Ifbis projection vaa lint employed by Oninaniiw PMtnl tn tSSI ; afterwnrda by Lambert hi 
ITTS^ he rcganliiif; it as a zenithal iirojectioii; then iipiin in IT'.tH Antonio Cajinoli lielicA'ed tJmt he 
bad invented it lor the tirst time, and gave it bis name. We shall adopt the name apparently 
giveii far tbe flnt lilM bf GemaiB,'aDd aipMlt it aa tbe eqnidlfltuit naid^ 




Expitwitiug in units of angular measui-o, or degrees, tlio mdii of IkeipbenWHdof fliedifltMilifc 
drelea tbat we wieh to prqjoet^ we bavo obviously, from Fig. 27, 

A'B'_9«o«_ 90 

ab -rsoo~573» 

4^= AB Bin ■ 

A'U'_ 00 _90f'/ sina 
"AB ~57._n»~ a ' tf" 

lUa latio teoda to nnUy m « dbaJnidiet toA beoouei, Ibr W^, 

Gt) 

which shows that tlie degrees apon tbe projection are a very little smaller than those which cor- 
tcepoDd to tbem apon tbe apbere. FroB tbe ftmnola fssn it ia dear ttiat tbe eenttal dialMiioea 
are conservnl, nnd from vvh;it we have just se^n it in clear that) If tbe projection be not extended 
more than .HP from the center, the di8tance« pei-pendicular to tbe radii p will also bo very nearly 
coiiMTveil. With the |K)le ati center tliiH projection has been niiicli used by tbe French Ilurmii ilta 
jAfngitudtt for the charts of eclipeea pnblisbed every year in tbe CoanoMMMiw dm Tempt. Thia 
cqaidfartuit aenitbal pn^Mtfam nay be eouideMd m tbe flnel eoe of a aerlce of pvqKwtioiis of 
which the flrot two terms are tbe guomooio aid the etenogfapble pn^JeetioBs reqeoiively. For 
the gnouiouic we liavo 

^mr tana 
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for the stereogrupbio 
Noir write 

for 11=1, 2, raBp«otivelf we hsve tin Is8( two flqnstions. Thk eu b« written, however, in Uw farm 

. a 

. a a H 

«M- — 
» » 

, « 

mn - 

a _^ — J?«l 
« a 

eoa - — 



fmnttan—mrm 



vaononon sr nujjmm or 



We wni now take up the prqjMtkMl inreiited by Sir George R. Airy and give the fiill account 
«f tttlwt it given by the illosftioiiiaiitlioir himself in the first p«rt of hie paper pnbliebed in the 
PMloaoptaicel MemisiDe fbr Deeeuber, 1861, having the title <'Bsplf>natlea of • Pvqieetion hy 

Balanc*- of I'rroi-s for Maps applying t<> ;i \ ciy large oxtont of the Earth's Surfaw; andOonport 
80U of tliis ))n>jiH.'tion with other project imiH. liy (J. li. Airy, Esq., Astronomer Boyal" Aa 
slight niii4tako wuh uiatlo in thin paper it will not bo given in full exactly as it appears in the 
Philmophical Magazine, bat Captain Ghirke'a oarraotion of Sir George Aii3)''s error will lie inters 
pointed In its projier plaoe. Captain Olarfceta aoeonnt of the correction to be made and the eon> 
Sfqiii iit iii'Ccswary changes in some of Airy's conchif*ionH, is to Ike fonnil in tliv I'liiiosojiliical 
Magazine for April, 1862, "On I'rojectious for Maiw applying to a very large extent of the Earth's 
Snrfhoe. By Col. Sir Heniy Jaawa, B. IL, Director of the Otdou^e Sorvegr; and Onpt AhsMider 
B. Clarke, R. E." 

In this pmjectinn, an in all Kenithal projnctionH, any point of the enrth'rt Murface may be 
ndopfetl as the ci-iitir of iffirence to he re (ire sen ted h\ the central point of tlie map. The jtro- 
Jectiou it> Hubjcctcd to the conditioii^: (1) that the aximutU of any other point on Uie earth, oe 
viewed fltom tbe center of reference, shall be dieaa>ie as Hm aainalih of the eom^pondiiig point of 
the map as viewed fltom the central point of the map; (2) that equal grcat-cirele distances of other 
])oiutsou the earth (W>m tbe center of reference, in all direi tions, shall be n>pre8ented by equal 
radial diKtance* fit>m tUo eentral jHiint of tlic map. Tlu'.'se eomlitions ini^lude (he stereographio 
pnyectioo, Sir Henry James's prqjection, and others; bat they exclude the Mercator jirqiectlon, 
nnd the pwjectioiie proposed by Sir John Heraebet Tbetvoenort,toooeorbothof wbidiall 
pfqject inns are liable, are, cbani;o of area, and distortion, w ajiplyint; to Hinall jMirtion.s of the 
eertVa Mirra<:e. On the one hand, a pmjw^t ion may l>e invented (oalk-d by Airy, "I'rojei tioii with 
Unchanged Areas") in wliieh there is no change of area, but exce«8ive distortion for parts lar 
from tbe center; ou tbe other hand, the stereognipbio pntiection baa no distortion bat baa great 
efaange of uen Ibr diatant pnrta. Between these lie the projeetiona nanally ndoptm! by geograpben 
with the tacit pnrjwse of greatly n^dneing the error of one kitid by the adniis.slon of a .small eiTor 
of the other kind. The object of the pitijeetion inventtd liy Airy "is to exhibit a distinift iiiathc- 
natical prcK-es^t for determining the magnitndes of tliese errr>r.^, so that the result of their combi- 
nation shall be the most advantageoas." Tbe theoiy is founded upon the Ibltowing nasumptioua 



Fimt. Tbe ofaange of area being repreeeuted by 

p wjeetej 
origiiuik 
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and the diatortion b«iiig re|»re«ented by 

latio gf pngeoted atdes , prqiected length x oiigiottl breadth , 

(where Che length of the ledang'h) hi In the dfavetion of the greet einsle eouiweting the nwtaoiclc^o 

(filter with t1i<- center of reference, an<l the breadth is tniiisverse to that gMlIt oinle), thoon tXTO 
errors, w hen of e<iual tna<;iiitiulv, iiiav be considered :i.s tM|iiul ex iU. 

Socoud. Ab the annoyiiiice oanaed by u uegntive value of either uf these fimnafaw is uh Rreat 
that caueed by a poeitiTO vaiwbf ire mitat om aoiae even power of the formnhui to npreaeut the 
evil of eeeh. The aqoueo will be need. 

Thinl. The totid ovtt ill tlM pntjeettoB of any aaiall part iii«y be lepreionted by the mm of 

these M|usire8. 

I'Viiirth. The total evil on the entire luaii may therefore be repreeRiited by the fiumnuition 
through the whole map (reapeot being had to the magnitude of erety small area) of the mm of 
these •qnarea for every small area. 

Flftli. The procesH for determining the most advanta£;oniiH projection will thi n foii' mn-ist in 
determining the laws expresHing the radii of map circles in terms of the «-ettt circle radii uu the 
earth (t a, to determine i*«F«), whioh will make the total evil, nprsseotsa as Ims Jnst been stated, 

Let n and h denefesliie len};th and breadth of a small wetangle on Hm earths aarlhae, and 

a+''n, U-irub the leigdt SOd breadth of the re|)nM-ntat)on of thia netoDgle npao tlw map, neglcot 
powers of and ^fr above the first. Then the chaiif;e of area 

prqjeoted area . {a-i-da)lb-\-ib) . Aa tb 
'^origtoalaiea aT '~^=T+T 

And the distortion 

projected leng th ^ origiDal breadth , a+to h ^ »a ib 
"prqteetMl fiSiaai'* oBgliial length ""^"l+Sf a""*"*"! 

Hie aom of their aqoans, or 

-{(IK?)'} 

and we nwy thentwe nse 

as the nieJ4KUr(' uf llic evil for each small n>clanf;le. 

I/et a denote the length, exproaaed in terms of radiuti of the arc of a great circle ou the earth 
eonneeting the center of the snail reelangle with the center of refereiiee; p the correepowliDg 
distsnoe apon the chart, ezpreeaed in terraa of the same radinei, (rf the pn^eetion of the <«nter of 
the small rectangle from the c«nt«>ror the chart; to And p in terms of a. Let the leiifrth of n smnll 
leetan^^le on tin' eaitli lie ^'i, the forre-spondiuK lenRth on tUe iiia]i ."y. Also Irl ,j In- liie inlini- 
tesimal azimuthul angle under which, in both vasee, the breadth of the rectangle is seen from the 
eentsrof nftraneeortbeeaaterof tiiemap. ThmwaliaTa 

^^Bln« ^»<B^ aika>/k(^ain«) 

(£)"+(,0'<^')'-^.i:-..-0' ' 

lUs qiantlty expiesaes the evil on each small icetaagle. The prodnot of the evil by tbeeitent of 
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mifiice which it affeota, omitting tim general uiulliplier ,3, in 

{(£-Ki.h-)'}-- 

Ooawqneatly the Kamination of the partial evOa for the whole map ia given by 
Or if ^aaf and Um put j» for^i the exproartwi ia 



and this int(>gral ovi>r tLo Riii'fiu:o to wLicli the map applies is to be a miuimuni. Just liero it will 
be of intereal to give Captain (now Colonel) Chtrke'a elegant method of obtaining thia fundamental 



Lot I* bo tlio [ioiiit?l^i tlio .sphoro which is to be the center of the maj), and Q any other pointOB 
the Hjibere such tbut the arc PQ—a; if Q' be the representation of Q ou the development, PQ'm^. 
BippoM » very amall drele, radius «, de6cril>ed on the sphere having its center at Q; then the 
wpwiMitattoa «f tlua miall circle on the map wiU be u eUqiae h*nii(g its niiior axia !■ thA line 
PQf ■MliteeeBtMretQ'; die lengtha of flie aaut«iee wiU be 



the diffbnoota between tlieae qaantittea and that wfaieh they reinewnt, that ia, ara 

-(£-0 -(iiJj-0 



Itar tiM whole aaiflwe from «aO to «sr ii prapottioaal ti> 



alnaeb 



which ia to be a minimam. 
'HOW die 



write it aa 
Mate 

and riviii;:tr> jyoi4jr*vailatlaiiflal4eattotiMeoiiditian lliat ifmO when mmO^ Am 

solution uru 

vheraPf iatbeTalnaof 2j>Unawlicn a=rr. Now 
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« + a — Nina (Jltf djf 

or 

For a— dn • OM the symbol ▲ mA MMHW 



I, bgr actual differeutiaUon tuid ttubstituUoo, 



niisequtiaiibiiitagiditowlimiwdtiplifldfl^^ flMMlatknglTM 



8Uia^+y=iUn j J 



This last equation is iutegrable wliea multiplied by ^ ; tlie solution gives 



ir^HV^, tbe solution iimy Ihs put in tht form 
or 

1 fAdv" . » , r Adit- 

or 

Beplaoing A by its value a— siao, we have, flnally, 

" ye~a-.Soat2liV«»|+Otiaii||<4'C'«Qt| 
In tads, M ir>0^ Ibr «~0 we onnl Imrs Cm*. 
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Pte tke eentor or Ito eluut, vlMra osQ^ iTO toT^ m aotMtttaCiiv i» y Ite Til^ 

And flnalljr 

/>s— 2eot*1ogco«^ + tan°co(* r, '"P "©c* J, 

The logarithma a^ke Xaperiaa, aud to traacfonm to ooinmou logarithms it will be neoeMaiy 
to dirlde by MaMMSORM. 

The limiting ladiuorOoBiptaB^aO too J. Thh qnwHtty aooo — Hawe— toJoanitoiy, 

bot is a maiimam for rsl20O 24' 63^; and, ftr qmirtcr ralnes of r, R diniinisheB. As in all IhM 
precedes we have tadtlj aBaamed the radiua of the sphere m equal to unity, we inuHt, for any 
ndiUH ' . iiin1tii>ly ^h^^ found Taloe* of^ OOd R by r. 

Sir Uenr}' James has invented m peiqiective projectioa which is nearly eoongh allied to the 
pmaent lot^eet to bo indnded OBder the bead of sentthal itndeetions. In the ottenipt to noke 
the mi«repit*sentation on the map a« little as possible, he has b<>eii led to choose a poKition for the 
point of sight given l>y the I'onnulu f=1.5<>r. Tolonel JumeJii, wishing to apply this projection to 
the mpreHcntation of a portion of the earth'H surface greater tlian a hemisphere, takes for the 
plane of prqjeotiuu no longer that of a great cirale bnt a plane parallel to the eoliptio and passing 
IftroagbeitberflietiopieOfiiS;, otodtotaiMWflromtteeeDterof tbeo|AmBraiB2SO30^^ The 
radius of the bounding circle of the chart is =r cos 2,'5ilo= 0.01 706 r and the cfiual lengths upon 
the ttpherical surface are at the boundaries of the chart only one-sixth greater than towards tlie 
middle. Oolonel James has chosen this particular position for the plane of prqfeetion because, 
with the oentral point Monmed upon the tropio of Cauoer, in this eiiolB of pn^jeetion «an be repie- 
aented Bnrope, Asia, AMeo, and Aneiloa. Iho amo choiea by OokmolJoawo, "» projection of 
twothiniK of tlu- sphere," is not enotly oonoet, faio— inob as in reoHty seTen-teoths of the eiuftoe 
of the earth is ntpresented. 

For the prqfeetion of a hemisphere the above system is the best iKmslI)!*-. for in it (lie niisrep- 
reseotation is • minimnm; bnt for OKtending the pntjootton fkom 90^ to 11^ 30" Captain Ghtrke has 
shown that the tme portion ftr the point of sight Is at » dfstanoe from the anrliiee given by the 
fonnula c—lUr instead of r=l|^r. Taking the nwliiiN of the siilicrc sts uiiiry, :iii(l making h the 
distance of the e^e from the center, and k the distance of the plane of projection iroui (he same 
potot, wo boiTO 

htiam 
'■jt+ooa* 

for the ladhw of amy alueaatar. This Involvea two aiMtnuyooDotantok audi, aadthow nay 
be ao dotecmfaied aa to lender the httsffial 

/Msto-I. 

a miutmoffly wlMn 



The aaoood condition 
wMoh given ftr O 
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Rqpitafliiif ^ bj ttt Tala«^ k ^^f ^ ^^t /> by its vnlae, ve have 

This miut be o minimnm with respect to k and k. Effecting the integratioDi ve get 



I tiie symbols H, and il, arc 
Voir, 1li0 ModttiOM ftr 



iQ. 
dh' 



fmm. whiob 



H, 



KmrA 



IWM 



ithatS'shaniwa 
mdatiBrth*v«]iM«oawpoiidlBgtoaaniDedvalMiof A. Websve 



lUi to 





It 


logB.'-logU, 








1.35 


0. 420732 




1.36 


0. 42U756 




1.37 


0. 420702 




L38 


a 420747 






0.490665 



« 



By ifitetpolatioii the maximam is foand to be 



therafiwe 



h 




1.30763 


0.4207623 



Br; 

The point of eight ie here at the distance of about ^ of the radios from the Bnrikoe of the 
of H «e in tbe pravkNulj-deeBribed pn^eettoi bj Odoiiel Jamea. We have also 

1.662Cl r8lna 
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For asll3° Sty, the liuliiia of the liniitiDg cin li^ of t)io cUart is 

I{ = 1.5737 

imd by Sir George Airy'tt ''Dalau«^ of Error.'^'' 

E=1.r.7f)0 

The values ot /> from the tibove foriuula an.' fouuil iu Tabic XXVI. This apecics of perspective 
projection is very useOiI for representing liu iiortioot of ttie earl li'tt surface, and for the constme- 
tion of pbyaiad or gMlogiwl ebaits} for Uie Uvga atw mmg* it is prafomble to tte itweogmphic 
pmjection, beoutM tt-te capa'ble of rcfpresentlnf vfib tal Httie mm at ttA Umtti a very large 

porti> r tiui sky, but, not i>ossi>Hsin;: iiir iiaportMt attrflmto of oooMTving tiM aogki, dlN« DOC 

show the coustellatioos iu their true forms. 

r,l.f>!iri.AU PUO.IKCriCN.* 

This prqjectioo, wliicti is often wruiigiy confounded with I'ostel's equidistant projection, ia 
Twry ainide of Mnatrui^i, all of tlM Unea di»ini to reprooent maridfauia or paralleb being «n» 
of drdea. 

A circle is drawn of arbftrnry nidins. and two rectflnguliir diameters are also drawn ^ repre- 
tenting the first ini-riilian uiul tin' iMjii.itor n'si>ectivi>l,v. Tln> panilleLs .ire drawn i>;w.sing tlirougli 
points of equal division of tlie tlrst meridiao, and tbe meridians are made to pass Uiroagb the two 
poles and the pointa of eqaal diriUon of tiie e<)iiator. If the eentais on too flur lenwvcd to oon- 

Ktnict (h<> circles by tliaf iiic.tiis, tlicy can tx' conNtructod by llMMIS Of poiBlB. The fonnolM flW 
the radii of moridiaua oud parallels are reiulily found to bo 

I* 9 

whore ^ in the illAtjinoo from th<s i>oint of intersection uf the meridian with the equator to fllOOMltar 
of the meridian wluob limits the prqfeelioii, and r is the mdius of the sphere, and 

^- Hh-i,) 

whefo <,stbe dlstaoee flmn the point of intanestion of the pondM wifli the eentntl maridiaa to 

tho ecu tcr of ti:<^ hi'tttispticn-. :uni A=:r 8tn#. If « dsooto the suiInif of poliita of sulxiiviaioD of 

the equator aud central menUiun, then 

n • 

and, in oomseqaence, 

Before lca\ itig tins subject we will btudy briefly the alteratioos in angles, lengths, and areas 
caused by projection, a general invoatigntion of the thmnyof alteratimi IxiDg reserved for the 
purely theoretkal pert of this work. 

Denote hgr 9 dMsai^niadebrmMUtnnylitie upon tltevheBSwitli » meridieii, nod hy r 
flie eonespoodtng line opoB the ohart^ aad audn, Ar hnviigri 

We have now fi^ ea before, denoting tlie azimntfa, 

« tnfsi^aiiia tSD Fs^^ 

•Iii)prai><Tl.v rntlca "ArmwamilMipi^Mliaa;'' ttwwlaTHitwlbr J.a.KiMliMl,«f Fatama,0tollr,lB 
AmnmlOi did not oao it mtil 17BI. 
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These two oqimtious give by elimiuation of d,i (and conseqoeuUy of ^) 

tan ¥mJ tan 9 

, d log tan ° 
j_ pd" _ 2 

It Is e1««r ftoB Oiia tiiat #, whMli is Che sngnhnr altaimtfoat i> ladepeadcnt «f fhe asfnmtli /l 

We can now calculate ♦ in all cases where the form of the fbnction F ia known, which deflna'* p by 

means of the relation n=F{<i). Since tan # -0, for W~0, ^, wo hiivo for these two cflses h—'I\ 

which we alrciitly knew, tliis only expressing the fact the projections of the aliiiu^iitarti au<l 
asimuthal circles are orthogonul m are the lines tkemiu^lves uiton the sphere. We will now detar^ 
mine the maxiiDnoi of * legardiug 0 a» the independent variable; denote the reanltiBg valOM «f 
9, r,aiid#1qrttieaaaMar)Bl>oto vtth fhe anflbtd). Fomiag tlie flq^fihraitiia eoaHWait of 
weanooadoetedatoiMetotbevelatioo 

l-Jtaii*«-0 

fton vbMh 



There are thna two directions upon the sphere sjrmmetrioally situated with leqieot to the meridian, 
the angle between whioh u meet altered. The aane ia, of ooqrae^ tme npoo the ehart^ and we 
have, in flMst, for tan f , 



/dlogtan" 



OonMidiig ttMe tvoi wa And 



tan 00 tan ro=l 
or 

csdodiiigiiagaflvv am ud ■iw>j. W«amabIaBawto0]idtiNnasiBraaiartaD#,i. a, 

J-l 



Sabfititutiug for J ita %'aluo 



tan ft! 



-d log p+d log tan 2 



Xydlogi»<ih)gtao^ 

This ffiveH *u«— 0 for fi^(i=^0, or there is never any alteration at the center. Fllir Jwl, tkat 1% ftr ft 
^rujvctiou iu which the angular alteratiou iti every when /em, we llitd 

d log lac tan I 
and aonaaqaaot^ (thare beiog no oonotaDi) ^ 

,.=taBj 

vhieh ia tba law of tbaatereognphiopnueotion. 
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ALTBBATION OF LBKOTH8. 

DenotdnfT upon the sphora the co-«idtn»teB of two iaflnitdr MMr points bgaffi and •+Maf 
we lisve fior tb« diataiioe betwcflB them 

iit=-i/>im' '111,? +da* , 

and for the oorresiwudiiti; Uistuucc u|>ou the churt 



The ratio m is, of coarse, different in different poiuUi of tlio chart and also, in general, differs with 
the directioo of the element under conaideratioo. Ihia hiet i« eqaivalent to siqriiig that ai ia » 
ftiaction of B and of eomae varying with 

taatfa^ainoi 

To find| then, the valae of 9 which makea m a masitnom or minimom. Tba above expieaaion 



DifldlBgiiODMBitoraBddciiaailDator by and mhatltatiDg tHi# Ar tti TdiM^ 
Hqaafiiig to aen Ite dariradve of tUa eq^fOMloii iria leapaet to , tiien 

This shows that m is a maximnm or miniiuum for 9=0 or'; i. e., either for an nimncantar or an 
aaiaiath (the diameter of the ahnuoantar). Taking the seoood derivative, we are oonducted to 



^ftetaviBpaMiitiMaiaiaiHMitiTOi 



We moat ezaotiine the aign of thia under the two anppositiona of 9s0, or %, Snppoae first that 



y aura 

tbaio lesnUa at I 



1!bis ooodttton being supposed satisfied, b.v any means whatever, we will have the second derivative 
positive ftr«e« and negative tot eonaeqoeotlr mwlIlbeoiniBiMvnifiMr«»(t,aiidoi 

■uiiBltar0s|. If thOMnoflHtorisiMpttvo^weniistlMfTo 

^>tan? 
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and tbe converse of the above will take pladb^ai being n maxiaium for 9=0, that is, along the pro- 
jection of tho azimathal ciide, and a miiiiDiiiHi ibr 0*s^ i. «., along tb« pnilMtton of the alma- 
cautar. i'roiu • 

HU'a dif 

thflfo fbUowi 

fhe ate reographio pn^ee/Ooa. This is, tben, tbe only Bysteni In vfakh tbe ratio of flomapoading 

cloiiienta upon the ttpheto and upon tho chart ia in(Io[>en<lent of 9, To And CIm WltMl 

and minimnm Talaea of m, aabstitate tfsO and ^ in the fonnola 

Vat breriJgr, write mt=m tat 9=0^ and «|=« lot 9=^; then 

M^j^ apou the nuIiuH '"'^ain* ulmucantui 

Hm altenttoa of anoa win obviondy be enpraMed bgr flie pcodnet im*i~^) tbea 



Bin am 
" "SodSi 

Tlie aiiplicatiiin of tbe prfceiliiig i-esult.s to the ilifTiTent caMOOf MOithal projection [Ii.il we 
kave studied is verj* simple. Beginning flr^t with the alteration of ain^eii, we have for tlte radius 
of tbe atanoeantars (or pondlda) In penpecttve pn^eethm 

_ caio* 

^ 0+000 « 

j_^^'"g^"^_ C+O0O« 

Vow 



" V c+l"OSa 

^ ^ (0—1 ) (1— co aa) 

2ir(«+ebsa)(oooaii+]4 



Id OokmUaiDMni pvqfootfoDt 

I50cOSa+l HWW,-^ uw+coeo 

^^B^- 0.25(l-cosa) 

^(130+000 «) (LOOooe fl+T) 

For aaOQO, 

tan ».= /. I = V.C60+ *»„=39o U' nearly. 

that ia, at • diataaee of taua the center the angle moot altered w abont =30° U'; this ia ie|»> 
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TCsented apontlMnq^brnotf'.tlieallwatiimbeiiv Di Oqitaiii Obukcto aiodiilaMtioii 

of this pn^eotkn, 

«^LM7«3 lMi«L-_ 0^708 (l-co«a) 

2 V(i.3i;:(V!+cos«.)(i^76a«>8 «+i) 
In tlti0 OMC^ nakiiif •kOQa, we find Ibr the maximum altenUon fttthat diataooe from the ocnter 

In the eqnidistaat Muitlutl pr<uectiou 

aula V a S^«ria« 

At the ocoter, «sO^ J ia equl to wM^, and Id oooaeipMiBfle 

«, now discreaaos until «=^; tfaeDtaD0o=:t^=,or 0,=3ijo So' 10", ami also »i=51o 24' 30"} tha 

■■xiBiim deriiittm being 40". In the picfieotiMi Iv Byam of Bmm «e 

ealate 01 and r» ay >M*M of flie tather eompliented finMila 



,»-Seo(;kweoe«+tao; (oot^Jlogaec'^ 



The angular altcratiou!^ in the f^omonic and orthoRrnpbic prqjection arc readily found to bo equal 
vith contrary Mgn». 

For penpective pngeotiona we have mori> p-nontlly 

& sill a 



«+«oe« 

whieh Vo can find 



c'jeoo.a-Mj «,«_£_»_4_ ^«^MceoBa+l) 



«o^| ooa^l ooa*|| 

The latioa «f aHenttai tlraa depend only upon a, beginning at tte eanleri or mO^ with liie Tnloea 
of onitgr, St the dieaaiftniioe or «b900, 

In Colonel Jamee^s oriijiiml projection the plane of projection coincides witli one of the tropica, 
ud e'sUUUa. Oomeqneotly fi>r the eeoter 

1 

Atnofromtbeflentw 

""■^SSB '^-Ottt '^"Mm 

AtOMlbniteruaoaiK 

"^ria 

In OiifitBia Oacfce^ modMcatioa of 0dn piqleetioD «• IwTe, 

mgmt,m ms==3A» ffmAlHd 
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For the eqaidittoat lenitbal prq^eotion 

"•=1 «,= • ^, 



At(h«e«ittar,«B<l^ fbenttMiii«iidi^ai«sl; tnm tUi poink tbqr imreaw natil «s90o, vlieii 



1 contimiiiig to inerMWi, Mi nd alw imwniiiiig until MlSdo, wbsD 



§ VI 

■QuiTAuira nuMBoraom. 

The only condition wMoh is to ba fbtflllsd in fbSa dan of projections is tlie eqaivalenoe of tm 

cltunf'utiiiy (jiia'lrilatcnil n|Hm (he siiliorDii! with {]»■ i-orrr'spoiHlinp; i|uailril;it(.'riil ui)on tlm map. 
The i|U)ulrilatural ui»oii tko suHacc t<j Ix* |in)jcct«'«l can bo furiutnl Uy two iii<-ri()iutm and two par- 
■lUi^ Woh indefinitely near the otlur; the corresiKinding qiuMirilateral upon the map will aim be 
vtKj iqipmdiBateljr a rectaoglc. Tlie general matfaeuatiaal inveetigatiaii of tiiia Idnd of pnyeo- 
don will be given in anotber place, and flir the present vo confine onraelves merely to tlie eqnira- 
lODt pniji'ftioii (if thi' sphere. DciKito, as iifiiial. latitiiiUi and longitude by o and <•> n-siiwtivfly ; 
call f> tbc radiuH of the parallel of latitude o, and • the meridional distance of a point from the 
pole; then for the area «f the BDiali quadillataral iDotoded between two inflaitely i 
and two iottaiteljr nwr paralleis, we have 



Wiitiog hm, aiDee f and t am flmetloua of », 



wImtb 9 it a ftimtlaii of ^ tta eleueot of areas is 

For the earth we have, without any difficulty, 

^ Hg-t'icdstf 

The co-ordinates of the conera of the infinitely small qnadriiateral on the apbere are 

i,m 9,m+im M-d#, «• t+d§tm+im 

Tkddag e. f aa llw pntfeetkn of «, «, l^ln^ ^CkMran S^vw 1^ 



audi Moaeqnently, for the area of this paraiu iogvam 



dS dc 

<lr. lir^ 



dm da 
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It will clearly Ik? neceajwiry to 
of it and sappoae we take 



DOM valm fbr eitiier f or f whioh iludl In a 



ttflnthedifflgiaatiilooeflkkiite^aDdgsWiaaliobelnMimflii^^ vritiog 



Q= 



the above eqiution of cooditioii oaa be written in the form 

To integrate a partial diflbreotial eqnatioii of this form we know {vide Ikxile's Diflferential 
tioaa, page SSH) that it ia neeeiMnr to form tho syHtcm of aimoltaoeoiu diffianeotMl eqaattooa 

de du d^t 

deduce their general integrals in Uie form u=a^ T=b, and ooniitruct the cqaatiou F(«, r)=0 which 
will be the geoeral aolutiou aonght. We can proceed direetif a« followa: From the fint and aeeood 
dJflhnntial eiipnaaioitt gWw aliove ve liam 

P^Qil#sO 

irUeh leads at oooe to tbe integral 

/(*.-)-« 

\9itmwMkitj9(Mtmat. 8o1t« this eqaatian ftr •» and m obtain 



—/»(».•) 

wliieli Ix^inj: substituted in P will make that qnnnfity a fiim-tion of (» only; dosifrnnto tliis funn of 
r by tho symbol P«. Of oourse, P« oontuinH c also, but that will not aQect t-be iut«grations, so WO 

Vow «o lun« ofBiii, fron fbo alMm 1 



iDokindlcotolto. 

nda becomes, on tmbsUtutiug the new value of 1*, 
from which 

Vow, In gaaenl, eiiie»/(^ • ^ lukve 

««« 



writing then 



and forming the arbitnuy relation c'sF(«), we obtain 
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aad for ttiu equatioiw of pntjectiooa wiUiout alteratioua of savaa 

*=/(». -) 



or, flnaUy, RCMdloK f m copatiMit in tbe cipwMlim Sir ^ 
(I) <<-M«) *-F{t)+ 



DeBiguatiug tlio 



iuU'gral r v^fV'^y 



^' V ,h:> 



and forming tbe partial dchvatives of f , wo have 



dc d; 
dw' do 



rfV (if 
'd</ do 



S0 



▼bkil h th« eqaotioD iuiplyiiig tho principle of tiw 
(I) are aatiafled, the «WB of e u lie epon ding porta of the 

the same. 

From tbe n«aal con«idcratiou8 wo know tbot tiM OOliiiO of tiM oaglo 
of a moriKHoin and a paiallei ia pmportional to 



of 8TMM. Thenflwe, if eqnatioiiB 
flw plaiio of pvqfoetioB «1U bo 



tbo pnijootfoiM 



dc d5 .d» da 



I If tbio aagle U right, vo havo flwoonditloD 
wM^coBMnodwItb 



removes the indotondoato natwo of flio Anettons F and/. If tho ao|^ lo not rif^t, wo hare offll 

thu relation 

dr,_l1x dr, 

d; d: dr^ rfij 
dm a'^dm dt 

The nrlkitnir}- functiooo of tho problem might also determined hy the condition that tbe 
meridianH and panillels shmdd be projected into curves of a (riven kind. The general solution of 
the pnihli'iii in tins i wonhl lu- I'xtrcmoly difliculf, 'f, imlitd, not quite impowsible, though |)ar- 
ticniar cases arc readily solved. Suppose, for example, Uiat we wish tbe iMurallela to be prtgccted in 
ligfatlinoa. Talw tho oqnaloribraisio of fftlienf nook be independent of tho loogltade,^ 

niereforo in the general fonnulas it is neoesKarv to |)laeo P(t)8(l^and to havo tin dilDmntial 
oooffieioot independent of ai; that ia, e muHt Iki\ the tlann 
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or, if j U to TtaUh wltb m, 

0 



from which 



are tbe eqnatknu of the problem. These beoome tot a apherioal eutii 



For R •pheroidal e«rth tbey we 

i» to aAltnix oonitMi^ ira OM write to the rimpleBt valae of 9 

from which (0)=nr, and conseqacutly 

._r*i co8g(l— 1») 

«r, for a spbcilflal eorttif 

If «e plaoe iisl we have a projection in which the lengths of tbe dejrrees of the paraOda are 
OODMrred apon the projection. Thia is Sanson'n projection, ordinarily and improperly called Flam- 
steed's. It has been often employed to represent the entire Mnrfaoe of the globe. The general 
appcanincc of tlie projection in tliat of i\ spooics of ovul, with the mi\jor axif* twice tlio leiifrth of 
the shorter. The angle of intersection of the representations of meridians and paralleU is seen 
to be rigbt wlr mpon tlie oentnd aeildiaii aod tbe eqiutor, 



the equations for the projection being 

and this is zero only for wbO or tfvO. The value of the right-hand member, or ^ i-in 2« inoreeses 

TMj nvUly with eiMl Che ani^ef IstaneetfooooiieeqiieiillydiaiieeevwiynvMlylkoaiitoviliie 
of MP. Forfliefq^tioDof tbeprqjeettNiof tbemeridieiisve bave 

9«r«eoe| 

a transcendental curve. 

Tbe eiMMdlnates of this pntieetlon are now, to a sphere, 

toaqiberoid tbey are 

^ « f eos» « rtf(l— I*) 

* ISO (i-.t*eu^0}» ' I8D(l— «»Bin'«)l 

V a is tlie oonpleaieat of Hie angle between a meridian and panillel 

tau Msiu tf 
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If B is the angle on Uie spbore formed by a meruliau and any other curve, and Uie pnqJeoUonof 
fhiB aasto, have 

For tlw ctooMnt 4v of » iwridiaii on llie pn^feetlim 1^ 

coea 

A being tiie oonesponding lengUi on Uio Hiiliero; Uiis ia, for a ttpbure, 



Thi.s nn elliptic intcjn^I, and depends for its aolntfoil OD the rootMmttffli Of an an of am eQipee 
with Benii ase8=r and r reHpoctively. 

If the meridiana are to be pmdeetod loto light UiMB petpwd i cBto r to 0M oqantor, we oiiiat 
mke f afttDotkmof vonly, thus: 

'■i 

■nd 

f'(«)s1IOOS« 

then 

Thia iNNtteotlon it a pMjttetim of Lambertla, eaUed bjr Gennain «Lambec0li iaoe^Undric pnjieetion.* 
Vkir imbI and ■ ladilN of r theae fimnnlaa afe 

We have this a prqJeotUm eooeiiiting of a aerlea of eqaidbtaat pacalMt, straight lines at right 
aai^ to the eqnator, tepnieenting the meridians, and another Hcrics of paraUeb at right an^ea 
to the flcst, whoae diatanees from the equator vary as sin o, representing tho paiaUeia of iatttoJei 
The valie of • ia, fbr the apbere, tf^t'ooa », and tat the qthenid 

(1— i'sin'f)' 

•hi#B« 



If i| in to vanish with 0, e mmt ~ 0. Developing the value of ig, 
j3jjj5,5-l+i'aiu»tf+i«ain«*+ f«ain"*+ 



HegloctiDg powcra of c higher than the third 

i)sr(l-(^ (sin e+i ftiaf0) 

or 

fsr liD tf-n* ain # (1-f abtP I) 
' almplo aunpia of the naa of ttie general ftnnntaa la to iraile 

i/l-c'«in'« 
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(d{\ r cos e 

aad ooiueqiiently 

This is, of coarse, an elliptic integral, but an it in quite simple we may reiluce it a little furtlier. 
PMabf at ODoe to the laoal notatloii emploswd in elUptie Ita^^ 



Afl • ifl tiie modaliu, VI— ** is tlw comptonieiitary modalas, and oaoal write it Ottu 



Ihnr 



i ■iii#eoa»_l->aain«#4 - i*altt'» 



Wiilte^ te mom cmmaSiiuot, A iDitMd of ^(f), 
aid thcBoe lnj intogmtion 



'35 S "-S^"^ - A' 



^^^Mi0 



ItanotfaiK aa mmal the eUiptio integnd of Am Meood kind bj B{«), (lie modalna being imdMitood 
to be t, ire obtain ftir « 

The furtlipr diHcussiou of this t;eneral value of would only be inten.»Ntitif; from a piirply 
■wthematical point of view; so we sliaU uut dwell any longer upon it, but will expand A in order 
to letlfteapipraxinMtoTaliMorilb Bzpandiiig a and nci^eeting Uglier jmreta of < than the ihiid, 

/Vi-^st«*« d«s/iif(i~t H ain* o]=/tU[l~^ «• coa2«]-(l-i <^ «+i <* lin 2» 
alao^nndflrtheaaineoonditiooa, rc*mn»con« 

we iiATe for if the oonstaut uf iiitej^nKiun 1h- :iAMUiiie<l =0, 

,=r(l— i *')tf-8 r*'sin2# 



wiiidi, te the apheie^ 1 

T,=re 

aadalao 

S = rm CDS " 

the SaiiHon Projection. We Luve 8«eu that tin.' i!*(>c,\ limlric jirrtjectidn of LaiiilH it lia<l the cquaior 
dividcHl into equal suhdivisions, and the central meridian into diviHiun^f the upper (or lower, if 
below the equator) poiDta ot which were at distances from the equator proportional to the sine of 
the latitndo. This wooM ebvioiuiiy not be a verr adTantageoaa projection tot eoantri«« whieh, 

lil;(> Ainerii'.-i. Imvc their prentt'st extent in !i nnrtb-andHMMIth direction. For siioh a case, Lanibort 
proposed, RO to Mpeuic, to turn the precediu); pi-ojection throu^k a ri^^lit auKle, dividing the cenlnd 
neridian into equal parts and the equator into parts depending upon the sine of the longitude. 
Thia pn^jeetion ia liambert'a tnnaveiae iaooylindrie prqieetiou. The oooditiooe of the problem aro 
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tiiafcltir mO, <mO and ^mtf •nd tlwt fiir 9mQ, t^m m and ^aiO. ThoM laqoira ftar f the vilna 

;sralii«eMP 

Ibis give* 

« 

As 7 ifl to lie sd^ ftair «bO we mnat have F(l)ssO} tben 



/COB 0dO _ . _,_8IU» 



The equations lor Uic traugvene isocylindrio projection are theu 

siu u 



tan 9 

Mminating 9 m bave for tke meridiaiu the eqaatton 

<*(l+taii*v ooi^>»)-f'riti*«i 

and ■imihu'ly ftar the parallelg 

tn*9(f'eoa^«>e^-f'ain^f 

These are traneoendental eamt, and in order to eooatmet (fhem a aeries of points most be ftmnd, 

iuiil tlie ciirvoH dnuvii tlinnifjh tliciii. This pn)ieetinu is Hyninii'trical with resiK'ft fxi tlip e(]n;itor iuid 
the (wiitral meridian, und this uUuwii m to obtaiu at oucv the lour poiute whivlt Uuvo for geograph- 
ioal oo-oddinatw tlw aame northom or soathem latitude, or the east or west loogitiiidA. Tbefonanla 

shows ftnrtber that ire obtain the sane value off for the points 

From the equation of tho iiu ridiaas we obtniu lur the taugcut of tbe angle made with the axis of 
f by the taajseat to aqy BMridian 

(l + tan- coH <u 
tit (coB'ui-i-tun' ('} Hin u nIii 0 

For B=0, ,1^=* • which Hhows that the meridiana cat the equator at riRht nnples. For r'=90'^, t. <•., 

at the pole, tbetangeut of the augh) made by a meridian with the first meridian is^ and is equal 



I (cos' <a hm' fi) Kin a> 1 _ i\ t;ui' o J " C 
~ i~(i+tan'i>)ooa"« J ")/ T ^ ,Vj~i 



>Ktaa» 



or, at the poles, the meridians make their tme tutgtcs with tiie prindpal meridian. Inlikamaaner 
we find for the parallels 

|R| _8in 0 tati •< * 
ar"«ba* 9(e(M*«i>+taii^«r 
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For«3sO,^=0, or tbc piuralletoinperp<tndicular to the central meridian; ondforwKQO, ^= oe, 



whkHi abowB tbaX tbe panU«li an parp«odicalar to tbe meridiaD of 90o, or that tbU ti«ari<nan in 
piinllel to tbe eqiMtor. 

CoUMidfriiij; the ciirth as spliorical, let 0 di-noto the aiiple made with a Riven inori^liaii hy any 
other corvo on the sphere, and let f denote the correspouding angle on the plane of prqjoctiou. 
Of course thia » baa no reference or connection with tbe AlDOtkm 0 alimdy WtA in thil dMptMr. 

the datenaiiifttioa of r we have tbe formabi 



Am w* already know, Vstf fat 9sO^ or 9=:^ 

tan9«ai:L ooa# 

orto • 

tan ' ^ 
The oUeratioa tbeo, or tr«— i» given by 



point oooeqwDds to 



tan 



IhisiflssO for tf=0, and increasee rapidly, with i> Ix-i-oniinp^ y. U\rfl=\ 

Beanmiog the fomolas by means of which tbe parallel uru projected into straight liuea 



jt__ r*i»ooe< 



let US find the equations of the system wliidi pi'iinit ilic iiarallds to be projwtod into right 
and the meridiaua bito a group of right lines, passing through the prqjectioD of the pole. 




Kiu. 8H. 



Take O, Fig. 28, tbe origin^ at Hm inteneotiou of the equator and flrst meridian, and let PA denote 
tt6p^^^feethmef anari—ridlMt pairing Mireagh the pnqleettoa of flia pole. Tbcn the eqnatioB 



afPAIa 

(danotiagtiMoidlaatoef P. Bow, since i; =9(0), 

The right-hand side of this equation is linear in v,^ b«iug a Aiuctiou of o only; the leit-hnnd side 
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mnst tben^fora be also of the flrBt degree, or / {0)ssce, o being a constant Clearing of fraeUoui, 
we obtain the dilferentlal eqnatioo 

tad liy inlcfntioo 

iro«9 v>iiiahMiilfhi^tlunfbi«0'^; andaioMfstflirfsMo, wvunrtalwluiTe 
Hw cqoBlloiM of this ayatem an tliaa 

M. Oollignoo detanniiwd the eoostaiit k aa a fltnetfon of r by tnaking the projection fliUll ttie 
condition of bdblf In the form of a square; that ia, by making the limiting meridians compose 
tlic sides of a square. Thin is aocompIislicHl bv nssnmin>; tliat for 0=0 and »= ± J, we mnst have 

e^^b. On the aabstitation of these raloea we come immediately to the rehitioo h<^r Vi, and thoa 
the eqnationa of prq^eetkm are aeen to beoome 

Siim 9 to ahraifB <r ire aeed oolj to oM the iwl 

f>ri/«<l— i/l-ab«) 

ar 

v-rV7|l- i^aiBi (WO-*)] 
Tiin figure lieing symmetrical with foapeot to tlie eqaatOTt ill floubaotfoB to wf liiBile^ and we 

n(>ed nut go into tliv details here. 

The next case that wc sball tafeie up to tliatef etiriTateiit p iw||eelieD,i>to<to|i«wMatowepio- 
jeetad into cotHWutxio isindiea. 



o 




Via, m. 



Take O, Fit;. i^>* Hu> centt-r of the proj<*olions of all tho jiarancl!*, OM li.^ the InMal line Of 
a system of polar co urtli nates (/>, a), and, for final Miiujilicity, choose OM an the pnjection of the 
first meridian; then of course MO^vbnfle m=0. Thn urea of the small quadrilateral, as AB, 
inclndfd between two infinitely near concentric parallels and two meridimis, making an infinitely 
aaall angle, da, with caeh other, ia pdpda, Erjusitiug thia to tke comsiwnding element on the 
entoee, webave 
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from which u obtained 



da 

dm' 



For tha Intagntioa of this it is only neceaaary to note that /> is a function of 0 alone, and as, for the 
■arfiww which wo are ooiwtderiog, the apbm and i^heroid, B is alaomdy sftnction of e, tlie right- 
band side of this equation iB iudflitaaidiaal «f i«, and oonaequeutly wa lam at onoe, by integration, 

the arbitrary ftonethm baiog addad ingtaad of an abaolnte constant; bnt we aaeumed amO 
wlien wa>4k, thaMlofO y(«)t and ire have, flir the eiiaatioina deflning tliiB pirqieolioni 

Hie aitnplcst cawi that wo can aasome ia whan ^ ia a lioaar fiuMtion of or fmr{tf^mt^ or 
■imply ^iBa+ntf. Then for the spharotd 

_r*{l— co ftg 

aod te tbe aplMra 

f^floa« 

The coD8tant« m, «, can be detcnnincd by subjecting tlio projection fnrtticr conditionn. First, 
aasume the projection of the pole for Uio oentro of the circles, Uieu, aiuoc <'=^ gives f>=0, we have 

m 

M«a J 

and coneequentijr * 
or, aiuoe the abaolato valne of /> ie all that we arc concerned with. 



Tteoinqilaat anppoBitian that wa can nsako with Nftraaee to tlia conatank % la aar; tlMD flie 
aoaatloaa of prq|aetioD beeomo 

, J'lc \ «• cos 0 

The radii of the prqfectiona of the parallels are in this case eqoal to the fXNnpIenMnta of the arcs 
of the meridiaaa upon Ilia ipliMa whkh meanua fha lafltoda; IhNn tha aaeond of thaaaoqaatioaa 
vaalaohava 

' ^assfwOOO* 

or the degrees of longitndo arc projected in (heir troe lengths. This imtleetion waa inTonted by 

Jobann Wcmcr, <if NiiriilxT}:, in it is obviously a dcHiniltle way of rcpn'Hcnting pofaUF 

regions, titill auutlier method uf dctciiuiuin^' the urbitrar}' constants is tu assume that Ibr 9sa$% 
wehava^ai^ TUagivea 

Bnbtnaling Ada from f^m^ft$, 



Digitized by Google 



112 



TBBATIBB OK FBOJBOTKmS. 



If, in tlio case of a sphere, we uanma fin* />] the toIuo fii==r «Mt e, and alao uss— r, wc obtain 

|i=srootffi+r(f— (/,) ' 

Tbia gives nn Bonne'H projection which haa been treated at length in another plaMi 

Ke^iiino now the iurmuiro which detemlnatiieiliHjeiltlOliaof tto J«l»IMgaa<ClM<BtriB 
Uieae are, fur the case of the spboro, 

''do 

The function/ nmy be determine«l by iutrmlucinfi thfi contlitiou that (he niiridiiiiiK iind parullels 
ahall cut at right angles. Biuce the parallels nre loncontiii' circles, the meridians unitst clearly be 
dbuneteiB of theae eiietefl making equal anglea witb eaoh other. If we anome that the angle 
between the prqjeation of aoj two meridiana to to ttie angle betireen the meridiaoa tbemaetves aa 
1 to to % iro dull ham 

aod, as an ciusy coiiHccineiice, 
trom which, by integrating, 

^se— ain 9 



\ aign ia nccesaaiy, for aa p iucrea8C8| o dimiuialiea, and thus dp and do have opposite 
aigna. Sinee ^ ia kO at the pde, or fyr 9a>90o, we have for the ooastant of integratkMi 

Therefore 

^sB«r'(l-8in«) 



or, intvodufling llie oomptoamtMy Mgle f^MP—ft 



Ibi» oqaatioDt of tbto pnqjeotion an now 

tlieTaliieof^tovierycMy toooMtniMlhimtbto ftmala»in V deDotM tlie ohocd of 

the nre of the meridian which joins the |k>1i' to the inantllcl of latitude 0. 

The cocUicicut n bciug mbitrary, we can give it what value we please, or can determine it by 
subjecting the projection to some other condition. BoimMnthig by 0 Om mean latitmle of the 
legkm to be i»q|ected, reqoired to determine « in ancb » ■uuiiwr that the degree of mean latitude 
g, abttll prooerve its tme ratio to the degree of longltode. For this eonditton It to neoMBiiy that 



ih>m which 



^«9rVi ain ^' 
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If we take ^s4fi°, we find N = l.ltl, aud the entire angle at the poh> of the heniiaphcro 
•quaU :iO'o 2fi'. Tbio projectioit has Im-u called by Germain "Lambert'cs iMopbencal stenoterio 
ynywition."* For «>! ifc is an aetual oonio ynqjeotiou, i 0^ one obtained by tbe developneot or » 
eone cftbef r tangent or Moaiit to the sphere. 

Hffcirc taking up the iiii|M)rtaiit castr wJipn? 11 = 1 it will b«> well to N|n-iik of Allx r's iiroji i i i(in,t 
obtained by developing a secant coue which pasiMM through two parallels of latitude whose lengths 
it is required to pr u eet TO . Okll (heae two pwalMa # aad »it tbeo If A be tiM WM of tbe 
iooloded between them 

A«2sr' (oin s,-tia «,)a>2«r* ooa ^ "* aiu 

TIm HW of fho oomipoiidiiif portioiii of the ooM !■ 

A'»«r« (000 «b+coo «i) aSir* €00 «» 



irhea i=pi—pt tiio ^flbnnao of tiio radii of these two paralleU npou tbe elutrt. From the coo- 
mtloB of •qiinkooe A«A' we dorlTO 

The ndfaH ft it nadilr fMUnd to he 

, X cos 0, r f08 fl. 



Mid,rfBoe^isft.f^ 




^~ k 



am ^ ' coB^ 2 ' 

Wo h»vo, obvionsly, b; equating tho toagtb of Um ara ((^) on the|»qioetiaB to the 
■n en flw sphere, 

or 

that in, the an^^les between the Dieridians are altored in the ratio 1 :k. 

Tbe area of thf infinitoHiinal cltMrifiit of the conical surface comprised between two conseca- 
tire parallels, and two ooDsecntiTe meridians is the same element upon tbe sphere is 

«M*oosiir; then, m 4)1 and A are of oepoeitie dgno, we bsra 



>eos«i» 

' ■ its value ^ we obtain immediately, on integrating, 
/'*«2r*ik(ein 0|— sin *) +/»|* 



*ProJiN.'tiuD iaospli^rique sKnoUre de Lambert. 

IBnKhreilMiuf alnar MMB gins1|a^|sBllsii, B. O. Albin, Ssah^ MwaMMla Oaiwif UK. 
« T P 
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Froin this we cau derive Uie nulios of the projection of auy iwrallel; for example, make e=0, i. «.y 
tiie equator, then fiir the ndioe of ite pnqjeetmi theie ramlla 

Again, the iMle ia pnjeeted Into an era of A eiidei Iter iimAa ««| aod thaii 

When tbv diflen-iKro of latitiiilo of the two parallcltt wUom* leogth il to be pieaenred is veiy 
amaU the alteiatioii in thieajratemiaveijr alight. The diatanoea in the i 
flttNn nartk to aomli, and dindviahecl ftem east to west, and tiie gnataat anor la apoB the < 
paialMa. 

CKNTUAI. IVALKNT PROJKCTION. 

The proJi'tHioii that we designate l>y this titU' is 8|>oken of bj- (ioraiaiii a» "Zenithal iM]tiiva- 
lent," bnt in adopting the tUiove title the uiitlior has preferml to i hoooe a t«rm as nearly as {losaibJe 
like that adopted by CoUignon when he described the piqiection. TliiB was " Syst^e oentral d'^gale 
aaperflde.** Thia system ia flranded upon the principle of elmentaiy geomet ry that the area of a 
zone f<|iuil-; the pnMlnct of the citrntnferenoe of a great circle by the height of (he zone. The 
Hume law of urea hohling for » .spiu-rieal negment or zone of one Imtw, we huve, calling h the altitude 
of the zone, (area of zone or segment) r2rA. But 2rA=(chord of half the arc)*; therefore the ana 
of the zone ia equal to the area of the oiide whoee radiaa ia equal to the raotilineor diatanee (torn 
tlw pole of the aone to tiie e iwu Bilh r enee wliieh aerrea aa a baae. If from tlw pole of the aone we 

draw two area of g roa t elrclea ineliKling a et-rtain ili'liiiite aOghiaDd from tht' rciitfrof the ('f|iti\ a- 
lent eirele tvotadii including the same angle, the portion of tlie zone bounded by it.s base and 
these two area will bo e«|ual to the aeotor of eiiele eat eat by the two oorrcsixuMling radii. 
Thia givea na, than* an obvious manner of lepieaaHlim any portion of a given apherioul surfave 
without alteration of ana; any point oan be asanned vpoa the aphere aa oentar, ao fhr aimplieiiy 

the pole of the equator is chosen ; the jiarallt'ls are seen to be transformed into concentric civclte, 
and the meridians into stniight lines piutsing through the oommou center. 

Taklog now the prqjection of the principal meridian ae the aila of and ao laoal wiiting 
faMO— we have, far the eqtution of the i 

and for the parallels 



««f taaa 
iHain«; 



and coasoqoeiiliy 



CMSrain|eoaM itBSrain|ain* 



2^=-2rein5aln* ^.-roMjeoa. 

J>2raiiiJooe. J*.reoa|ain. 
Sobatitnting these in oar general difhrentiat eqnatton 



and we And 



do 



£S-i*£"'2Hsin}ooa}ain»- + 2»*ain|ooa|eQaP--r«ain,-i-eoa# 
•JoMMsldsl'fleglBWytwhaiqiiitwMsrai; «m|iH— taWsa d>lasMfcs»dn^stot«mitw*> M. 
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wbioh TuiliM our aopiNMition of eqmkl areM. It in also Mqr to aee that 

«r Am iMiidIm and paianda crt at rigl^ aa^is on the diart M 

ALtmUnOIT OF AKOLm. 

The alteration of an^leH is zero at the center of the chart. Ac auy point whatever of the 
chart, M, Fig. .30, draw a line MM' such that tho corresponding dirt-ction ui>on the sphere shall 
make aa angle 9 with the meridiaa} we wiah to find the angle f upon the chart made bjr this lioe 




Via. *). 

with the prqiectkm of the meiidiau, t. e., with the line drawn from M to the center O. Let «* and < 
iwi w w t the gmtgaitMHd eomrfinatea of ll,and»-fO, — i-dw the i 
M' inteltaljr near to M; then 

tan«=«ia#J=aiiir J tan M too 



ton r-ton 0 



*^"=rfto5Fto5» 



eu^|-|-ton*9 



the marimnm of alteration IT— 9, or ^, corte8])oud8 to the direction for which 
and in aaAbig lbrtiMiiKtiiiUin<iif tUa^ibiee l«-eail'^iaccNMrtMit| 

tan 9 

coe'^ + tan* 0 



BqnatiBgtoMCoCha darivativeef abiritkMapaetto9,1ta«t«ndtotfBvi||r 

tondsdsMiB^ 
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tho u)>t»er ttigiis being (akeu together, aud also the lower onca. From these follows 

fton vhtd^ M Ib • flwiMr «flae, eadadiBK negattvtt ira sod am ^ 

We can deduoe from tbi« that the maximnni deviation fbr the dfrection OM ia gireu by 

t»n{f-t*)=^ (tao y-taa 9)=^ tan ^ aia | 

Ibe angle 9, upon the NnluTf, of miixinniin ficviaiioti is for f =0, 1. e., at tha eeater of flie 

diart; tli«a decreaoett while (aud consequently iucreaaea. When ys- 

tan=e ~ taorsVS 



Tke aagular altoiation ia tliaa aeea ta inercaaa eantlBiMMdy flroni the center to that paiatef fha 
> vhiefa iadiaaiotriflaUy oppoelte the assomed oeoter. It is evidently useless to prolong the 
ofaatl ao ftr aa that, and, indeed, the ciutom is, in this prqjeotion, to represent the map in two parts, 
one Dor eaeh bemiapbere. 

ALTERATION OF LBNOTH8. 

In Ui« direction OM tlie prq^eetion aabatitatea fiur the am od tlie sphere the ^bntd of the saow 
are. Lot f, aa naoal, repreMOt (Im aagalar dtMaaee OM; tlMB fbe length of tbfa line niion tlia 

■plMre ia viy and ila lengtk opoo tlie ehait^ i. «n tbe length 

Diflferentiation of each of these gives ns the lengths of the cloinent of the meridian nimn Uia 
sphere and iiijon the chart; thei4« nra rdf and r ooa^df. Tlias the DCiridional eleisents are re> 



duoedapon the chart in tbe ratio oae^:l< The coDTetae ia tnw ooDoaniiiiK the eteiHnita of tba 

paiallels; they are augmented fai the latfe l:eo»|; tiUa is obrioiBa on aoeonnt of Oe necwMif 

finr eodierving the areas. 

Sappoae now that npon the sphere «e take any etement it mahlnir the angle » vith the merid. 

^)V ; ifH i<r<ijiM tioii niKin MO will =(h cos «, mul piTi'eiidicnlar to MO « sin «; 

winiilaily, U da ((irrcsijouil u\Hm llie chart to dn »\Mn the spliere, rfir cos '/ will Ik; the inojci-tion of 
<ia upon the nulius OM, nud da sin T will be the projection of the saue element in the dirceliou 
perpendicular to OH. Kow, since the projection does not alter the right angle at which di coa9 
and dt ain 9 eat each other, we will have 

dsaoatfeoaf-Bdreaar inauB-^mJhmar 

ce.} 

wbieh, by aqnaiiDK and adding, 



df*sdi*/eo^«eo^|.|.ai«i« ' - \ 



Now the ezpeaarion in panntheaia ledncea to unity whan apon the ipheN^ 
or, when ipoo the chart, 



tan 9-0081 



tanlC« ^ 



I 



-5 
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that i», for tlic direction of maximam deviation. This diivctiuu tbeu iHjsHctjj^ the remarkable 
pro])erty of conserving ttie lengtUa. 

Sow, tbroagfa any givw point iqma the qtlien^ and upon the chart, aa M, «• can draw two 
amrw whioh aball eat all the neridiana MO of the sphere, and the radii MO of the ebart onder 
the Hii}:le.s H and Tin such i\ way that tlif distaii('<>H ou these two i nr\c,-' hi twi eii any l\vt> t'orrc- 
apoudiii;; ])oiiit« shall be the same. The curves so coiistnicte<l are failed l>y ColliKDon " i8oi>enmetrie 
oarvca." Th(> curve ui>nn thi< t<|>hen^ pa«utM throu{;h O', the iinti]>04lal |K>iiit to O, and winding roniid 
the aphere beoomfla iudefinitelf near to O, a logarithmic apiral which cata the meridiaua at an angh 
off 4BP, Upon the chart, the iaoperlmetrie carve for flmall Talnea of f, that la for p<rtnte near the 
ennter, ia vi ry m arly the kigarithinic spiral which cuts the radii iimhT the aiigh- of 4.'P; for 
tncTiMMing vidiivs uf f, 9 alaolneieasea and i» =*M^ for ^slSOO; the curve then toach«« the circle 
into wluoh the point O* baa been tnaafimned and ia eontbraed begrond thia point in a bmneh 
^yvmtricaltotbaHnt. 

Tto oUain tin polar tQutiOB of ttolaopMlmMeoBrfea|MD ttnobatt, ulie />scdhi and « the 
i/iandaoineAaadaxia. How 

da , _ 1 

9 

" titmT. 



hat 



2 



timdifflnmiiHalcqnalioner fhnaooii^kearve. For thn Intig ra tion , e b aM n r o that w haw 



d/»ircoe|dy 
wlil^ aabatitated in the flnt written eqoatioD, givea 



and by istegmtion 



rin{ 



a=^logtan^-i- e 
4 



This equation joined with p=2r sin ^ (iive*i the meaiiK of c»>iisfriic(inK the ciUTOi 
Fw the eleuieut of arc of tlie Lso]>crimctrie curve we hiive ol>viousl,v 



V * *4tto«J 



*-»^^H.ooa«J 
If we write tide equation beooaiflo wry ainply 

dam r ^i—imxP 9 df 

or 

an elliptic intefn^d nf the aeoond kind, wliioh givea tiae ractifioatifiii of the an of tb» ellipse^ 

wliOM eccentricity 
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The dement of the iioparfapatrie currea is, in iK^lar ro-ordiuates, 



•nd tli« integral of this is 



TBA.N8FORMATION OF A (iBBAT CIHCLB. 



The angle between the planes of two great oirclcfl on the apbere i» uiea«urod by the arc of a 
great circle Joining their potee. This property afford* the meaoB of detennfadng the diSemitial 
equation of the eanre upon the ehart whldi repreeenti tiM great diele on the i 




Tn, St. 

Take O. Fip. ^1, for the central {wint, and P for tlie pole of a prcut cin le w)iicli passes through 
a iM>itit, M. Tlu' .xjiiiu! Ictttirs i»t'C4'Ht«^ denot* tlip corresponding poititM ii|«ni ilic churl. Ii i.s pro- 
po««4l at M' to draw a tangent to the curve which passes throufili this point and n'lireseutj* the 
great cirole tlirongb M. Join O' and M', and call O'M's^ and M'O'P'm, the line O'P' being taken 
■a the initinl line. Let S, npon the apblBre, deoota tlie pole of the great eirde OM, whieh paaMW 
tlmiiiKh the wnitcr, O, and cuts the given circli- at M; (his iwinf S will be found in the plane of a 
greut circle, OS, per{>eudicalar to that of OM ut the poiut O; the angle V is measured by the aro 
8P. WelwTeBOVfliitlia^pkflrinltHMigleOBP, 

im SPsooB 06 coa OP+ain OS tin OP on P08 
or, ainee C8 to a qnadnuit, 

ooa SPaain OP ooa P08»iin OF «in « 
OP ia a OMiataut aro ibat we muf oaO A, then we hatftt 

eoaTBilBAainc 



The angle T on tlw ^beie of ooatie eoneapooda with T' upon the ofaait, and llie oonneeting tela- 
tfoaia 

tanV=''«J^ 
COO*; 

f being the aogilar diataoee OM. Bat taking the radliw «f the aphere aa oaity, 

t«aV'=i*J: /»-3BinJ 

Eliminating V, V, and ^ between these fonr equationR, wc will arrive ai the dUhrantial aqoatloil 
aoogbt. The flmt of these equations atTordo the relation 

•in Vs ^1— sin' k sin' a 
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aod, fionaeqoently, 



Kill X sill a 

\' ' " 'i 

The ooiistAiil of iiilegratiou will be ilotcriuiiieil liy obnurviiig that tlii' great oiivlit of wliich V 
b tbe (Mle IMM8M tiirongh the pole of the gvwt oiivle OP} wa^tute^ or '|7>««*^Mhavv {>= -j^. 

The equation of iho i)r<>i< < t< <i p^st ciralesean be better arrived at in another mamier, (o the 
aiptanalioii of wliii-h weahall now ih-ocm-U. 

Oonoeiri*, tlrnt, that a stert-..^;! ,>i>liie jtrojection haabeen made— that is, the parallels «ud lueritl- 
iatiH hitvo been cunstrui tei)— with tiic point of si^iit at Ifaeoeiitw, or tba antipodal point to tba 
oeoter, of the proposed oeulml equivaleut prqjevtioii. 




Flo. St. 

Let E| (Kig. '.V2) (liMiote any |>oliit of the stcroogiaphie projection, and O, tbu cvutvr, or imiiitof 
flighty lepieaeoted oo the oeatral equivalent pri^ieotioiB by 0|HtN|, the meridian throagfa O reiwe- 
■ented on tlie other chart by MN ; 0|M| !■ eqanl to tbe radios of tba ephere. Reqnimt to llml the 



position of the point on the ccntnil eqiiivak'iit i)niJt< fioii rcpretMlted by I": on tlio stcn-o'irapliic 
|)rojortion. Lay otT at <> the nnplo M()K=M,0,K|. Tlie point Aoaplit in on tlit- Itiiis Oli, uu<l the 
diatiincff OE in c(iUM<|miiily tliut bus to be (leiiTTiiincd. Dniw tlu- disiuieter FiO, perpondif^ 
ular to 0|Bi; Join F|E| and produce it to U|} Join OtUi; then OjUi is the diHtant^ refjuircd. 

Another aiatfaod fbr oonotnuting llie oentral eqairalant ftan a atanuagiaphic projection in aa 
fidtowa: 
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In Fig. 33 the length KW. is the distance on the central equivalent corresponding to SV on 
tlM itoraognipbk imu«otioa. Tbe umilar tiiuglw KWL Mid TSL pn 

87!KWt!LVtKL 

DMOiag tbraogli I9 ST, tte ndiM» and obMrting that LV- VBV*+BI?, «• 

8V.KW_ A ,7«VY.2 

KW SV 
which j,'ivt'-s tli<> ratio an a fiincfjon of " • Callingthefimner of tht si' mtiosC, and the latter 

Bf w« kave for the foruuln of trMufbrawtion ftoon the storaogiaphic, or ti, pngaetkm to tbe eeatnl 
MiuTBlent, or G, prqjeotiaili 

If yn write Satan T, we kave 

C=2 Bin V 

We are now prepared to solve a niucli more penenil problem than the one iirujiot-ed above, viz, 
to find llif iMiuulidii ol'tliii •■•■iiti-al I'quiviili tii iiiuji i Dim i>l' any circle of lliir Hphcn', vvlictlii'r (,'rfHt 
or amnlL llenotiog as asual by ; the rectangular co ordiuatett on the required projection, let 
e*, V denote netangidar eoHWdlnatee eo tbe auUbHry iteiflocni^ pRdeetfon.' Tbeoinle of the 
sphere will be»elNle apon tbe atenofnphie ehait, and if Ita center bat ■f/jf, its ndins^ will 
bo given by 

Bataooovdinf to theftopoead plan of tmnaflumation 

Ooosequcntly we have fur the equation of the curve on the central equivalent prqjecdou, which 
repnaenti aeinde on tbe nphen, 

or, tiansflinnlng to pobwe hf mmam of tbe fimmlae eoa«, « ain $f 
A still iVirther ttiiuplitlcatiou iti possible liy writing 

r-tan-'5 

The equation betwnicii now 

(v&^)'-v22^.°-'-"«'--^'-° 

Tbis is merely the polar cqnation of tbe circle in which the Btereographk radios veetor ^, kas bean 

replaced by its value , a« a function of the radios vector in the central equivalent nvstetn. 

V if — I' 

The equation in Cartesian oo-ordiuatee shows that the ourre is of the fourth degree. The equation 

in polwcoKiidinatesenabieanaieadiljrtodeterniinetheeoiidViM Ae earra aball repreaent 
sffraatoinleflf tbeapben. Hafca^rtben 
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FMm whieb we obtain 



Thi« aflbnU fiNir red values for />. 
qaaatily am ta lia takm in tUa nu 



The sigiw + ami — iii tlic uumorator Aud deuomiiiator of this 



Vov, in order that the ] Hilar eqaation duD rep w e nt a great circle.of the sphera, it Id neoeaaary 
»od wtteiant that (be sanw of tbe aqaans of the two values or ohtaincd biy takiag^ flnt with 
the + ud aeeoiHl with tiie — sign onder the radical shall be njuul to 4*^, or thnt w« dait have 

(*+/»') . (*-/)' _, 



Fio. 34. 



That thiM ih* a coneet fbinrata la enaily tMO frooi the foUowing simple geometrical oonaidona' 
ttona. Let c ( Fi^- 341 denote die center, and AMBVP the ortfaograpbic projection of the spheie} 
P is the lK)iiit <il' ."-ii-'lit of lh<' orthoffnjphic iiroj<'<-tioM, and rlic jiliitii^ MN imralli'l to the tangent 
plane at P is the plane of this pngection ; let AB denote tbe trace of a plane cutting » great circle 
IhHB the aphnei and InaOy M A'B' denote the pndeethNi of tliia great didei then we have 



OA'-h+f* 



and aho^ aliwe PA'*>OF*-|-GA'*> 



PA«0 



But APD=A'PB' i« a right angle, and conseqneoU; PB'C and I'A'C are oowplemeutorj angtra, 
I the anm of the aqauea of ttiefar eodnea ia eqnal to nniigr* 

LOXCWBOinO OUB' 



The imle being taken as center, it ia veiy easj to obtain the loxodromio oarve. Denote hgr 9 
theanipeniMleaatheiVhecehrmchneirvewlfhnBeiidhHi; then, r denoting tfcee m iea p o ud ing 
nngln nn (hn eha>l» we have 



00^!^ 
1 



VoV| tan 9 is constant, and, Ibr ml, Salii|^Bf, and aiao tan rail^ The diflteenlial 
of theoorveietben 

fdm tan* 



dcastantf 



dp 
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and integratiiig 

a=tan log —=£=+« 

PBOJBOnOH UPON THS VLMM OP A MEEIBIAII. 

W© will uiin take up the case of the i>roj<>ction ui*oii the plaue of any meritliitn of the piinil- 
Ml and meridiana of Ui« terrestrial sphere; the center will be upoD the equator, aud the given 
neridioml plane «91 oat the eqnator In two points, diatnat eadi Wfi ftmn the eenter. 

A few tIefliiitinnN will Iw :i<1ii]ite<l, t>otli for bn'vity and eleariicnH of laiitjnage. 

The central ttation in tin- jMiitit of the Hjihere chosen an center by the niuji; this »t' .shall dedg- 
nate by O upon Uie sphere, and by O' upon the projection. 

The central dttteaee of a point K of the sphere is the ratio of the length of the arc MO of a 
great etode to the radios of the sphere; this we shall denote by Xj it is the qnantity that, in the 
case of (he pole IwiiiR taken aa the central Ktatinn, we have heretofore denoted by ^. 

The radius vector /> of the point N' upon the chart ia the distance O'H' of this iioiut from the 
eeotral itatian. As oanal, r daooHng the ladioa of tiie sphen^ w« hava 

^■B3raia|A 

The mitnuth4ti angle of the jwint M uiwn the sphere is the angle a formed by the arc OM with 
the meridian through O; apon the chart it is tJie equal angle formed by the right angle O' M' with 
the merkliaa thnm^h O*, whteh is also, as we know, a right line. 

Kow, liavitif: tiivcn the position of O, wf wish to determine the valncH nf , and •■■ in tfrms of 
the geopraphical co-ordinates («/, a-) of any point whatever, as M. We liave already resolved Uio 
problem for the case when O is aasutned m the pole of tlM q^ere, and a very simple transftnna- 
tion flf eo^idinates eoablca as to resolve it for this moce fenaral ease where O is taken npon 
tkaaqvator. 




Fid. 3.'.. 



Take OP, Fig. 35, for principal meridian; » is the lonK'tude of M with respect to thia merid- 
ian; the portion UN of theeqnatarindodeilbetweenOandthepointof interaeetionof tbeeqnator 
with the meridian tbarough M is measured by and the arc MN ia measured by the angle MON 
la the oomplement af «, and Anally OM is=iL Now, since N is a right angle, we have in the tri- 
angle OMV 

cos i =cos u> voii 0 tau asaiu wcot 0 

which dott rwiue X aud <«; y is determiue^l by 

It is i>li\ ion.s I hat ^, and couaequeutly />, remains the same for all values of •* and fwbieb givetbo 

K;un<- value i»r cos c< cos fyg axanplei ftr tfaa two points of idiioh the latitndaof the ooaainala 

the longitude of the other. 
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Take for (h« axis of S and f the right lines repraaeatiug lespecliivelf tlie equator and tbe lint 
■eridiaii, and we have, in oMueqnenee, 

or 

/.= v'f4-V tan*—? 

Bat 

pamZralnH ooe^aiooeiiiooa* taoaa«ia<»ooC« 

Tbeaeooad id theae nlatloiw given 

a — = i 

80 tbat 
and 

aln«eot# 

Tbeae are the foriDuliu of transfortofttioii from angular to rectilinear to onlinatea. The elimina- 
tion of 0 between theee eqoationa gives ne the equation of the meridiau whoee loogttiide ie and 
fhe flUoiiiiatlOB ef • in like naimer giTM the eqnatloii of Um parallel of latttida A 

SQVATION OP THB lOUUDUIia. 

The result of the elimioatioa of a ih the i-(juatiuu 

BydMiinyof ftaottooaandradlealatkia beoonM 

-4r' (l+siu> «) e» 9»+4r« »iu' <»=0 

nil equation of the sixth degree is easily factored iota 

(J'+T;') (f«+[(l+8in'»)ii'-4r»]?*+(5«-4r»,«+4'^)«in'«>)=0 

The factor to b« suppressed here is obviously the binomial ^+r,', as pquating that to L6ro would 
only n^Kiilt in giving an imaginary Iocuh (or intiniloly small circle), an<l, iti coriscqueuoe^ wonld ba 
of no practical use. We have, then, remaining a biquadratic equation in f and ^. 

If we write and ^*=ai>', fhe equation becomea ooe of tlie aecood degree in V and 5', via: 

<^+(l+ain* «) iiB* •-4*' r-^r' aiu'^^'-l-^r* aia* w-O 

nia hat it Ilia aqnatian of aa kyparbola whoaa eanlar ia at tlie inteneetkm of Ite Hbm 

9*'.).(l4.riii^ •) f'.4r*sO (1+siu' •) f+S ain* oig'-if* mfms» 

or at the point 

r«>4f« tad* ■» y«+4r* aet^ « 

Calling m, unii m, tiw anpiiar < (M>mcienu wUoh dotannliie the aqmplolM, tteie ipiaofitiea an 

obtained as the roots of the equat ion 

M* sin'»-|-(l-t-aiu'ai)M-|-l=0 

From vhioh 

"1"— =1-1 ai««— 1 



Coiitiniii;: ourselves to the region when S' and r/ are both posttive, we can teadlly oonstmct tfala 
hyperbola, on any choaen scale, for each value of then oomtraet (be required ourre whoee eo* 
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ordiiMtes, moasarad on tbe same aoale, ate tha aquaro rooU of and ^ Ibo oo-onlinaUM of each 
point on the lijpeirbola. Fpr«BOif«lHiiTO 



Siaee lia* Main*(— •) and Oe cqiutiOD of tliAOiirTeeontatiMoiiljr ain'a*, tbooqmtkm rapmentoat 
tlw««netinefhepn{|Mtioiiwof UMawn^^ tl w oo tw octtrw 
iriUbevniMtatkiilyiitoatadfbeoiietoliheotliervlthnvMktotlw lf«atiw«siaof f 




no. M. 



wo take (Fig. OA=2r8in|aiid OB=2r coa^, and on theaxioorq take OP=OP'==rV2. the 

cnme vill paas tbioai^ tile fbor polnta B, aod tbe enttae loeae wiU be eompoeed of thie 
eorve, and tte earn ▲'PBP' qrametrietotilielintirilfcnapeekteOiesttoaf f. 



lie obtaio thie eqoetiea we 



XQUATIOir OF A rJkMALVSL. 

> by ttie niletioa 
f tantf 



tUUi 



«.+,.=aH(i-eo.#V«^^;~''') 



By clearing tliii* of fViMstions aud radicalR, wc arrive at an er|tiation of the sixtli degree in r, and of 
tlie fourtli in J, wliicli will rcintani only tlir even powers of tbe varialtlew. Ah in tlic of Uw 
equation of a uieridiau, thia will contain tbe factor P+^*t dividing oat bjr tliia factor we 
obtain, » the iCBoltinf eqnatiea of • pentM, 

Sttbatitnto acafai and and we an oondooted to I 

V*+f'f'-4i^»'+4i' ahi*«»0 
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whidi in of ttio ivH-ond d«grae In C, V a<Ml| aa in tbe former cane, representing a hyperbola. The 
center of Uic hyix-rbola is on the axis of f and is given ;'=4r*; one aeymptote is pnralld to and 

therefore co tHnli nt with the axis of f. The same const nu lion being innde an before, we obt»in for 
the iNrqJectiou uf the paralld of Intitade » the curve AKBS (Fig. 37) and of latitude the curve 




FlO. JT. 

A'B'R'S'. ^leee two curves are symmetrically situated with reapeofc to tk* aadi «t f, and the 

sum of the sqiiiireH of tlif iiitt^nt ptrt maile by any line OM' witli one InMMIi ef tbecOTVe ie COO- 
Slant and equal to the aqoare of tbe diameter of the Hphere, t. e., 

OM''+().M'=4r' 

The tmth of this is easily seen if we tnintifonn tbe equal iuii of the parallels into polar co ordiuateo, 
that is, write 

f=,-WH;r 7,=,, Mill; 



the obvious reductions, this is 



4r» sin' 0 



Caiiiri<r tlx- rootx of thiH />, and ^ ire ham A'a4>ll* aid ^'aOM*^ eiid Aemthekneim pifBeiito* 

of the theonr of equations 

moiLLwmnafa nonanaiu 

Thia prqKetioB was invente<l by i>r<>f. < H. xMollneide, of Hellei in 1805, and in 18B7 a mm* 
ber of appUeatkna ef it were made by Babinet, whose name tbna beoame attached to it, the pro- 
Jeotkm being IcnowB ooanunlj ae *>BaUDeA bomalographic proJecMoa." Tbe problem propooed 
Ibr aelntion hei* ia to npieaent theeBtboenrfboeef tlieeartli in an dHpee, tbe ratio ef wiioee 
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n^lorand minor axes rpprern-Titeil hy the oqnntor md first meridian iMpeetivdy shall be- 2: 1} 
the parallels are to be i>i ojt'«ltKl iu luirallel right liM* and tlM lDfllidi«» Id ellipaeii, all of wUek 
through two fix«d pointa, tJie polM, «Bd ciflb MM of tlie aplwn to ba iMp^^ 

chart in it* true sise. 

Let i aod 2b denote the axes of the limiting ellipse, then the ioclnded area will -. ; but 

tbla is to cqnal tbe entire area of the spliera, or isf*; this ooadition then give* us ibr the uxee of 
thiaelUpM 




Fto. 38. 



The area (FiK. -IS) of Hw elUptIo ergment ALKssarca of dronLir easnenl LAJ ondtlplied \ig 
that i% hy j< XTow, fbe ana of LAJ is eqoal to the aeetor OAJ minaa Hie fetianf le OLJ, or 

LAJ-J (2r^yeoe-' -J^.-'^r^^^'^^.J^-'^^ 

and tbeu for tbe elliptic aegment wo have only to divide this by 2; add to this result the area of 
tbe netangle OLKH or and «e Obtain, tnangr, 

OAKH-ar«eor»jj^g+je, 
Awnme fbr the angle AOJ the •ymbol i; then fbUowe 

eoar*^^s4 e«9rV3eoaJ ^-r/SabiJi 

sndoomoqaentiy OAKH=2»»l+r*8in2-l 

This aorflice ta, however, to be equal to the area of Uie aeni<aoiw betweeo tbe eqoator and pai^ 
alld i<r ^ or (•r|ualtoiir*aia«. Bqnatiny theea, and «• hnve finr tlie Ibndamental eqaation of tte 

Mollweiile projection 

irabi#>aitt3a+2Jl 

Tbe valnea of Jl or dn il have to Ik* obtained from this equnt.on for each given value of o. T^ay off, 
then, on tbe oeaii-uinor ana of the ellipee, the kngtha ri/imt neaaaral from the center, and 
the polnta so obtained ▼ill be the points of Intersection of eaeb pamllel witb tlie |>rinci|«1 meridian 

or minor axi!< of tlio Iiinitiii(; ellipMC. Tlii o\i;,'Ii these |>oiiit8 draw parallels to the equator, aud they 
will rt'prenent the pantllels. For the (•(nistruclion <)f tbe nieridianf* by iMiiiitH it is only uecewary 
to divide the equator and parallelx in \nivXH which corrcKpoiid exactly to the points of division of 
theee liuca on the aphenii For example, if it is desired to draw tbe meridians of evei}- ten degrees, 
we have only to divide tbe entire equator, and also Um neifdinns of the diart, into 30 equal |>art8, 
and tbrouBh tbe corresiKMidirip points thus obtained dnw tbe ellipHVS repn*4 iitinj,' the nieridiims. 

For the computation ol i. from the above equation, the following method of upproxiuutiou 
anawnra TCty welL AiMBieandiieA'aaebtbat 

abiSif+fia'sicdnf' 



TRBATI8K ON PROJECTIONS. 127 

when V diffm but little ftan call « tbe oomction to i\ tJiat ii, ^'•f thn 

Hln2(;!'+i)+2(i'+.')-r sin» 
Snbtmeting tfie flnt of theae eqaationa fttmi the aeeom], we have 

ainS(JI'+4)— BiD 2 ii'-|-2 (ain 9— sin tf*) 

or 

2eM(2Jf-|-/.)^-24air(aiii #— aiii«0 
A* 4 win 1)0 • vmy •mil qnantity, we cu writo 

811) COB (U<i'+<T)=coa2>i' 

Wrlttnff, thoD, Ibr am 0 its vaine, we obtain for a the approximate valne 

. *ain0-(ain2ii'+2'i') 
'2(l+eoiJiT 

Thfa m«tbod of aiiproxlnatioa mo of eoano be emried a« Ibr as wo ebooao, or until wo reodi any 

ri i|tiir< rl <!(';:i( !• of cxiicfiicss. Tiiblo VII f;ivo.s tin- valiifs of sin / for vnlnp.s of n (lifferinp by StV. 
Tliiej was t'oaii>utt;d b,v Jiiktj Ituurdiii, iinil is more acciimte uiid exteuded tkan the oue computed 
by M«»l]woido himself for tba valuer of i. 

We may jnat obaerve before leoTing this anbject that the eqootioii 

sain 0=:8iD2<l+2i 

\m readily dcrivod fkmn the diflereatfail eqnatloQ fiw eqaivalont pn^iootioiM. Tbk oqnotioo wnui la 
oar aaanmoJ oaao of the sphere, 

J I — J.J — • 

dtt> du do du 

writing, for couveuieuoe, rsl. The equation of a meridian wbooe azea an v2 and — - — , w 
fhm which 

Oonbiuing this with the diflBmitM eqaation, we flDd fbr the detenrioatkm of i;, (»ii)ce^=0, the 
cqncrtioa 

22vif^.«ooe« 

By iDtegntfam thie leada to 

?»'2-5»+28in-' J^=«8in*+o 
Sinee, boweTor, 9 and 0 at the aame time, we moat liare e»0, aad ao 

f /S=i*+2 eis-' ^«ir|iB# 

faiwhMi woof ooonetalM the onolleit an whose aiiM la bJL- Thb equation ahowa Ibat, ainee f 

v2 

deiM-nds only on 0, all points of the M>nio latitude 0 lie on a linopoiallel totbeaxlaof 9. Writiof 
f H V28ia i, we dednoe at once the fiuidamcntal equation 

if ain «ssin2<l+2i 

In cooclnaion we wiU examine briefly » prqieotioo propooed by M. Collignon, io wbidi boiopn- 
•onto tbe oential eqahraleiit pnqjeotion In the flnm of a aqnan. Bmppoae that, aa la MoUweidA 
pndeotion, the panllcla am panllel right Uaaa^ aad that tko matldiaBa am alio right tinea, partiag 
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fluin A 4XIIIIB0II pointy the pole. Let A i^raunt tiio oidinato of tlie poiiit tak«n m p(4e; tbMi the 
eqntloo of tin OMcidlMW will 1w In tke ftam 

.~(/>-T,)/(„) 

Tlio ori^Q ia supposed placed ut thu toot of tiie perpendicular from the pole upon tbo equator; the 
IhttBtioa/;**) i» independent of g. AsinttoMdliraktopnileclioD, «to»fliootionor#oal3r, or 

mdf ooiuequeutiy, 

The coudition for the ooooervivtiou of surfiK-eti iiovir l)«coineH 

This nonld give /'(<«) as a function of i}, which is contradictory to the previous assumption mado 
«oncomiiig/(i«); tUe interpretatioo of Uiis ia, Minoe /'(<•) doe* uot oontaiu that/'(i»)=m, a oon^ 
atanl, lad M/l») ia ft Ulnar IbnetfaHi of tlM kagitade «, or 

Ihe equation of ooniHtloin to thn 

» (A— 1}) di; sst* COR Ai* 

fhMn whtob, by inUfntion, fbOowa 



aiooa iw vo havo f kA, we find «m} aad aigaii^ ainoo #mO givM f bO^ obO or ^ aiiP 

Finally, since we wish the extn-mc nifriclians limiting; the cljiirt to form a 8qnar»% it will be neces- 
ear)', since tfasOaudw—^^ that we have t A, the correspoudiug signe to be taken together; bat 

c = (A — », ) ■ 

lu this, making S=±k, and rcmembcriug tluit when ^=0 then r,=0, there foUowa 

ai|-(-»«(l — fli^+ns^l 
Solntion of tbaao aqoatioiia givao 

» 

and BO, by rirtoe of the tfOatioa A*— ^ 

and linaUy the equation connaoting o and ^ ia 

1}'— 2r^ ri+Jtr* sintfsO 

The pn^ectioo need, of coaree, only be ooostmeted for the poaitive valnee of e, and then repeated 
tgrmmetrieaQy below the equator fin: tie negative valuea of t. 
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$ m 

OV 1!HB GBNHBAL THBOBT OV OBTHOICOBPHIO PBOJBOIIOK. 

We hsve alfMidy given some iMsoooot of the general theory of projeetiona vbieh preacrro tte 

Ugles, or, u wo have called them, orthomorpliic projcctionH; but a.s tlie object in view heretofore 
has been merely the n>pre.>M>ntuti<)n of the Kpherc, or K[>koroi)l, iipdii u plaiK-, it h»M not b(H>n either 
BCCeHKary or ilc.sir;iMi* to liij<;i't Umg u|)on general theories wliicli arc onlinarilv iiitcn'sliii;; diiI.v 
from a matheouiticitl point of vkiw. We abali uow, however, reaumo the oooaiderutiou of ortho- 
inoviiMo imtieettoo, give A taller UMontloal 
to pnihlcnifl rather more difScalt than any yet attempted. 
Let the equation of a aarfaoe be givea in the form 

/(*« f I «)*-o 

m, « denoHag rMtaognbur, reottlineir oo-ocdlimteB. It la ircU kuomn fliat tiM poaitton of eadi 

point oil this jJiirfucc can be (jiven in terms of two iniipixMiilpiit variablps, aay u and r. so t!iat in 
general a definite iK)iut of this sorface will oorreapoud to certain detinito valaea of u and r, and 
eoavenalr. Forbravttar, w«writaiiov,asiiaiialinthlacaae, 

Tbe eleoMat of leogtb ib* i» given now by 

Conoeive now an elementary triangle on tbe aarfiwie vboae vertieea are given by w, e; «+4i««<f 
«+^., wheie 4, and A*, an inOnitielr wn*!' inoNnienta of and a, and 3', aia Inflaltalj 

amall immiBenta of «. TtMiMtangidaroa'^Hdinaleaar theaepoiDiaaio • 

As », y, a, 

<" »+il'-+2'. •+«'•+*'■ 

Nov we havo 

A H' = E'P, +2V<-i, 4- G^. 

and alao 



<^+^■0(*'■•+^•>(^+*'•)(*l''•+*'■•) 

and tliiai by Tiitoaof tho laat fo^nob^ becomea 

It la eaaj to oMalo tbe equation 

AB*. AO* ajB« BAO-jABC-CBQ-I*) (4L«'.-«'.4U* 

9 T P 



r 



« 
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If wo remember that 

Babatitatiiiir Ai«{iitlie«qtiatioii glTl]ig2B*.AOPoo#BAO, weflndTMdflyHieTidoeofalii'BAC, 

•nd this miiltiplioil \>y the value of aW. M", jjivcs tlio above equation. 

It U now clear that if \vc have another surliacc upon which thec'o ordii)ati;s(.?,9,C)ofauy poiutare 
also fanctionH ufu, r, the curre.spundinff elMBMltoof tx>th surfaces will beainilarlf tteneiwftnietiaDa^ 
Whieb wo may designate m £', F', Q', wn pioportioiMl to Oj bf JO H Mi p wu di llg mints are 
meant points (or, z) and (f, i}, ;) wUeh oorrmpond on eaeh tmtm to asme valnea of «, v. If 

the seeotul surface upim wliii h the >;ivi ii siirfaee is to bo prqjecttd is a ])l:nie, the jirobleni is, of 
course, very much fiimpliUed. CouBidering ^ as the rectangular co unliuaton of a point iu a plaue, 
It li dnr tluittluar maat be detorBiMd to M^ify tlw rebtion 

a)'<2)'=-« iS+SS— 

• deootea the latao of alteration of lengths in the projection. 

SiDoe tbo elementary qnantittcs du and dv are independent of each other, and since ^l-f-l^i; 
nn4 dS—idtj are linear fuuetioiis of llirse quiuilHii's, '.ve cijn define the inianlilies tl^-^ /i/t, inul 
dS— 14; as linear factoia of the quadratic expru^aiou E du'+Z V dudv+Gdv*, which ore at the hooio 
tfnw «KMt difSBiraiirtiala. Tin wune is tmo of tin •zpnsiianB'wliidi we may obtain by mall4»I.Tiog 
111© qaantitiss df+Wi and d;—idrj by any ftanctioiM of f 4-l9 and f— fij respectively. In order, 
then, to obtain f and in the most general manner as funriionsof u and r, divide the f;<vc>n cxproa- 
Hion K</m'4-2 V dudv+G de' for the etiual of the elcineiii of ltnj,'ili into its linr.n fj< tors, midtiply 
each of these fiMstoia by the quaulitiy neoessaiy to render them exact dill'ereuUals, and equate the 
flocnqpoiidlog intogisls to acbitiuy lIUMtioiM of $4-it aoA f — 



.^plr tUt pilndpile to tlM atupiie Mie of Am piq|eetioa of a suft 
plant, BorsndiaaiiiflMM^if xdflnotothssadsof i«v«liittaitweli%ve 



For oin sass^ llMn, wo can viiM 

«a«(eos« yaiisinv 

•DdtlMIl 

B-l+(g)* F-0 Qm^ 

and tlw dflOMMit of Isngtii is 
The inteyiaUo fMston of this are 



Write 

jj^J^Tidti 

then wo have tor Uio most general i>()i>.sihle relations between c, r„ and u, v the eqnatiODS 

F, (?+ h ) = U + f f K, ( f- •>,)= U 



If weMsnnetfant 
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\re arrive at ouoe at tlie relatioiw 

Now 

and 

or 

1 

Ms- 
It 

This is tfae Menator projectioD. If wc assume 

F,(e+»,)-=iog(e+i5) F,(e-<,)-iog(e-i,) 
lie win aiTlTe at tte ateraosniihio pndwtink 

nonKnnnr ov a ocna. 

In tlila OMS ira have 

« being mardy a fiUMStica of V. Theoaeftoationa nipflenntaeoiie whoaereirt^iaattlMOivnoif 
How, 

The two ialagiaUa flMtat of flila an 

f and f aa ftinotioH of « and « wa 
F,(f+*»)-kfii+i- P,(t-<«)-loff»-i« 
F,(e+l*)«kiC(f-H9> F.(*-<»)-lof(*-*») 

at^iT—^ssueMm If a«^-^n^ss« ain • 



If 

there resDlta 
and oooaeqaeutly 



Prom these it is obrious that € aud i satisfy the equatiou of a circle whose center is at the origilf 
and whoso radino fawti) lfaaaaan,tlimiHPe,tlMooiMlitioD8te tiiepvqjeetiooor aoooa bjaatoal 
developnant. 

Ji die noflwa to'be projected is a cylinder, y ia •ftoMdon of a^ ocmTCHMllgrt and a ia indo- 
pendanftof lioa«andf} wittatfaen 

M 9-F(«) 

then 



when 

ia only a fanction of m. The two integrable factors of the square of the linear element an 

VEdu+idc ^/Bt^*-ii» 
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Write 



g being the arc cut from the cylinder by a rijjht section, say by the plane of V6 an 

ooodoetod Imnedtetdy to the deaind general eqoadoiu 

F,(f+l,)-*+fc P,(f 
Assume • 

F,{«+«,)-f+l, F,(f-<^)-f-«| 

then 

the eqiwtioiu) for the prqfeetioD by development of the qyUnder. 

QriNCr.VClAl, r'KO.lECTION OF TIIIC SIMIKRE. 

This itrojwtion wun coustnitttMl l»y Mr. C. S. Pt'irce, AsNistaut, I'niteil States Coast and 
Qeodfltic Simi-y. Tli«^ l>rief description here given of tbo |>r<ijt'rtioii is extnu-ted from liieCaaat 
Survey Beport for li$77, Appendix No. 16^ and was written by Mr. Feirce bimsoUl 

For neteorolofficiil, mapietologieal, and other purposes, it it eonvenient to have a pro.jf>ction 
of tlip spluTP wliii li «li()\v the coniicftion of nil ])arts of llic Kiirfiu-f. It is (irllimtuii phic 

or conform projection formed by truusfoniiing tlie stereograpbic pnyciiioii, with a pulu at iutiuity, 
bjjr meaiw of an elHptie finMtkni. For tliat paipoae, I beiog tlw latitada^ aad » tbe kNigimdei 
we pat » 

^ l+i/l-ooii»Ioo*»* 

and then \ Fy is the vaiiieof ooeof tlieRotaiigQlaflroo«idiimteiof tliepotetontlieiieir 

This is the same as takiii;; 

ooa am (jT-t-yV—l) (angle of mod. «4(H>)stan^(ooa«+ainl>V— 1} 

wh« iv , Aw\ ij are the co ordiiiateH on liie Bew pn^eetton,F ia the north polar dtstanee. A table 

of theMi i^u-ordiuateH is subjoined. 

Upon an orthomocpMe pnqfeetioo the paiallda t e pwa ent eqaipotential «r level Unea Ibr the 

logaritbuiic {lotential, wfcfle the meridians arc the lines of force. Gonaeqaently ve may draw tboM 

lines by the method nsed by Maxwell in his Electricity and Magnetism for drawing the correspond- 
ing liiie.s tor the Neu loniiiii poteiitiiil. Tliat is to say, let two sucli projectioiiN 1>i' i1r:iu ii 11)1011 the 
same sheet, so that ui>ou bolli are shown Uie same mcridiaiw at equal angular distances, and the 
same paialleia at such distances that the ratio of sooceaaiva vafaiea of tan ^ ia constant. Then 

nnndMr the nmidtua and alao the paiallda. Then draw carvea thiongh the interaecthma of 

meridhins with uicridiaus, the sums of numlters of the iiiterw cting mcriilinim being constant on 
any one curve. AIwo do the sauie thing for the parallels. Theu lhct»u ctirves will ntprescnt the 
nien<liaM.s and parallelH of a new pn>feetHni having noith poka and icnth polea wheiwcr the eon- 
iwneut projections had such iwles. 

Fnnetiona maTi of eonne, he elaaaiBed aocordiDg to the patteni of the piqfeetiOD pradueed bj 
Riich n tr:irisfunuatfa» of the atmogmphie prqieetioa with a pole at the tangent pointa. Tluia 

we shall have: 

1. Finu'iions with a finite number of xcrocs and inUnitos (algebraic functipus). 

2. Striped functions (trigonometric flinctioua). in these the stripes may bo equal, or mag vary 
pp o gie aa l vely or periodically. The atripea tnaiy be ainpk, or thenaelvea componaded of atripea. 
Thoa, ain (a »«in .-1 win hv < ..mpoM .1 of .stripeo each eonateting of • bundle of pandld atripea (tai- 

floiteln number) tuhU-il over onto itself. 

.'(. t'b(H|Ucred function.s (elllptie flmeUoiM). 

4. Functions whose pattenia an oeotnl or qdmL 
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FBOjBonoir OP ax rnxmoiik 

The po<«ition of a point on an ellipsoid is piven in terms of the pammeten of the two systems 
of cmircxal liyiKTlMjIoidH, and in Kciioral the position of a point 00 any one of tbew three quadrio 
BurCiices Ih given in terms of tii<' i>;irnmetan Of tiie Other two «j«teini of lorftoea. Oell theaa 
parametera ii, i», i», with iho relation 

-1, > -ij > h 

Now the co-ordinates of a poiat oa the surface iiwm oonst. are 

m^V^JI^i^ M^r^i^i^ *sF:<i|„i,) 

It vill bo noted that^ in the dcterminntion of r, y, z. 1 will also appear in the values, iiatasitiv 
eoiutant for the given aarfiue the truth of the general statement ie not impaired. 
) Bov tbe iV«teai of iHthofonal qnadxlo aorftMNa given by 



Tlif' first of tlii'st- n'prcsi'iit.s ttu' (>l!iiisoid niid the (itlifi two t!ii' ( (nitiM iiI h\ prrhnlids. Wo may 
assume, if wo clioo«e, 'li=0, to diuiutv tbt» particular ellipsoid wLuvli we wish to project; there would 
be, however, no partiealar gain ui doing ao, bat rather « Ums bgr the eoiptwIaDS becoming leaa 
aymmetnoaL Tbe following formobw am too well known to raqvire aoythiog auwa la tbU place 
than the mere atatement of them: 

In each of theee formulas it ia only MccnHuy to place successively x,, i„ eqoal to oonatanti, hi 
ordnr to obtain fho Ihnmilii Hot any partlnolM am1h< > , < 1lii>iinid oi lijpiiilwdiml Fori 
of imgik we have tban tbe thieo < 



BDIpwrid (i|K«MisL): 

HypeiboloM of one nanie (Ai»«onst . ) : 

Bypertohwl of two napijes (-i]=cou.st.): 
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The liJiear Integrable factorH of these are 



Write L|, I4, Lt, for the denomiuutore la the abo\'e exprosuoiu which ooutain ii, Xt, reapectivdy. 
nm we haT8 flir tlie feoenl dsunil]i«tk» of f and 9 is the ceee of the elUpeadA— 



•ttehjfperboloidor 



We irlll eooflne otxrMhm now to the oaae of the elUpeotd, end mite, fbr brerttjr, 



■ the hyperbelflid of two 



The eoodftkMM 

era eeeily saea to be fiilfiUed iC we choose for it the valae, in terms of e mw TaiieUe «^ 

**"(a»-c')ooi»«-H[4»— 

Hiie glveiL Ibr fBflL 

^— 1^ 

aedftrf-* 

!■>.—«* 

For all vahieH of e lyiog between theoe Unite the aboro ineqnalitiee era satisfled. Wo can writ* 
<lt in a different Ibrm, which will t>e mofe oonveDlent for the purpoaee of tianafimnatioo, vie: 



or, briefly, 
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Kow, flir the determluatiou of U wo find the fullowing exprossioos: 



give HI at 

BalmiiBf aow to tte angle «^ 17 meaiM of wUcili iro dfilaitf 



Wrillaf Ibr «o^«, la the niinenitor, ita vahwl— rfn^f, fiiia fednoM to 



Sow 



M alt^^lying flieae togeCher glvea 



1+** V(rt'-i;')+(a'-<j? 

I+?"{lC«^=^<=?yaG?# 

2Vrf^<?co««d* 



The leaaH «f lha aohalltntiOB in U of fbeae valaea flf Ito coaipooeDtB to 



laO TBBATJUK OH I'UOJEOTIU^ii. 

Tim qiHUitlljr <1 ocean hi biMb mtmenitor bimI deiM»iMtarj In tlie mMntor we l»Te abo 
the flwtor IbfaiaiajrlwwritteoM l+'''7''', and is tbte flirai givM, te l|« ob) 

for A,<m^ 1( givw 

lu Uiu fuiiuor of tliuw) oiukmi Uiero ruHiilts 
IH Uio Ifttter 

Tiii'^ H'<H'i<ii.v i>(>iii(;, tlii'ii, oiiixT oquil to Of kM thu onttyy be teksD M tte modolw «f IB 

vllijttiu iulvgrui, Mill MpO iutt>' wiiU) 



wh«n 



•'-6* J, „ _ Vtf-^ . 



Now 



Tto mbitltattoii of tlieee velnee in IT glTee agata, on writing aimiily U fiir | U, 

ylif-^J l-lfdafmeai'* 

BOW 

J (1— i*«ln*«eiBP^.^# 



Write 



qMMltf nader tke inttcnl etcn is th<> olUpiio interna oT tbe UtUd kind, or «((,«)} 
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lfim««]iaT«tiielbtmiilaeoiiiieotiiigtinflifee JaooMfliDe^^ //, 6^ via: 
wUdigivM 

to«diia-Za=A U=i 

OoDoeiming «e can Mftdily place it In • dUbnafe Ibrai 

. ftatll*dn«->Z«s— ^log(««.OII») 

■inoB 

lmt> mtradnciiig the U ftinction, 

log H(a—K}alQg.^j^, -flog ca«+log«a 

•Bd oonMqaemUy 

fc*-^ log («o CD a) = — ^ log H (a+K) 
filtradiidniff tlw f ftuKtlon defloed iiy tiM idatioD 

«« have (Oarlqr^ BlUptie PnnottoM, pag» 20B) 

I[^~('^==24f7(aiDr-^iiDSr+«paiii8r-^ain7l'+ . . .) 

ot wntiBg 

» « 

flMW — y b> aip w w o d in the brief fan 
Hid eonnqaeDtly 

B{t+a)_ l+2r-''' q''cw2j{t'+a') 
0(t-a)~l+2r-">q''cm'2j[t'-a') 

tad 

n (a+K)=2 Vfl co8(2i-l)a' 
From the above expression tor a we have 



"(M-KHg^^, log H(a+K) 
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By ohoDgiDg it into i>} tbe expreaaioa for U becomw ■> jV. The qaantitiM K, a, do not dvpeud 
00 either J, or i,, and in oomwqnenoe are onaltered by tliifl diange; the same ia, ofeonne, true of 

the constatit.s «, a', h which are fuucttoiis of K, a, and constants. Tin- only quantity, tlu'ii, wliidi 
cau vary is ^, and in this cane, ou account of tlii; prvHorihed liiuitu of ig, t will become a ituro 
ImaginMy, sar <(K'+t) and ao 

ff=sani»(K'+T) 

We have now 

K'aB*<<K'+irr<^+l, »+k 

bat 



tlie above egnaUon w theieforo eqnivdent to 
Writiifc in this, Vr=£am(7,K'), wo derive 

and flv the oorapIeaMBtary modalna V, 



and 

Now ve read for U the Tatne 

v=Ju 



and we have aeea that 

llicrcloro, siuoo <=i(K'+T), 



How (G^jley'ti Elliptic Fuuclious, pa^'o 166) 



andfheraflwB 

As we are to equate U+tT to an arbitrary tunciioii of 7 and r„ there will bo uo guiti iu retaining 
the poie eoDBtant AK^ ao we ahaU OBtt it and write y in the ftnm 



— . . 1 , nfa+i'r) . , . ,008a'(fl^ 



—e-^')—q> cm'a'{ei^—e-^'-) + . . . 
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wbeu 

Doir yi* flmiMilM 

U+iV=F,(?+.-,) U-.V=F,(f+i,) 



F, (J+.',)=log(*+i,) ft(e-*i)-i«g(<-*») 
We liftTe tliMi, on wnting YsAr+tan-' Q, 

lOKt^Jl^^^-ikr^iUn Q=log{?-i,) 

Observe tbat 

l<>R(c+«';)+log(?-«'!)=log(e»+v')=log/.» 

ieg(e+<,)-Ui«(e-<,)«tog ^Jlj^-Jog.**^ 

where 

Kov, addJnf sad inbteMtlng tte above eqiMtioi^ 

These ooaditioDS give the prqjecUoiui of the Unee of carvatim on the ellipeoid, arising from its 
IntereeetioM with the syRtem of hsrperbolotds of two naiipea, » oeiieB of otniight lines In tho ay 

plane pnssiii;,' tliron):h the on;.'i!i of ca <ir<litiatf's. Tlii> lines of cnrvatnnMlut' to the hyperibolold 
of one nappo aro prujcxtod iu u »oi'icH of cuiiccutric eircle« liaviug tbo origin an oeutcr. 
Ibo poiDk on tbe elUpMXId giroi by tho polar ooHMdIiatfla f } i» of coano 

^fcJ>){ft'+y(fr'+y rf_(2+»i)(e»+M(c'+'») 

when i| is oouBtaut, and 

1— fsin'aBin'tf ~ Bin'o+coa'asin'^i' 

*^*»"T=Fai?75l?r ''+'*"fc+eo?7Bffq5 

or, introdneing the notatioD of elUptk ftaMtkafl, 

|ftfi^i»(«C-6»)Mi*aan'f4-6*+ij={rt'-ft')8n'a cn'(-, )t')-r- 
«^+JI,=(a«-c') sn*acn'f-s-c'+-li=(a'-c')Rii'a dri'fr, *'>^ 

nrber« denominator =l—8n'a8u't for 1st column, and=l—8ii'aRii'/-, il') for ^1 oolauiu. A nam- 
ber of interesting relations can be <Aitained IVom tbcao formula , Imi ii in not in the province of 
tUa worlt to take np aolyeota entirely flMeign to pcqleotiona. Obeerviug, howover, tbo following 
ntadoDii glTOoln anotlMrplaee, 
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and wbKtitii'inc ill those for its vulae dua, we can write for*,y,« the following values: 

j;=U.du'a«a(r,i') fBQ.dii'am*aui0ca(r,jfc'} itaO.f n*aen«ilii(r,ik') 

when 

Q« y^i- 

Tbe aoste a luw been defined by the lebitioa 



Its**. 



and VB am aln And quite nadi^ 
The equation of tbe eUpaold can then be written in the 



a^-hj*aaaei^«-|'^ eoaei^« ^ 
to all^ptia fliiuitlniia 

If the ellipaoid ie one of lotataon azoond the axis of the following QoadiUooa hold: 

»aa faO MMaaf i->taac 

FniliiMr, alnea i^>Baai(v, V) and t^lf 

and 

For the position of a point on (he plaDa flomspoodliig to »,ffM OH Ihe cffipaoid of revolatiOB m 

have, then, tbe i>olar co onlinates 

P=e *•»••• f stan a log tan i (9<P+v' )+tau-' cot a sin 

flie point on tin- Hiirface being given by 

«sGsinv> y=OBin'a8in0cosi^ xsQun^aoostfoosi^ 

7iin*«+eoaF « sin' v'' AinV+sia'acotfi^ 

Mdftrtlieaniflna 

07 

The cma of an oblate ellipsoid is not arrived at quite bo wa d D y. Ah tlit> general ellipsoid 
appioaohoa tbo £>m of an oblate ellipsoid, the qaaatity V beeomM analler, k gmdoally appraacb- 
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ing itt Hniitof aaity. Tbe tnosfofliuitioa to this cme is as ibUom: Oeiiote the cotnplemeotair 
\ 9t IhoM Htutlt m h»T» liMB dealing with by the tuubjetbm with a •uflix, e. g., 

■ltf#«-(*y:^')(<^+» corff»«^+^')(^+^) 
Knd fir tlie equation of tiie eDipwrfd 

a'+i, ^ (a'+ -i,) cos* a, («•+ i, ) C0»' ai 

«r 

tlie flChordiuates x, y, 2 becoming n-adily 
where 

Aa, A-' Hill" J, NiiT I',) (tWaj-ffc'' aill'ai aiu' f') 

The ynxlact A( was boibre given by (be equuMon 

and now beeomes, on aabetitating fl» t and s their values, 

»<=^^logH(«,)(K-l,) 

and alto 

im tnat iT now anmrnmn tin 1 1 rm 



or merely 



■ioee the oonstaot may be oei^eoted withoat aoy lofls or change in tlus oondiUons of the pvoblen. 
Vatthflnnom, wehave ftr V mpreMloa 

ThlttweoiiMi bgr tiie tnmstenadon from (», <) to (f^, flj 

|. y COH«|y-:n| r' do, „^ COSoriCio, r'. Hi), 

™ siUKi J ifco«'^rco?^jA»,'" sinai J ,,(1— it*»iu'o, »iii«<^)"<^> 

8iiMetiMiiil«gntianJ%Blr dillbr* tomj^l/f^ eonstant, we may write Ibr V tbe lategial 

^ oosoi^oi /••« dOi 
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This exproasion can bo changed into uiother baving am imsgiDaiy argmnent^ and fo 
complementary one to k, that i«, kf. Wa liava^ liowaver, bjr imnradiato laANma to tka Jamliiaa 

»-^logn(a.)=-2^i,+ilo»H(*a„*0 

We can vrite at onoe for Ai its expandad value and have 

1. « <'''+<^''-3 g"C g^-+<H«'')+ . . . 

We have, ftuthermoM, 

„ «Ma,i^a, AT i* * 1 1 » i« H(K'— K') 



and again vzitinf aa aibove 
m obtain Snally 

"*^*r-'.*+«*'.-'J+^(jM»'.-^.J)+^.-'.t+ . . . 

For tfiasO tihen mnlli ^sO and oooaeqaently this valoo for U beeomea ~0; fho aamela tne of 
ttointegnJoipwarion ftir P,aodtbaaatwoaoln<ionaaioidw^^ If wo wkta again 

wo obtain the trausfunnt^'d expreaoiou for V 

the oblate eUJpaoid we have now 

<»«,.log tan 1(900+0,) f ,»lslog tan i(MO+«) 



, ,„ tan I (9 0o+ai) tau i(t>U°+g,) - fcoti(90°+a,)cot|(9 0o+tft) 
~» oiFf (Mo+«>) tan|(5B5^^)+Nnlp»5+^) «oli (IMiqo;) 
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If we snbstitnte for G, (whiili entered in the expressions for mines obtained for the 
X, y, z, of a iM>int on the oblate ellii>soid) tliu quantity U't ooit' ag, thcao values booome 

x=0|' cos tf, sin ^ y=(ii' emocw^ s=Gi' cos' at sin* »i 



■ad te A« equatton of the aacflne thflra to 

Tbe mgle is here th« longitude and o, tlie eccentric anomaly of tfae meridlaiM. 

Tfae preceding projection of the ellipaoM is doe to Jaotrtii, and ia to be found in • aUghtfy 

dilTorinj; form in Crellc's Journal, vol. 69. 

In wlint lias hecu a;iid up to this point, we have talicn the phuic as the surfarf n]>oilirkidl 
tlie pn^jeciiou lia« beuu made; that suppoeition, of course, Himplifie« much tlie actaal forma 4rf tbe 
maalti, bat, ■■ ve dwil Bee^ doea not have mocb dbot npoa tlie mora neoenl theoiy, fboo^ the 
ateps to be taken In onler to prqfeet one antftoe npon aqy odiair ate nova nmnenma than whan one 
of the surfaces is a plane. 

Let (/. », ii.s Ix'fim', dciioti' tliL' co-onlinates of » ]K>int upon one of the Hurflwea, and 
the co-ordinates of a point upon the other; tbe two independent perimeters, in tema of whidb the 
co-offdlaaCee of • point OB any aatfhoe ean be given, are «,« ftr the fliet aurflwe, andU, Yftarthe 
the aecond. We know tliat it is necessary to detemdne U, V as functions of u, r, though not ns aiU> 
tniy futietionn, since the pn^Jeotion in to fulflll certain asMunietl conditions: iu our case the condi- 
tkm is that the projectious of the elements shall be simiUr to the elements tliemselvea. 

Since X, y, X, uod ij, C are all function.s of », i\ we have by difi'erctitiation 

dxssadu+a'dv dys=bdu+b'dv dz=edH-\-tfdv 

dr>-««a+«'d^ i^^fidm^ffi* ir^&bi+r*i» 

0fb li*,/' beiuK determinate fbnetions of m, v, 

Ibe eondition of ttaia pntfaotioD ia IblflUad, as we already* know, first, when all the linear 
elements that go out from a point of one aotfiuie aro proportional in length to thoaa that eoire> 
spoiid upon the si'i-tnui surface; sooood, whoD the ooRespoodlDg eteuents make the SMne angle 

with each other ou both surfaces. 

The linear eleoMHit of the fliat aoilhaa ia giveo by 

and of the aeaand by 



and similarly 



B-««+S*+^ V^a^+W+nf Q^^+V+^ 

B'-iiF+^t+^ V^^+fif+r/ G'»^+iS-+r- 



Now the first condition is satisfied when, iiidt-]>eudeutly of <hi and ''r, the quantltiaa B, O 
to £', F', U', respeistivoly, tbe same doflnite ratio, .say m; that is, when 

B F O ^ , 

Vbia qnantity « is then the ratio of tfae lengths of two ooResponding eleaMota eo die fliat and 
■aooad aaiilMMa) or, if the eleoMuta of length are reqwotively dt and dr, ve have 

dtBMd* 
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which expresses an iocraase or dimioatioa of length aoooitUng as 



Thlft ratio is in general dififerent for different i>oiiit«; in the Kpecial aisc, however, There m m 
cooalant, (h« pngections of regions of finite extent will also l>e similar to the regions pnyected, 
and tr wsl, the areaa will be eqmal, and the first gnifhoe wOl be developed upon the second. 
Oomider twoUiiear ekmeiuta tbnmgh tbepdat gtvea 1v «> 9, fbeir extramlttei being 

Vttt, owina of Otm hat— n Hiaaa Ihi— ia, fai nMiMHni^i» wnff^gwilgi- ffHHHlTrtW, 

or 

V[(BW+2ird» 4t+(i (fV) (E 4ii*+2F^ Je+G ^)] 

The cosine of the nn^le l>et ween the two correspoiulinff elements on the Hecond Kurfaec differs from 
this only In haviiiji K, K, G replaced by E', 1"', (!'; we see Ihrn thai, in ordiT (hat tlie^ two 
quantities iii;iy Ih' f<|ual, Iv, F, (! inn*( be iiropdi titnuil to E', E', U', wUii h is jirccisely the con- 
clusion arrived at in examining the fint condition of the projection} the two conditions are then 
ideiitmri,»flwkwhkliitiDd0edobnouliNmiaji^ WiMe Ibr brerily 

We know that the eqnaHon fl^O admits of two sepanto fotegiatioo^ tmwnadi an we can divide 

the trinomial into two linear faotorx, cither of which aqOBtad tO awo mnst satisfy the eriuation 
flsaO, equating the two factunt thus to zero and these reaoltl tO iBtagnitious. As wu already know 

the llwton will be of the ftflna d^+i^ and ^— ; and tbeae equted to aero 

jH-t^Maat f—iq^tom^ 
wheie J) and 9 denoto veal flmotiona «f «, «, and eooaeqaenlily^ 

wiMM • la A oortaln flidte fluMtioo of (a, v). 
The aoaie proooN lead* OS to 

P+<Qaeoiut P— jQaeoDit 
aa the two aepacale integiola of 

and altio 

A'»2r(dP+dqD 

wliore P, Q, V deooto real AineUonaof IT, T. 

The difficnlties of intoj^ratioil bdn^ Nn))pose<l snrnionntable, llipse intejrrals tliat wo have 
indited conduct us to the genend and complete solution of the probleu. Ihe condition of the 
prqjection has already been obtained as 

which gives na 
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nitt namenttor uf tliu timt luember of iIiih i'i|iijitiiin in divimblo by the doaomiuator in two 
1} flUlterwIwa 

dP + tWQ is isible by dp-\-idq 

and 

di' — iiKi ii* tlivi.siblc by dp—iitq 

orwkcn 

rfP-f irfQ iM divisible by dp — iilq 

dV — iilQ i» (livi.sihK^ by dp+idii 

In the <lret case dV+idQ will vaoialt with dp+uiq, or will be constant when p+iq=mn»t., 

width ia equivalent mccely to ngtog tbstt P+tQ is « AiucUon of p+iq^ «od alM P— iQ a fiinctiou 
ctp—iq. In the Rocood esM iheconTcrsc holds; P-|-jQ bdnf afimetionof p+tf^aodP— tQa 
flmettOD of ji+tg. Tho oolntlona are then of the form 

P+.Q=F'(p + .V,) P-i()=V,[p-iq) 

or 

P+rQ-#,(|»-f9) P-iQ=*,(P+"i) 

but the aeoond of thne fniictional mgun is not arbitrary-; if the fliuction F| is real, tbo ninction Fi 
must be ideiiticiil with it ; if, however, I', is imagiuary, V. dilVers from it only in being ilB ootuugate 
fbnctiou, or function obtained by cbaugiug i into —i. The saiuc remarks, of oouiaa, also bold for 
theltalMtioiw*^ and ^; thnsaaehoroaraofaiUaiueoiitaiiMoidyooewbitiMiytaaotiaaiWfaidha^ 
be either real or imagiiiarj*. 

We have by solution of tho flrat two of tbeae eqaatioiw — 

V=il\{p+iq)+it\ip-iq) <Q=jPi(i»+f9)-iF,(p-uy) 

orP will denote the real and iQ (in the second ease — iQ) the imaginary part of iho function F|. 
Solution of these last equations will now aftbrd ns the values of U and V as functions of u and r, 
aud so solve completely the probleui. Denote tlie derived functions of F| and F« by F'j and F|, 
aofbat 

dF,(<)sF,(Od« dV',<<)«F',(t)dl 

HiMI WOllKVO 

also 

"^-F'i(j>+<8)F',(j»-ia) 
The latio of onhnanie n t k ttotefage detmntoed by tiio fonnnla — 

This will be revi'rb'd to in another phicc. 

Assume now that the two surftkcea uuder consideration are planer; then 

XstU yaV ZssO «sU n=y c=0 

We have mauifestly 

and 

which conducts to the integrals 

u+iV3s const i( — ir= const. 
a'=dV'+dV'=» 

U+fVsconat. U-*V»con»t. 




Digitized by Google 



14C 



TREATISE ON PROJECTIONS. 



Tlie two general aolntions are now 

(I) U+»V=F,(M+ir) U-iV=F,(M-ip) 

(II) i: + iV = F,i»-tr) r-fV = Fji;«+ir) 

Tlie«e results can al»o be exiirestivd aa follows: / d«jiotiug au arbitrary function, we equate 
tt« vmI partof F(«4'40 to t vad tbtlwagtiMiy partaftlwr to « «r — f, m tbowaeoMurbaw Intro* 
doebig the derived AmotioiM F'land Vt, mite 

F,{,+^)-x+iy F',(«-%)-x-nr 

irtMo X and T deooto iMl filtietiOBS of «r aad f. WetaveiMnr Ibrliiaflntaolatioii 

di+Uk^[X+fI)(im+Hlf) <r«-<if«(X-IT)(dlr-<4r) 

and cniisciinently 
Make now 

X-8.eoBO T-atliiO 

dv^dt OOB f t^^d$ Bin f 

df^d* coe r d^vdr eiii jr 

wlicii (i« denotes u Iliicur element of tlie fir^t jihuie, and g itA inclination to the axin of x; da Ji'iiotes 
in like manner the element uf the aeooud plane uorreapooding to d» on tbe first, and r denotea ita 
InoUmttanitotlwMiaof Tho oboy* equtiom gf to thoo 

d» flOBp>Bdi cos (Q+g) dr oin r^Sdi tin (O+f ) 

ftoni vhkik follows, reganling 8 aa pooltive, 

df»8dt 

It is eleiir, also^ ftooi tbla fluit B denotes tbe rstlo of oltemtton of the elemeDt it to its pn^ee- 

lion dn. nnd further that S is independent oft;; and the independence of tbe aa^ssO ami o shows 
that hH the linear elements itnK-eediii}; fixmi a point of tbe Krst plane and represented uu the seo 
ond plane by elementi^ which cut each other under the aamo ancies meaaiifed in tlM aomedlieetioa. 
If wo clioose for F a linear fonciiou of t be form 

P(P+««)»A+B(i»+*g) 

whm the cooatanlfl A nnd B are of tbe forma 

then «a shall have 

0 

Tb9 ratio of alteradoa is therefore ooniitant in dl porta of the pUne, and the proJ««tion of tbe flmt 
jiiiuie iH thi'i)n;:ii(iiit Hiniiiar to tiie jihiiie. FoT any otboT TalBO Of F the slmJIari^' vtmld onl^* hold 

for iuliuiteHiuiut i>ortions <if tbe plane. 

Bnooeh has been said iu the previoaa pagos on the pK^eetion of the Hpbciettponaplana,ao 
that we need not allude to that snl^sot iMto; bnt wo will onoe more obtain tbe formulas for tho 
pfcrjcetioii of nn ellipHoid of revolution upon » plaoe, solving tbe praUeat directly instead of deriv- 
ing it a ] art i. idar caaa Of the more tenerai problem of pmjoetiag the dlipaoid of tbrir BDognal 
axes upon a plane. 

Denote by • and »tliaaeini*ana of tlwoliipaoidi Uhb 
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is tbe eqaation of the surfaces and we cao write 

A now takM flie Am 

and the diiiiBraiitiAl eqution dsO aMmneB the fbrm 

4iM'-(-(oot' e+l-(*)Ai^ 

.«■-»■ 

J,- 



(Mnmbif llM»»<a) 
Ibu gives 



when, in tb* «Me «f tiM Mvdi, MO—w danotM tbe gt-ogiaphioal tatitade of » 
Us kMgttDdtt} Uito cqoatkn now mwm die torn 



(1— 1*008* ai) sino 

thointegntlon of wMoh glvw 

tkautiag now by/an arbitnry ftmatknHl symbol, we moat equate f to tbe nal part of 

■ad ivtofliolmagiuary pait If weoboflasfiir/nliBMr fluiodea,!. iq 



iwehftTeat 

which given a projecHoii analogous to Mercator'a. 

Aarame now for/ an imagiDai}' ezpouentiul function, or 

ttM WO bnvo at onoe 

which, for ^=1, ia analogona to tbe sterooginpllie pfqlootion. 

For tbe caae where 6>a, we have 

nod t conaeqneotly imnginniy} but 

wiUbereaL Write _ 

then, for tbe determinatioa of w, we have tbe equation 

i/r+^ tan wtm « 
nad tbodiftnotlal oqnnttan of lliopnililoni beooBM 

^1+ 
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gtving fbe iategnl 

»±< (log oot J-l-*' tn~* OM «) 
and Chli gtvw Air f tiM iwl Hid ftr i| flw imagiiMUX part* of 

/ |^tt+ i Qog cot J+t* tMl"* oos »^ j 
AmmM flnk/, ft linaw fluetioo, or 

/(»)-« 

We have^ tluo, atonoo 

esto fs»loseot][+«'^~'«'«»4 

Soeoodly^i 
Then «• find 



*-»lMi»|r^»<»"'''«»-ooeii» tan* J eta i» 

tlMt we have Klven » ■pliere«r ladiiu A, Til! 



aid an •llipsokl of nvolatioa 



tt' '^bf~ 



leqnind to pniject tlie latter aorfim apon the former. Tbe oo-onliqates f, C am fivea in terma 
of tbe flMfn^loal etHitdinataa Y, by tke eqnatioBa 

^•AeoaUaiBT ^aA^naiaY C»AeoaT 

Tlie (lifTercntial ecuiiifioii arrived at is of course pnx'.li<«?1.v (lie same as in the lust fxarniile; ami 
BO, calling/ au urbitnu'y ruiicUuual symbol, we have merely to equate U to tbe real aud i log cot \ V 
to tbe iaiaginaiy paria of 

/(•+"^[">«iG^yj) 

The aimpleat aolalioB io, of ooaiaa, fbv the «aae 

/(«»-« 

and gives 

foimmtaa of great importamoe in geodesy. 

Tbe laetnbiear leotanfolar oo-onUoatea of tbe point on the ■phatioal aocfiiae oomapondioig to 
Oat denoted by IS «, oo tbe clUpaoid ave then 

"tan"(^^+-"™'"'Y 
-'»" 2M-ecoe«^ 

' 1 . ••V'i+* «» A' 



(asA 000 N 



2 y r-i cow » y 
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• is mtaioed flir iirovity, inatead of its Tslne tea-* (tan v VI— **)■ By means of the ftmnloa 

we migr tnnsform these into nslatious giving the rectanguliu: co-ordiuaUw of Uie iwiiil on the 
qihefs mtwpoodfDf to • potntoo tbeslUpsoid to temsof tk» iMtaDgalnreiHiriittatflsaf this 

last point These results show the gfeat d(»ir.ibilitj of fiixliti;; co-ortliii»t<>s iwvuliar to tbe sttr- 
fiiccs under oouHideraUoti, uiid by lueans of which th<- n httioiiH hctwcon tho chosen co-ordinates 
on the surface of projection and those on the snrfin o inojcrtcd in;i.v be ;is simple us ]Hiis.sil)U', tbs 
ocdiiiao' rectaogutor-rectiliuear oo-ordiustes evideuUy giving luoet complicated exprestiioiui. 
If, iostesd of sasnming 

/(«)-« 

we write 

/(QsM-OODSt 

there ia deaily no gain of generality if the chosen constant be real, aa in that case we would Imvo 
for V tbe same value as before, and tho values uf U »n<I » would only differ by this coustaut. If, 
liowiaiTsr, the constant is taken as imaginary, say, — * log i-, the results are quite different. Wo 
haw in Uiia osm 

Dstanniiie Boir the ratio w of altctntioB; we h»ve fl)r that imriMse the fbtauUes 

fisi^ sin ««H^+(« eoflP v-t-y siifir) 



Now 



or 

Similarly we tind 
Now we have 



«a«*ain*« 
V-A'sfnPT /(D-1 



•■fi 

atp V_A sin V 008^ =- - — cos" «•) • 

' • ootf J (l-.oGs •)•+*• 8:0- "(l+.cos-y 

• TBtlo wfafajh Is dependent meiMT upon the tetltode whieh Is given by OOO—m. The sninllest 

iwssible deviation I'niiii pei-fecf Riinilarity is obtained when A- so tletcrmined flint in possesssM 
equal valuc-s at tlu' extrt'nie liiiiitK of latifndo of the region to be iinijected; in tliis case m will 
have its gretite.st or li utst value at I lit' inean latilude, or nearly so. Calling M|.and <», the extreme 
values of tn, and equating to each other tho values of m for tkeae limits we oome teodily to the 




con' ( 1 — s con u>| )' cos' 7,' ( 1 — « cos !»,)' L 

(1 — j' eon' r«,) « ; 1 — r' ron'.n.,! ' \ 

IMll- '"' ^1 + 5 COSuf,)" Kin' tj'(l + ' <OSi",)'l 

\ (l-f' COS* (l->f*ooa^*i|)'-r / 
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In order to detennioe at what latitude » has ita grcat< st or U aKt value, otwerTo tbat «« lum 

and 

dV dv (*ainwA» _ (1— 

■in V auf* 1— if fibiri>~(I^i^ om*w) nni* 

from whidi ISoUowa 

roonT owl 

Now we aee tliali, Itar Ys*, 

t 



«r, MpuMring W In taraw of 



fruii whii h W rnii !)<■ ilt'torrtii ncd wliiii k ti:is tM-cii computed by nioiilis of fk* lIlOTOftfBiahk TIm 
quautities U, V, aod w are couuected by a rehition which dov b<.'<.'unieii 



ta»x V-ten »/ a-«co»W)(H-«coa*>) \; 



It ta to iee ttait, Ibr «<W and Y>i», en Y<«m», and comeqaMiilj ^ will be negative; 

•Bdlto •>Wawl 
be a miuimDBi and 



and fbr •>W aad y<», ^ will be positive; ao that, for msYbW; fbe valaa ef m wlD alwagri 



If we chooae dw ladiiia of the ilplMra 

WW) 

the repreaeiitation of the ellipsoid at the Utitnde of M^—W will be not only Nimiliir in kiflniteai- 
iB«lportiona>but«lflofqaal; forotlierltttitod«B,bewem',tlwin4eotcd«lenent8 will becmtertliau 
the etanenta Unaaelvce. We oaa espand the legailthiB of « In a aeriee aeootdiHg to 
poweis of oos Y— eos W, of wUeh the tnt tenna «>» 

h.g«-log(^(l-.«oo^W))+2^j;^^,j(ooaY-ooaWr+|Ji'^'.^(eo.V-w . . . 



i what has preceded it will be easy to obtain the formulas for the prqjcctiou ot tliu gc'U< 
eD^paoidiqponA^heM. DeootohfBtheiadJnaof the qpheiei then itoeqaatioowflibB 



aad ftir die eUipaold wboaeaaani-aiaa am a, 1^ «^ 

n» ee-oidlaatH (,9, C aie fimnta tcraiaof thetwoindepeadent wiabto 

f-BaoaUainY ^-BaiiinainY CBooeY 

e 
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ir A| sod .1, denote the variable pHUMtera bdanginff to tt« two hjrpnboIoidB, mmAimI to Am 
givHi •Uip«oid, we li*Te fi>r tfae eqaatiom of llieae tnrftwes 

end the oiHMdinetae f, s an Una given by 

. ^{^-H!i)(*'+^) ^_i'(fc'+'ii)(A*+^) ^_*'(<±il!£ty 
and the elaaiwt <tf lengtli on the elUpeoid by 



The equation U'bO thus becomes 



writing, for convenience, 

and the dUhrantiia eqintioiw Me 

If w» And «M faitagnl of thaae in the fcm 

P+iQ-eeiiab 
thn hwriag in the eaie ef Che iphen the hrt(«ial 

n-(-jhigeot|Y~eonat 

it is only neoenMty to equate U to the rval, and t log cot } T to Che ioMglnMy part of /(P+< Q)t in 
oeder to obtoln the meet geoeisl eolation of the proUem. 

The nethod «f tmnrtnmtion hemenplojed ie the VMieae tlieene pnviondy n^ 
orflwptqfeatlonorflieellipaoid^^iiiepbiie. The Hadto of ;k and it aw 



ao, aa belbn^ i^ eapwaied in tent* of the new vnriable o \» 

*»" ^ooa'tfHh(a'=^yain'> 

The aaoM tcdootiona that have been uln-iidy employed will conduct to the 

and, en wiltbg 
ttiaH 

■J Hill ada r 
COS 



A.-J^«Mleoe.-^!!l^^ 
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If we can t the eoeentrieilT of tkt Mctiaiii ctf die ellipeoid by the plane iy, it is clew tlnit 



ttwffl be » little moM eoneoleiil to write P fl« (P» nd tlMralv drop the flMter 9^ vkkb will 
ottwnriM nm all throagh the worfe. Introdnoing dliptto ftmotUnu by mem of the eqaetiaae 

we een write ftr P at onee Uie valoe 



when 



aud iu teruia of the q fuactiona 



The intie of tbetf ftuietioiu ia nlm 



•{ti5r)-i+a ^(-yj^iiS^n*^ 

where 

III Uio case of the iutvgral wo Lave aoen that it is nece«8aiy to write 

i(K+r) beiag the new Talve of (; by cbaDge of the nuNliilnkiiitothecoiDplenienteiy VwefaitiD* 
iaee thenew aoipUtadtt ^, deflned by 

<k>eill(rf) 

gt^ing^ fliMlly, 

' )siii(2;-i)a' 

Tilt' ooiuplox quautit> T+iQ is iiuw cxpixsmmI in elltptiv ruuctiutis by 

in which the real nnd imnpinary parts are not separated. Wiifinp for P and Q ihcir viilnra in 
terniH of the q fuiielloiw, the oooditiouo of the prqjcctiou are tuttisfled by equating U to tliu real 
teal and <lQg«ot} Y to the imaginBiy parts of 

fCi l+2r(_y^C0H(2.,-l)(f'+«') ^(-y-V^-' ' -c-''-^ ), -OH (2j-2)«' \ 

If the faiictiou / ia taken as linear and of tlic form /{>)=>, wc find 

UsP cot } V^tfi 

By flie liat of thcee, all earns deiieadeot only ui>ou t are projected into corvee dependent only 
npoD the kagitade or into the meridlana; but 



■/li 
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oud 0 is again a tinittion of /, ho ttiat / is u ftuictiou of i, and the curves wUu li iIc'ImmiiI u|ioii t uru 
tlMlilMBOf eurvutiiii- ( 111 mil by tlio liyperbolokl Of two nappes; theso lines are tbeii projected 
iHto the nwiidiaos of Uie KpJiere, and the reiminiiig iiyateia of liues of onrv'«tai« it prqjvcled into 
the p«Tal1d« oT letltode. The qoantfHes enterinir in tbe wtlntfon of this Kenend case era m eom- 

plieate<I tliat, as tin* ]>rohloiii is srarcHly a i>n»ctical one, it iIdcs not nochi (lt>sinil)U> toconliniic tb« 
research any further. It may be observed, liowcrer, in eunclusiou, that the i-atio of alU*nitioii m 

iBgivailqr 

J Vie-* rfc«cn»t+c* ^^»aen»f y [cn'(T,ifc^)-aii' (r,Jlr)|T-' 
l+Vr^' L «o»<+/i"»'ieffF"'"ei^(T,Jfc'j-Mi'« cii*(r,t)J 

We hevB aeen that in ganenl there ere two ■datione to the proposed proUen of the ortho- 
aMrpkiopRdeettoDaf oneaniflMAiipoDiiiiotlier, vis, 

(I) P+IQ-/i(j>+<*) P-«Q^.(li-*») 

(II) P+<Q-#i(P-*i) P-*Q-*b(p+»» ' 

Iteeo now 1>« (dmwu tliat ill one of tlicst: solutions tlie posilioiiN of tlu> ilifreiciit parts of tin- sur- 
fiuie are in the priyectiou exactly umilur (o their positioua on the given surface, while froui the 
ethcv HlntieBt icmMt we inreiae eimilerlly. 

It its to be rraiarked first, however, that we can apeak only of exact uud inverse simiUirltjr ill 
Ro far 08 wo may speak of the upper and under Hide« of the Murfaccs con8iderrd. As, however, by 
this way <)f N|>enkinK, it is inritetly Mrbitniry wbicli ■ne call the upper and wliii-li lliv iimli'i siili- 
of a Burfaoei it is clear that the two jHtgeotions have no eesential points of diflerence, an exact 
pndeetioii beooning an Invene pnjMtton wbeo tlie eide of the aarfhoe prarioody conridend aa 

tiieapper side is made arbitrarily to beeonie the lower .side. 

The «pi>er mid lower sides of the surface will be detined as follows: If r=iO is an eqnatiott 
Kutisfled by one of llie !<urla<'t>H, 1' is a given function of the coordinates x, y, r, which fur all points 
lying on the sorfaco is equal to zero, and for every other point is greater or less than zero; that is, 
is either positive or ne^rtJve. By passing thnmgh the snrlhee in one diroerion, f^ehanfin ttmn 
jmsitivc to nepitive, and by pa.ssing in the opimsite din'<-ti(iii the eonverHe tsila-s place. The side 
of the surface on wliidi '/ is poititive will be udle^l the upiKT, and the side on which it is negative 
the lower .side of tbe surface. 

Let the equation of the seoood sorface be #=0 ; tbe same remarks of course appljr to this Bur> 
fiwaaatotheanxftoe VssIIl DiflbreDtiating these two equations gives 

dr>BMist+ai|i^+iiids d«sJ,df-fAdf+»,d; 

vheoee l|, aii, ih are itenetions oTv, z, and 1%, fn, vi are Ametions of i;, 

The projection of '/ =() npon — (i .idiiiits of bavin;; six intcrnu'diali' and simpler proJaetiollS 
iutierted betweeu the iMsginuiu}; of tlir >i|i<'i ation. Tbe-'w are given iu the loliowiiig table: 

Co-ordinntm o/ cornspondiug pititttg. 



(1) Thesnrfiicc V=0 *, y, s 

(2) Uepreseutalioti in the plane. 4^ y, 0 

(3) Bepresentation In tbephine «, e, t 

(4) RepreMmtation in the plane p, 9, 0 

(.')) H<i)ri s<]itLitioii in the plane ,.«......,., . .......... 1*, Q, 0 

(It) Kepre.seiilatiuu iu tin- plane U, V, 0 

(7) Kepreseutation in Ihc phme 0 

(5) Project ioo open tbe surface 9, C 



Lea\'ing to the side tbe alteration underfrone by the projection, we may now consider the rela- 
tive positions wcupied by tbe iutinitcsiuial linear elements of tbe snrtaee n|>on any two repn.-wn- 
tatiouB. We shall ciUI two iTpreHcntalioMH siniibir when the linear elenieuts that procc-ed from a 
iHMUt and lie ou the right band iu one rvpreseutatiou correspond to linear elements lying ou the 
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light kMd of fbe coTTeipoodtng pcint fti fbf ieeond rcpiww&tMtion; In flie oppdtlte cam the pnv 

JmIIoOS will hv spokj-n of as iiiV( isrl\ similar. A.s rcfjanls tlio plimos upon wliicli (N'os. 2-7) tlie 
intMrmeiliate projectioDs are uMtle, we will merely call that side where Uie posiiirc values of the 
third oo-onliiMte an found the npper aide; the lower title will then tsomspoud to negative Talnea 
of thiB oo-ordinate. The aarfiKsea # and f have already h^en mentioned aa having tkdr upper 
sides corre«|>onding to positive, and their lower sidw to noKiiti* «i valuen of ♦ and V respectively. 

It is (|uiu> (•Icar that for any point of tlic lii-Kt siiit.nc ;it wliich wi- cousiilcr r aih] u invuri.ibln 
and iucrou«e x bjr a positive increment, if we uome to the upjwr side of this surface the repreisenta- 
tfamate (1) aad (S) an •■actly-ainiilar, or an aneUy-Bfanilar ropreeentadon toobtntned when i»ia 
poaitive^ and »n iaviaiMly almllar repceaeutation when n U negative. 

lu the same way, if ( be increased by n poHitivc lucn'rnent, «-xh<-(I>- .similar repre««nt!itiuii!< aro 
obtained in (7) and (H) when is |H>sit i\ juid iuversely-similar representations when is negative. 
In order to compare (2) and (3), consider in (2) a linear eleuieut d; the co-oniioates of whoae ex- 
tranltiMarair^y^M-A*i]r-l-4r} aoddflaotohr/itahMdinaitiaiitotheasbflfvj ttiaa 

AvMdvoM/ ^Hdkaiii/ 

Ja 1!BiM if mat fntKmBaitbtmmttnti»agqv^mei 



bob 

d» oo»/=da{a cos p+a' sin f) d« sin /=d«(fr cos f+b' mif) 

x^^^ tcoaf+ysiny 



B«gMdtDg«aiMl f coMtaat and/, f Tariabladifltenitiatloii givaa 

df ab'-a'b I «' |/d«V 

The sign of ^ manifestly depends onlj° on that of the detomiiuaot 

a, a' 

If this is positive,/ and f incrcaso (oKctlicr, and if ihc (Icfcrminant is nog-itive theiM> quantities 
vary in an opposite manner,/ incretuiug tvbile f devraxscs. In the UrKt ua8« the ru])rei<cntaliun8 
(2) and (3) arc exactly-aimilar; in tht* Hccoud cafl« they are inversely-similar. The combination of 
(beretolta now obtained givea that (1) and (3) are exactly -similar or InTmely-aiinilar, aoooidiaK aa 



1 



a, a' 



is poritfve «r MfMve. 

XTpoB the aaiflMe rsO obtain 

or a ttl Wt Mat ili g the Talnoa of d«, liy, d« as fbnctions of du and dt 

(lia+m|ft+ »,c) du+{l^a' + mi6'+ «iO')d»mO 
bit im and 4h am independent, and so we mnat have 
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and couaeqaently ^ m, » are proportional to 

L •'I L L »'l 

or 

!i iwi «, 

Any on« of these cao be used m tbe critoriou tor tiie iiature of the represeotatiiHis (1) and (3), 

I, (><»'-yc)+iit, l « af-&»y+ih{ aV-M) . 

I?+«7+5? ^ 

and then mnlUpIying fluvai^ Iqr the poridTOqittatHgr If +mf+n^^ «e liAV« as Am aoaghtoriteriou 

the determiiiant 

Similariy, the csaet or iiiTmeaiBilBillr ef (6) and (8)«iU dcpendiipoBttepoaid^ 
Talueaof 

»I "I 

orapou the datenaliiaat 

«h A r 
«*. A*, 

lu like manuor the coaditiou for exact or inverse aimilarity ia the repreeentatioos (3) and (4) 
dtfpende apeii Ihe peritt ve er MgatlTe aign of 

*, $ 

du an 

it s 

and (5) aod npoD Hie alcn of 

«P dP 

In the pn^aodaa of one idane a&other by the Ant aalnti^ 

(I) P+<Q-/.(jH-<i) P-<Q-5A(F-<^) 

it waA foiiiiil tlmt exact similarity roHiiltwl, or, tlint tlu' <>lfmontN pnx-mltiig from n |M)iiit in niio 
I^Uae and nuUiug eertaio angloa with each other had in the aecoud plane the corrcttpondiug ele- 
■ante aaUat Oe auae engka with cndh otlier, the angleeMif HMoaoMd te the oanie diieetioo. 
Ihe eeoond aotniioa 

(II) P+<Q-#.(J»-<1) P-iQ«*b(jH-<» 
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will only difler fruru tlie first in ^'i viii;; us a rvnult that the aiiglcB between correHiwiiditii; eU-mcuttt in 
the two representatioDB will l>c equal, but measured in oiifKMlte dilMtlons. Tbcse eoimidcrstloiW 
albnl as the roeaoB of determiuiDg the nlatioo between tii» lepreMobMaonB (4) mad (5)} theee aie 
enetly<eimiUr fiw the first Bolution 

(I) l'+fQ=/.(i>-i-"/) P-«Q=/.(i'-«5) 

aud inversely •flimilar for the tseeond solution 

Now, iu order tn di-tortnitio whoUior the pnijei^tioii of yuiwn # lia« not only its olcnienU aim- 
ilar, but similarly placed, it is ucoeesary to take note of the negative signs of the quantities 

j|- "I 



If tbcro are uone, or an even number of negative signs, the first solution inust be chosen to give 
this desired result; if there is an odd Dumber of negative signs, the second solution must be adopted. 
The reverse of this meCbod of ehoioe wilt give an inversely-aiinilir ]irqjeotiaii. 

Ah we !i1n>:idv know, the tninsitioii fnim :i stt>r(>o;;r.i|>hii- iirojw^loil tO MiyirtlMr OVflKMIIOriliMe 
proje<:tiou is merely a particular case of the M>lutioii wLicli we have indicated SS 

l'+'"Q=/.(i'+«"9) 

—it ia of course not neoeesary to write — I'Q— /■ [p—iq)—mt that if «i y denote the eo-ordinates of 
» poiot npoo » steieogrsphie prqjectiou, and C< f tlie eaKNtiiiHit«s of the amne point upon Minio 
other ortboBorpUo prq)eotioo, we have 

/, of oonrse, denoting Che nrMtnur flmetloo derived flroui the IntegmtioB of a eertain diflfinrantial 

I'tpiMtioii. If the oivenitiou iiulirated by the fniuti<)!i!i! svnihol /is only the addition nf a I'on- 
stjtut, the mail i^miiily shoved along. If it i« the niulliiilii'alion by an imaginary root of unity, 
the map i.n merely turned round. If it ia the multipliciitiou by a modulus, the scale of the map is 
changed. If the operation raises the quantity to an iutegnU power, the result is iitr J. HersdiePs 
projection ; if to a ftacijooal power, the resnlt is a many -sheeted map, tliat is, one in whieh the 
earth is only eoveretl by a iiiir.ilier. fniiti' or intitiite. of Kponti) sbeetS of the niaji; anil on t1ieNi> 
sheets the whole earth may lie represi'iiteil only onee, or several times, <ir an infinite number of 
times. When / is an integnd algcbniic function, the result m a map having a tinlte number of 
north and aoutii poles, uud the problem to oonstmot a map having north and south pules at given 
points is resolved by solntion of the i^pvoptiale algebnie eqoation. The nlatioa Jt^^ is 
Mereator's iir. ji><'t ioti. :ii:<i niiirr i 'i'o;(-etioDs of infinite Tiiielgr OMy irf swifM 1w Obtained hj * 
suitable choice of the functional s,\ mbol. 

Boppoee, as a flual problem, we take the expressiou 

j+iy=(?+iii)- 

tbo meridians being projectod iu right lines iiossing through the point a on the axis of jc and the 
panllds by eirdes having their eenters at this same point Call • die angle noder vUob any «M 
UMridiatt outa «^ then 

(m—a) tan «=y 



ila dv 









dV' <i\ 
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iBtiM«qn«tioiiof 1iilsliiM^or,MitiiiiqrlMwiitteii * 

Tk« flfiMtioo of ft pandM of ndioB |i ia in like nainieF givMi liy 

(,_«)»+/.^ 

Consider this latter equation first It may bo written in the form 

and, sinee 
again, aa 

or, if eit<-li t\u tor is divided into it« itHstoi H, 
Or, again, thia is obvtooslji eqoiraleut to 



77 of course denotM tfieeoiltiliMd pfodaot of all the ternui fallowing It, obtained bj giving to J all 
of its valne flroim 0 to If weeonneeteaohof tiMpointa yatoapoiofef-fiyrtlielangthof tiM 
eonneottng llaa trill daaiiy be given by 



W(-^=«.?)+0-=«-f)' 

aobatltntlng eaoli fatne of lliia in tbe above eqnatioD, !t beoomei 

Of course wo would have obtained lliu same result luui the circle been drawn alwnt any i>oint a, i», 
or a-Hft^ and ao «« eaa atate tiM ftiilawiny 

Tlmrmi When « ia nal, intagial, and poaHiTO, die ]iciq|eettiMi M+Ml^{S-¥mr diMigeo the 
circio r^p aroiiiui tiii\<-<-iiit'r a+tfr int^ the oom Ptf^ .... ^si^,wlien # daootoa a radios 

vector tlmmgh ijach of tho iKiints (n+tb)'. 

For the case ms2, Uie system of conoeutric circles is projected into a system of coufocal lam- 
niaeatea witii flie ftni at /a4?b/ aad in tiie ffeoflral eaae we eaa my ttiat Clie fllvdea an pfo- 

jectert into l*»iniiis< :»ti»s of tlie Nth OfdOT Wbosc foci «re at the imtilcs of a rrgnlar polygon. 
The meridians are transflinaod in a similar manner; we biui tor their equulion 



It ia known that 



«tan-JL-tog'-+',y-'' 
m—m *— ijf— a 
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or, 



'/ 2j- . . •Jjr:\ 
. t—->(; + \r,) — a'(coa „ +i sin ^ ) 

* >- (^-i,)-a-(^ooB-;;^+<»iii-;) 

i arc 
. 2 tan-* , — i 



]^ however, any point f+tf ia ooaneeted with tbe iipointo given by V« the angle which eaoh 
of tlM oooMetfiw Udm mikes irith Om azift or f ta ghran tqr 

1 



e-4rooef^ 

ajid oonsoqiHnUlj" 

^ 

and we have the following 

Theorem : If from any point a-^-ib, linee are drawn making angiee with the radioa vector through 
of Cheee Ihiee by the ptqfeoliea m+ifss(f^y^-M 1MMitlv^ ted md tat^inl— an treaa* 

formed into tlie fttrvo'< + . . . ".=•'', whci-e tlio qiiuntitics f denote tlio WDgles mnde by 
tku radii vvcturen tu Ibu curve from theiwinUi it/a-^i^ muke witli tki« ruditui vcctOVOfwy oue of 



For 11=2 these curres are equilateral hyperbolae, and iu the general caM-, vo can speak of the 
euma M baiog hyporbolfle of the » oiid«r. WitbtheM deAmtioiw of the preoeding ajreteneof 
earrea, we have the theorem that the orttaoganal eyatem of eonfimd lenntaeatee of ^e ath order 

laaproui> ot' liy]jiTl)nl;iH oftho iith onlcr tbough the « faci of flu- lciaiiisr;it*'a. 

Jhvi unly alt«ratiunii tu be studied in this kind of prqiection are the »lt«rationa of lengths and 
areaa» the former being denoted by the qoaatitr «i, tbe latter by m*. The valne of ai haa 1 
already ahown to be givea by the cqmtioB 

whan 

For the pnt^eetion of a aphere npoo a piaae, it haa been aeen that 

f*Veoa*« 

B daooting the radiaa of the ephare, and 9 the latitude of a point. 
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TohebyelMf hM baaed » diaeaaakm WDoeniog tbe ntoat advaateeaooa oboioa of imtiaotioiia 
iqNm tha ftOoiHQg woaUantioiia: 

OaUiBg ^^■■dteklactbalocaiitthaof thaabovaTsliiaorw, 

XI — 

Kow the aqnatioB 
baa ftr Ita kitagnl 

when fi and ft are peii'tHMly arbitrary AtncUoual t^mbols; as tbea /i aad /« are also quite arbi- 
trary, the abova expreaskw far log m Tarica only as the dilEetenoo betweo the ioUtcral ot 

and the fanctaon i log G. The properties of thia equation show that this differoaoe ia a minimnm 
ioaide of (he apace limited by any corre whatever when tbe valoe of F-^^ log O baa a oouataut 
Talae over the oorre whfcdi boands thia tegion. Tbe intc«i«tiao of 

give* UDder tbia oooditlon 

F=i log/', {p + i,,) + i log/', ip-iq) 

from which, with exception of a oonataut, the values of/*! {f+iq) and/*! {p—iq) mi^ be detemiiued. 

BdhvataTinf Iteaid^eotiioiiarlattintiMfbeftime^ hianemolr 
on the defct—tton of anrtiiaea. The ekUMuk of tagfliibia given biy 

when B| F| O are functions of ( p, q) and of the form given in flie bBginning of tUa duftter. 

I tliat flw a certain systeui of valuer {p, q) ltu>rt> n'HuIta 

The carves j»seoostaot and {ssoonataat are in this ease known as iaothennal earres; ibegr are 
«3eai1y ordiogonal, and geomebrioaUy they dlvMe the aorihee into a seriea of inflnitaly anal! 

squarofl. It is pasy to show geometrically that thfro pxi«t8 u|>o!i :iiiy Hiirface an inflnite iinmlMT of 
familien of orthogonal curves which eiuoy this property; that is to Hay, an infinite number of sye- 
I of ooHwdiiMlea wbidi oondMt to the fMrm 

and ainltiidying theae together glToa 

(?«*9=4j da rf.? 

Thin equation, like d^^l (dp^+dj^), has the advantage of being symmetrioal with respect to a, A 
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It iH to bo observed here that the expi-ejuion 



to aqalvalMt to 
ifn 



B, F, G Bov Mag chm Iv 



■p_dx dje dtf rfy dz 



The subject of these iaothermul liiiea ia very full)' and ulegautly treated by M. Hilton de 1m 
OoopQlMraln the Jonmal de I'finrte Polyteobniqae, vol 32 \ tbt suw Tolnme aim contains Booi^ 



The netliod ofscodcele eiHwdJnatei ntglit »1ao be employed in thh itrabUiin; fhey are 
dfldned by 

The line 9=coQBt> to here a geodesic line apon whtoh the lengthe iq are Bwasnred. The line 
f aeoiMik to peipeadtoator to tbe flunier, lod ito etaoMiit of tangth to VQj^. 



OBNBBAL THBOBT OF BQUIVACBNT PBOJBC1X0B& 

In fhte chapter we diall eoneider priMipeny the alterattoas fhat take ptooe in an eqaivatent 

pniJeeti'Oi, mid al^o K'^ '" f<iii->!i<ni» for the iimji'i'tinn of iiti cllipKoid of ri'Voliitimi niH)ii m plane. 
We may (ii«t, however, obtain thf K'''i«'nil mnilitiou lor tbf equivalent jirojection of any Hiirfaro 
1ip4^>n II jtlatie. 

Let X, y, z denote the lectaogular oo-iinlinatee of any point of a aniikoe and the two inde- 
pendent panuetcfa^ In tamia of whtoh cvy^jreaa be wpaFatelyglTea; then writing befbte, 

ji^rfx <lr dy dy d: dt 
^dpdq dpdq dpdq 

wnhnTelbr theetonentof kngth 

d^Edf+.lVdp dy+Qd^ 

nod Ibr tbe etoawnt of area 

i^^Ydpdq 

where 
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Qpsutitiy V WOf of conrac, b« written as a HyiniiietnciU (leterniinant, niid in fact U given by 



V= 



/<ixY . /"dj^Y , /<is V djc da dy. dz ds 



dx rfx , dy ily didz f dx\' . /dtt\' , 



I MHHdinates of the fbnr points at the aaclm of thin luuall paialtolognini arc, upon Om 
Tbe oorrespoudtug potuta on the plane are, tailing c, ^ as rectangular axes, 



35' 



Hie aim «f tbii paiqleeikn ia 



dr, 
dp 



dq 



dpdq 



Equating this to (ho oorrespoudiug element on the surface, wo obtain as the condition of equiva- 
lent pndeotion the dUbiwttal eqaathm 

dp dq dp 

Kotliiugof interest can be obtained by attempting to discuss this verj- pciicnil furm of the 
dUhrcntiBl OQIMtiOIl. It does not seem possible to mlura tho qucittion to om- of qtiadmturrs, 
except in the case of a aarface of molathm, whea V will be • fiinctioa of only one of the A-ariablea 
(p, q). If, in considering surfboes of mrolntloii, we <l«flne Intitade m angle made by s uomol 
to till" Hui-faie witli ii i>Iiiiiii iHTi>cniiic'ul;ir to tho uxis, wi' r:ui sjiewk of q us tlu? httiliidu of ;» point 
and, longitude being measured in the SJiiiie manner m u|)on the sphere, p the longltudi^ of ihe 
MUM point. In this case V is a function of q alone, and oiii; which we imy suppose known. 

Let FN (Fig. 39} denote tbe axis of revolution «f • sur&oe wboae lundioDal «arve PM is 
nppoeed known. Let » represent tke ewef • meridian m e MBi e i ftom P,it tliedlrtanee H, wfte 
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distanoe IM. The curve PM is in general deteniiiued by uii equutioii belwceu n mu\ v, and I 
tfato «qmti(Ni tli» valnw of v and » ma be determined fimatioaa of jr. It te c«gr to aee tbal In 
tUfl eaae we nwilMTe 



the niiiae Kign beinc ncressnry boc.uiso aie • inereoeeeM tlw totftnfle p d c c w eeee. BcennriJVf 

boiraver, the diflereutial equation 

, . ttpdq'dqdp- 

vnto for branto 

Ibis partial dUEmatinl eqaation leade by LagraDge^e melbwd to Um vyeten of ondiiiaiy diffonatial 
eqnatioiia 

dq_ dp_dii 

Tbe flntof tliew equations givva pidp-\-qidq=0; therefore 9)««ia the remit of integration, « 
being an arblttanr eonetont. Again 

Now if/';', '/)='• in Holvcil fiir ;j wo will Uc able to N>ibf«titnto in pi tbe nnantlty Jl by Ito valoe tn 
terms of q and c; writing tliis form of pi a8pi(</, r), we have by integration 



which mbuics the problem of iiuiling >) to :i sitniile (jnadnitiirc. In order iinw to determine tbe 
integral of tbe proposed partial ditTerential equation, it is necessary to establish u relation between 
dio eonatants « and tf. Benarking tbat/(ji, t)^!* we bave inmcdiatdj- 



In tbe qnadratnre, ( is, of course, to be regarded aa constant. We have already atadied (hla 
problem at some length in eonHidering the sphere as the snrface to be projected, but a remark or 
(wo iiiorc till the Kultject will not be lait ot |>liii<' in tliis rlia|itfr. For tlif sjilicir of railiiLs r sve 
know that Vsr* oos^. That being the case, if it is required to And the equivalent pn^ectiou 
vpon Om tMwent qrttider at tito eqoatov, we ninat place /(f^ f )sfy; then fi^r, or jh ia eenataat; 
again, naking F(f we find 

f b/V eoa t^-** Bin 9 
If wa take the itoln aa oenter of a oentrat oqolvalent projection 

Jf in this projection the ratio 1 is independent of q, we can place 
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The <7 n^ill be eliminated bj diviatoii| and diffenotiatton will ooDduofe at onee to ^^—fi^f^mu 
Y 

(aooa8taQt))uid f^'s-^i 

V 



wbere ft i» perfectly urbitTary. The particular equatioiia of the central equivalent projection are 



If, inversely, ~ id U> be only a fuuctioti »f q, the required coixliiioua are obtained by writing 

Tbaaa oondaot to tbe idatioD 
and, fa being an arbitiar; flmetion, 



Of wonio, in botii of tiicM> chk< h tiio <|iiantitiet< o,«k,«%at« to be ngarded aa aiUtiaiy ooBitanto, 

of which any desirable disposition can be mode. 

I>e8i{;i>at« by a muI i tlie semi-axes, equatorial and |)olar, of an clliptii; meridian, and i 
detannina tlw fiirmalaa fw tb» iMHMrifViapUc prq^ection 9t tlia qiiieroid a|ion wbkdi tiie meridian 
lafbmtd. Sappoia flnfe anaa apon the apheroid are ndneedaponthepn^Hitiainintbetatlol:*. 

Tlie member ft ia dearly tbe ratio <><' ilio balf mirface of the Bplioruid to the aresi of tlie limiting 
ellipse of the nrnj). In the genenil (lifTertMitial e<|iiali«n it will be only necessary to place J V for 

V in onler to take account of the iuipre«»ed condition. The solution of the problem n>quires the 
determination of <; aa a Ainction of 9 alone, and the representation of the meridians by ellipses 
having for aemi-prinoipal axee the leBgtb on the ]irojnction of the polar diMlanea f. Take liDr.axie 
of If tbe etndgtat line on tbe map wUdi joins the poles, and for $ the i»eri>endk«tar to CUa al its 
middle )>oint, which of course repreeento tlie equator. Tlte genenJ tonn of eolation that i 
all tbe couditioos is given by the gronp 

and flir (hie case it is olear that 

BssO F(«)sO 

giving 

Loogitoda being couated ft«B flia awildian re p re aa a tad on Am map by the axis of q, it is elear 
that tbe qoantitar B shoatd ba Bade equal to aeno. IteTalneerVflwaudlipMiidaf iwvohitionia 

— _ J»* cos' q 

{1— t*«in'</)' 

The meridian of longitude p is represented by an ellipse, of which the principal axis in tbe dircc- 
tleii or f iSMSft; eall the odier azhi 2b^| then the equation to the ellipaa ii 
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in wbicb a' is an unknown function of j> only. Differcutiato tliia for q 

9 Md ^aie indflpendsiit of A and 

TberatiOytbenfOftlMODlytwoqiuntitiMltetcoiitiinyiaaaD^^ tooonauat, Aodve 

m being a oonatout vUcb baa to be determined. Subeti te tiiig «v fiw in the pieoediog diffiami- 
tial aqoatioD, and it booonea 



obdBg^nawewMhmttobodatanniiiedBgaia, Ilw oqiiation wUah givoa f baeooMB on dIfliBiraii- 



Make 

Thm tlia llzrt awnbar of 
ofwUdithalBtaBvalia 



Vow, f maak gNo AhO and f and iw f m'thaiv ■nut ariae f m); wa have ttian 

An the homolegnipihie prqjeelioa applied to thaqthnc^tta BnppaaUioB4[«| giviDg fiae to n^h 



giveaalioJlM^ AaalogythanlaodawtoaialMOiiriaYaiidttiiaobtafaiflwttieooljrMauriBtaif ocm* 

.26 /'f cosq d^ 
• J* {I=yaii««? 

The naidt of tiM aQbadtatioD of the viliiea of fl, M,ft ia the Cdlowliif eq^ 
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AI.l KHATIDNS. 

Upon a surface of revolution tbo disUuue between the points whooe oo-ordiuates are (p,q) and 
(lH-4>»f4-^ to fflvaii ^ Vn^-pQi?, P and Q being knmraftuieljoiwof f. ITium tin map tbii 

distanc*- is iriiroaentecl by ^dV+<I''. If A denote the ratio of the first of tln'ne distances to the 
aeoond, h ia& variable quantity, being difierant at different points of the auriace, and alfw dcp^id* 
entnpon^. We httve in fttMcnl 



in wliieh 



Or biiefly 



aqy glvao point AstiieiMlntiaeliedntoly &iMtiaiylnpeeillon,ireli»Temeidytofegaid^f^ 
fi, ^ P and Q at ooD*tBnt% Mid eonrider ktmm flinetioD «f ^ or, better, of tiw tangenlof the 



wUekOediieotiaiiaoaglttinakeBirtthtlie meridian I ifweeailtliiBangle AOiarenanlta 



W« hKn kit » the et prw ion 



Hie mazlnnm Tdne of k will ooeor for the minimum value of tiie denominator of tbia OMtioa, and 
eonvenaiiy. D i fl M M ni l a UBg tbo denominator with leapeot to ^ and equating the reaolt to aeroi 
(hoiefldlowB . 

ftwn wkieh 

Q'(p,»+p,')-l"(?,'+9,') 

This eqnation privea a single valoe of tan S|(k, bat two valaea of fi, Ijiog between 0° and «, and 

whose diflmiiice is 

BydiflbrantiatingfhenboTeeaq»eaiionafainfiirifaadanbetitatlng tbetwoTalueaef Aw>d 
it^.^ it will be Iband Chat flie leonlla wiO bnva eoottaiy algna, wliieh abowR that the two diraetloB^ 

iiiioii thf tnui>. con-esiMfndin^ to those two valaea «tfi, tat thediieetiona Of the grcateitelongntioii 
and the gri-Hti'Ht diminution, reopectively. 

The reaait of tiieae eouidemtiana i« the fldtowing 



ITuorem: Th* m* nts of length which, in their jtrojeetion, have received the gienteat nltep 
attouH, make right tinglea with each other n|iou the 8urf)tv« of revolution. 

In order to find the angle between the uorresponding ehjaienta upon the uta}!) it wiU be neoee> 
aaty to write ftir the flrst 

dS'=pidp-j-qidq=(^Pttaufi+q,Jdq dii'=(^ptt»uii-^q, Jdq 
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For tb» wmiMl, nptaoe /I b J ^-t^ 



Write alio 



di"={^-pPi cot ^+qi^dq J,"=^_^ cot ^+q»^dq 



we viMily obtain 





1", 
































Q' 
















M 


a,' 







— 1 



ThAlaittot 



1 br nbitinitlBg the Tiliieor tan S/i; 

■bom tbkt tbe Mglm r* Md r" dUlw 1^ lo fhat we eone te the ftoDowliig 

Thwretu: Tbo el«^eat« of leugtli which suffer the greatest alt«ratioiia have, u^kiu the map ee 
well as opom die •phetci dlreetioiM at liiht aoflee to eaoh other. 

Tbe nmUa areof uoaraeof a perfecUy general nature, and ean readily be applied to eqnhraleiit 

projections. At any point of • aorflwe of ravdntion, and in the directions of tbe greatest altera- 
lioDR, take two iiiflaitely Bmall letifftbs eqnal to nnity. Tbe aqnaie oonstmcted with theee two 
elenientH »s Hides will he an clcincnt of the aaribooof revulutioii, ami will !ilt<o be unit of araa. 
2tow, calculate the two valaea of k' and k" Snm the general iormula for A, which correepoud to 
tbo two elementa apoo tbe Bmiboe. Tbe M|iiare 1x1 vfll be tranaftmned npon ibe chart into the 
ractanglc h'xh". Tlip condifion h'h"=\ gives then tbO'ieqQin'd cqiiivHlfiit prcijcction. Still, 
OOOOMeriug k' and aud k" values of A for two direetioiia at right uugles to each other, obiKn'o 
that 

Addition of theae glwa ttio maarlMMe pnoperty 



0* 



• relation independent of the angle ^ From thia we aee that in any pohit^ there ie no alteration 
tailengthi,<.«L,if , 

the function 
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Beciprocally, if at a point of au equivalent prqjeotion this function equals it, there ia no ulterotipa 
Of taogtlis aioiuid this point, te the eqnatloDB 

t 

i« a cboracteriatic function of equivalent projection)]; its value computed for diffttrent points of tho 
nnp ahowii, aooordiag to tbe dMRnenoe between these nomben and their lower limit 3, iiov nueh 
altentioo tiiefe la in any given point. Place, for oonvenienet-, 

Tlieiii ninttii4ying tlieBO together, fro have 

In this equation P, Q, V are ftinetiooo ofs which, for a given point, liavo flxt-d valnes, so that All 
nmt ovidentir hav* the laaat poodUo vnlna ftir pt9i+i^— O; that is to wiy, for tho cooe wlien the 
pnqteethma of oMridlaos and pawlleis out at light aaglea. For the apheve 

P<y=B*eoi^f V>sB<ooi^i 
•yt 

tbesofbra upon this soilhoe tiie ratio pijp is si. Nowatallpointaof tbeoentral pi«||eothm when 
the pole is taken as oonlor 

and, consequently, in thii^ c4Me AU is ulwayit equal to unity. We Imvo, thnn, MioiulUiK'uuHly 

*'*"-! i^+i-AB AB=l 

oonseqaeatlf , we caa write 

or, taking f Ibr tbo ooMiltade, 

V-oosI V'-ooo^ 

2 

In Rfudying tho contml <H]nivnloiit project imi wc calli'd W tlip i\uk\c nn the Hphoro between the 
principal meridian and the arcuny i>oiut M to t he i cater O; theantclt^ uih>ii the chart woh designated 
hy f, and the diHtance OM by f ; resuming those symbols, let B*. d«note the C4>rrespoudlng 
aoglee for another direction: tlio ang^ on tho sphere between these two directions is =0'— 9{ 
tbe oorrespondiuf; angle on the cbart is =if*—T. At every jmimt of the tphere tmi the prnfectkm 

thrrr is iin infinite numhrr of fjrtnips of ttr'i tli rr^ t inn." I'lm-li vmhi llic »inne unylfM bftirccn otch otktf 
on the ephere and on ih« projection. Diructiuntt which enjoy this property are called con/ugate dww- 
ffMM. Ttie ooodition Ibr eoi^agate direotioos is obvionsly 

or 

Then follows 

tan »^-tsu tanV'-tau if 
1+tan iTtan tf~l4-tan tanS^ 



give 

The function 
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Bttt r iMiiig tlM diitaiioe fhia the wMtiiiy poiBi H to tiM 

Theae TSlnai nbatitotod in the praviout cqoAtkHi (ire, RftweuyredDotiou, 

tang ^ tuy 

micqmitloaor ttieHooaddnpwftiirtiMdctsnniiiBtioaarf. Itiswtiiilleilolivioinly liy 
whidtgivM 

MgleelingiNfatiTeaoclMoraii^giiHitartluHilMo. TheoihcirTOotaf theeqwIiOBfi 

008' J 

or, upon the aphere, tlw ooDditioo tar eoi^iifiate direetiaiw it 

tan«^ Uui 9' =coa'f. 

In like manner is found for the prqjeotioo the ooodition 

1 



taiir= 



co^|tanr 



The prodOAt tao9 tun 9' is cotistMiit fur a given (loiut M, and coimcqtienlly the corre<iiKiudiDf{ 
dirvclioas belong to tbe ooiUugsUs diiunctera of an bjperbola which lies in a tangent plaD« to the 
Mid iMTing tiie point M a« center, the tangent to tbe aie OM an one of ita ptiiieiiial axea, 
and wlmw aajmptotas nnke witk tbie axis the ao^ whioae laafent is 

Upon tbe chart tbe «M>i\iugat« directioua ax<& ahw those of tbe ooiuugate Uiuuieteni of au L.vi>eibula 
having the radius OH foir a principal aada and whooe aaiyaiptotea nake with tUs dinetion the 
angle wheoe tangent ia 

eoag 

In other woida, vpon the pn^eeUon, aa apon the aphera, tbe a^ynptotea ef tiia byperiiola wUdb 

fii'fiiios tiio ronjii^ratc .lirrrtioim atn p<rint ai* daiplj the dliMll«ni of Buudniaai deviation wUoh 

have alruuiy been determined. 
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i IX. 

OBNBBAL THBOBT OP PBOJBOTIQNB BY DBVBLOPMEKT. 

Tbe nibjeet of devcIiqMDent \» so inseparably couuected with the higher parts of pure analjtio 
geouetiy tlMtitMeiiM aluiMt iniKiMiblc to giv« mocb of m aoeonnt of it in «iieli a ixwtiBeM 
this. An attempt wfll be inad», however, to gi re the moot prominent points in the theory, reftrring 

iihv;iyN to the (irijiitial wiirccs frotii wliioli tlio information Iiuh 1h'«'ii dniwn. <'Mii>i<l< viii;,', iis WO 
«lo here, development in its most general aeuse to idnnify the applicjitiun of oue Hiirl'tice to iinothor 
in saeh « wagr flmt the lliafe ihall In vnrj point be nuide to coincide with the M'coud without either 
niptiiieorstratdiiDgtakiBg place, we have to And flrat the differential equation of all tufiieaa 
which can be developed or deformed in such a way as to coincide tlirouj;hout with a ;;iven snrfiice. 
The iili ii nf (Ifflniuj; a .siiifiici' anal.Ytic.iII > liy imaiis of tlircc ei|Uutions whicli Horve to cxitiv.ss tlio 
three rectilinear oo ordiuates of a point iu terms of two independent variables is a very old oue 
andloraltarredtofgq^ajinliiewTltiiigebothof lAgnageandBotv bvt flM gloty of peredv- 
ing the fnll importance of the conception is due to Oanss alone, who, in his celebrate<l ^'Dhquiti- 
tutnc* grnrralr* cirm Huperficie* curra*^ made the whole theory of KurfiiceH, and e«pecially that 
part of it which pertained to the curvutuni of 8urfar«'8, depend npon the.se two new iiaruiiielcrs. 
Anoug tbe most temarludde of the theorems obtained b; Oaass is tbe one rekiting to tbe applica- 
tloD of one mrflwe upon uiotiier. Ganm, in • oertnln neoemv, arrived at thk tiicorem by 
awMdent. He was endeavoring to express the niea.s!in' of rnrviitnre of a snrface (that is, tlio 
reciprocal of the product of the prineipal ntdii of curvatnn' at any ]K>iiit) as a AiucUon of tliu 
r]uautitie8 p and q (the two independent parameters) when ho discovered tliat this quantity 
depended only on tbe fbnctioos £, F, O, wluch serx-e to express the linear dement of tlie eorfiitce 
in the Hum 

From tills Gauss was enaMed to conclii'lc ttuif if two surfaces are applicable, (lie one npon the 
other, tliat is to say, in such a manner that to each iwint of the first (lier« c^)iTt>spoii(lM a iwiut of the 
second, the distance between two inHnitely near points ou either snrfiicr iH-ing ecjoal to the distance 
between tbe two oomtpooding pointa of the other, then the fiuetioDS £, F, G are to be considered 
as having the same vahie fbr the two anrfhcea and the neaanres of enrvatnra will also have tbe 

satno value for luitti. Tins tlu-ori-ni, (irst sfa'cil liy Criinss, lias led many eminent jjeonictors to 
undertalie tbe foundation of a theory of surfai'cs ajiplicable to any given surface; this theory has, 
of couriH', ita simpk-st application when the surface upon which the development is to be made is 
• phuie. In the first investigation which fbUowe it iadeaiiedloJiHd a acaM of a»eertiUKt»§ ukethar 
«r Moe two fkMn tttrfuei are a^licable, H»oiutotk« oflsr. Wo najr, fat brevity, siieak of tbe two 

** ' S(j,.v,.-)-« 

S'(y,y,y)=o 

denote the other. Suppose x, y, 2 to be expressed as I'unctiouB of two independent variables p and 
f; fbr the linear dement of tUa aoifiMe we have then the ipdi-ltnown eipNidon 

where 



o-(M)'<Z)'*(M)' 



Denote 1lgrf^«' the independeotvariaMeswhldi aerve to detecntee iv', y', a'; then ftr tbe linear 
; of this aatflMe we have 

d»"=E'4p"+2F<^p'rf«'+G<ij« 
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where 



and 80 forth. If, now, the two surfuois are npplic4il>lo the onv to the other in siuh a way tliAt 
the diataace between two inftnitttly near itoiuts on the ttrHt in <-<|iial to the dintaiRe between tbe 
two eorrespoudtng poiats of the leooDd sarfiioe, there inniit exist values of ff and ^ exprtwcd in 
tenuB of p and 9, whidi wilt oatiaiy the eqntioii 

whatwsr be the valnes nf r/, dp, th/. Canss slunvii in his memoir upon oithninorpliin ))r<>- 
there always exiuta uiKin a Hurfaco particular valnettof the variables and j, which 

Hmm have been ninady leftned to in the chapter ou orthomorpbie prc^wtioo, ao nothing mora 
need be and 4rf them heie. Odling them, however, (a, «) and (w',**)! ««bnv«M the new ibnn of 
Am above equation of oondition 

ibetngnfiuettenaf ((i,v)anda'or(«^,«'). Rieter the«e etpteMlene and write 

«+<ea« Vf+iffmm W'^il^mfi 

We have then elmirily 

denoting the valne of I in terms of a aod ^, and tlie corres]>onding vaino of X' in terms of tf 
and , 

A very remarkable conaequenoe follows immediately from this equation, vis, that a' depends 
onoidlroDeof ttevBijaUee«,jl,aBd/KdependaiqiOtttheoflMr. Write 

The above equality thus becomoH 

Now, and d,i hemp quite arbitran% there cannot exist in the second member of tliis eqnntion 
any other quantity than dad,}, with itn voeflicient j that is, the coeilicieuts of da' and dp' must be 
equal to aero, or 

Ftam this followe tba^ « and ^ being independent Tariablee, 

. •'-/iW ^'-/(«) 

Tika the Ant te en it, and the eqnalitr immediately beeomea 

mm whieb 

log ,^=log y«+log/ («)+togA 
Diflbrentiatiom of this fkmotion with respect to a and ,i suoeeadTdir givea at 

d* log f»_£|log/* 
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and, Oaalljr, 

1 (/»iotrv'_ 1 (/'logp" 

Webave tkeu the reuarkable property that if t wo mirf.kties nre applicable tiie one to tbe oClMir fbe 



. 1 <Plogy» 

bM tlw MiiM THlae ibr tbe two aiufboM at the eomqioBdiiig ]wfiit«. In eider t» onive at tbe 
feometrieal ajgnMnamw att,yn jnoeti aaflritovat Beannhig tbevariablea «• bave 



UnlUpIy tbU by tbe supeifloial denent of tiie auibee^ or by 
and iDtegiate tbiongkoat tbe r^ioa indoded bfao arbitrary oloeed ««rTa traced 

Nowjdenoteby theBnb«cript numcmls 1, 2, 3 .... 2m the even nnnibor of points in \vlii< li tlio lino 
vsCOQStantf produced ia a positive directiuu, ineets tlie cloeed coDtour; tbeu, oonsideriug the term 

and faitegtitttof Ibr % aloiie, w» bBW^ tf we dIaiegMd tbe aecoiid totegnrthm Ibr the pteeeot, 

when (^^^^^ denotea tbe value of thia quantity atlliepoliittjL Snpipoae that, in tiwentag the 

eleaed carve, the points of tbe curve following the points 1, 3, 5 . . . 2in— .1 are ou the aide of the 
line 0 towaida which « is counted as positive, and that the jmiutM following, 2, 4, 0 . . . 2in, nre 
on the aide of v towards which a is counted as negative; Fig. 40 illustrates what is meant, 



— te 




•MS 



Fia.«. 
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the iM>rtionH la2, 3r4, &c., lyiuR towards tla' <lin'C{iou of tlie po.sitive «, and the ]>ortion(i ~bS, 4M 
]ying towanld tlif ilircclion of tlic lu-pktivo u. Dcnotn hyj tho i>oRi(ivo niiglu furmtHl at each of 
tbo points by tlie cloBoit curve and the line ff, and by d« the element of the closed cnrre} we iMve^ 
obvtowdy, tat the odd points, 1, 3, 5 . . . 3in— 1, 

y/jLdv=siu jd» 

aud fur the even poiuts, 2, 4, if . . . Sn, 

VJdvss—aiujda 

The above ipweilea nov beeoonei 

the aummatioo extending over all the points 1| 2 . . . 2ptf where the cloaed carve is encountered 
tbe line VKeooet In tttoadag the integmtkm with nepeet to wbieh we hid fbr ttie i 



dinegudedfWeindatoiiioeflirtiMtKlneedvahMof tbeteriii J* J^'^^''^^^^ iv it OealMitle integral 

eixtended all found the doMdooDtonr. AehnOartmniftnniatioDglvM 

and an flv the eqnatiou onder eooddentfoo 
eragain 

If now (/u and it denote the incretneots, positive or negative, which tbe quautities h and « 
receive in pasviDg flroBk the fiist point of tbe elenent dt to its last point, and 'a, the com- 
apanding ineniMntaor«and«fbraduplaoeBMnt dntn the dirccthia of tka ' 
the oontoar, there wDl leaalt theD, at an,? point ef the eontonr, 

f i^f4te.eoBidi i/Xde-KiDidf 

from which 



liieaa velatiooa («) penntt na to eApi esa tiie above lehrtiaQa in tbe i 
and (») give 
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Hj Iw'iiig tlio iiicrcmpiit, positive or negative, which J receives wliil«> jiassiny' from llir fu-si to tlie lust 
point of da, and ids the iucrement of ds for the dispbioeiueut in iu the dixectiou of the exterior 
aonMl to Om cwve. VuxOtmum, 

/|,-A+B+C+ -(»-3)» 

A, B, O Mag the fBterfor asglw ef the eontonr and n Che namber of Cheie aogles; tban 

itmlta, Anally, 

ib-A-B~0- •l'(«-2)« 

< aa iUosbiite thifl formula by a very simple geonietricuil coiistmction. Sappose that the 
closed eontoor under conaideration is only the small panUelognun BACD, formed Iqr the lines 
p, q, v+^P- 9+^9 (4> d^ to be positive). The exprewiom fbr deaiant of ana ii mil knowa 
to ))« of the form v^EG— Tho Intagial j(/Ui^ of ooone, teduoos in fliia eoae to a oia^ 
element, and is, iu fact> ^ 



b Ob esse, of 
fh«i«nsalto 




Hm UoM f aad f be daootad br M, 



A-* 



and oonaeqaently 
lloir, aa is alM mil 



B-.-(.+g^,) 

-A-B-0 . . . 



p 

Veo 



aadltanniBgtiieejqptMaiaiiliMr ^froai«bUiraliaTav«i3roaiay,tetiilB 



For fbtnie oonTonlaiioa wa will write 
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linally aoBrider the Integral of dt, Tlito ndoew to fliar elenato eofieqioiidnic to ^ 



Itaar sideH of the curvilinear pumllelogram BAOD. HM<talOMlftntollTetoCheiidoAJBIiaof»Ite 



AA^.iS^" or AA' ndBiybdngnonMa to AB,aiid BAWdMotimtto 



AA'-A£ ain ^^ y'^O-g' ^^ 



We have then for this tirst element 



1 rdd . VdQ „rfF"I . 
FnMn irhat iHteoedM ii« flu dtdnoe ak ODOO that the olomont oomqpoi^^ 

wkicli gives for Uiu sam of the two elemonti) n^littivci to BA and CD 



In like Banner, fbr tbe aun of tbe two elements relathre to AO and BD tkere ie ftmnd 

dri ^rfE.FdE .//Fx-l, . 

Tkb integnl f -^^ ds Ium tbeo fior its Talne 
The equation 

This fimnala ^res the value uf k as a functioo of the arbitrary pamnieters p and f. 

It ia now qaite easy to determine the geometrieal aigniflcaoca of and to ahow that, dianigard- 
log tho aign, the double of thia ftinction expreaaea to o o wiw of oomtora. If ji and q denote tbe 
tvoteateogiilareoHwdliiatrearaiidf, we abell bmroi ■taue « b the tblid oo-oidinnto, 

dzd'z 

Iz-dQ-FdO ^dF\_ ~^dxd^ 



l/dE_FrfON 

'^'*"°*^"tH(|)']V.+(£)'<$)' 



Digitized by Google 



TKBATiaE ON PBOJECTIONS. 176 



dz d'z 

^ 3jp dxdy 



dz 
dx 



vtaish 



2k= 



vbich, apart from tbe sign, is tlie exproiwioQ io ternu of x,y,2, for tbe reciprocal of the prodnot of 
the |»iiieipal ndU nTflarratnci. 

The result of what jirececles is expremed by aaylnif that wliea two surfaces are applicable, the 
one tinon the other, their moaiiarca of carvatnre at the oorrespondinj; points arc cqnaJ. 

Tills tlieDrein of Gauss's constitute* a necessary but not sufliricnt cuiMlitiiiii (iftlie ai)|ilicability 
of the two vuifaoea ooiuidered. it i« to be obaerved, bowevor, tbat when a first relation baa been 
idilained between liieeancapoiidiiifiMiiita) It ieidwajreceaj to flnd ••eeondt we can theocalcn- 
lale tlie vatnea «tgf and 9', which alone are admiMtibIc, and on Rnbstituting tliem in 

Edp'+-2h-djulq-i^V,dii'=i:'>lp'+-2V'dp'dq>+Gdq' 

determiuti wL<-tlier or uut tbe .suriaci'H are up|>licabk- to one another. If A' ia a fuuetiuii of/j and q, 
and Vofi/ and q', we must hare, if tbe Hurfaces S and S' are applicable, k^V. By Oauss'N the- 
oiwn we know that tlie qnantilMN k and V are the leapeetive meainres irf oarratnie for 8 and 8'. 
D H Bgre n tiatinfc we have 

or, aa we maj write for slnapIlflaatioD, 

(>) mi^Uqmwf^-^iifiq 
Tbia eqaatioD eombioed with 

I>/;f' v::F<i;>(iv+Cr<J//'=K'«7/)'+2F'/;)'%' + Grf?' 

Nerves to (letemiini- dp' and us ftaacttolu of dp and dq; but the values of dp' and d^ should be 
expressed as linear fuiit.tions of dp and dgi, since pf and 9' are expresaible as fhnetions of p and g} 
it is evident, iroui the forma of the two equations from which the determination of dpf and aa 
ftinctions of dp and <29 is to be made, that this can only happen where there exist certain deter- 
ininatr' rt'lation's l)«'twf«'ii tin- i|iiiinlilio.s I], 1', (! and E'. I'', (I', and the (|uaiitilii'M ni, n and ni', n'. 
In onier to iletenuiue (his relation, square equation (a) and add it to equation {^), previously 
naltiplied by an indeterninate qnaotitgr l\ wa will (hnn have 

(ii^+)B)i|p'-f2(«m+)P)d^d^-f(ii^+m)d^-(«'*+iS^)dii^+9(W^-iF)^dy-«.(n^+ 
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if aow Um indfltcrminate I is determiiieil by Uie eondiUoo that tbe flnt member of thia eqnatiaii 
ahall be the aqnare of a binomial of the flmt degree in and dq, it will be neoeMmry that the 

secoiiil iiu'iiihnr be also the Bqaara of a biiidtiiial of the first degree in dp' and th/'; nr. in ollipr 
wonU, tbe valuea of i wliioh render tbe t»u uieinht rft perfiH t Kqtuircs must be equal; we have, 
then^ by aioqto algebra 

1 

V» 

lUa ia tbe aoagfat reUtion, which, fur brevity, we shall write iu the form 
and we haTa tbas the two diflbreiitial aqnaliou 



E, 


2F, 


G 


1 


E', 2F', 


G' 


"» 




0 






0 


0, 








0, m', 


n' 



to 



K=K' 



H=H' 



and between tbcse foar eqaationn wc can determine />', ^, dp', dq" as fuuctionK of p, q, dp, dq, in 
each a way that whatefier bO the values of p, q, dp, dq, if these are Miilistitute<1 in eijiiatioii (,^) we 
will iMva the final neceaeajy and solficieiit conditioaa which mitat be AilflUed iu order that the two 
> a and 8* may be applioaUa Idia one vpro tiia atiier. If va aaUiaet ftva the aqnam of 
I (•) the pndnot, mambar by anmber, of (A ^od flw aqnatfam HaiH', wa have 



or, writing 



B . 
















1 m, M 1 1 m, 





n' 



dp' + 



M', a' 



dft 



Thia equation combined with 
aftudaiiatlianMaiNaf elintiwtiBg 4|p' ^} we bwfa, to fhot, 



^faV- g'aOa-(/W~fm)a'H.g(-0»»*-p'aiOm.|.(aa-»afl ^, 



ftom whiob is readily dednoed 



MP yina I ^a^ 

rfn rfn ,<fH' 

dp a <7 _ i/p' 



,dH' 



f> Idtr 



dj 



Ip' 
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or, on acoouut of tlio equality U^II', 



dH. 



: dH I I dH' dH' 



(II) I [(Fn-Gi.) ^-(B»-P«») ^°;-(B'»'-P'«i') ^5:j 

(I) and (U) oombined witJi (lU) 
Md(iy) 



stord the means of coiiiplotoly eiolving the problem; for the valnos of j>' and ^ obtained by solving 
■oy (wo of tiieiie Ibiir eqoatwns mut mtiafy tfaA othor two, wbotover be tfae valnes of p and $. It 
wfll not be neoewiary to carry flirtber thete general eooaideratioM, m the matfaematioil reader 
who is iiitcri'stiMi iti this most Iwaotifid bniieii of feooielrj will natnraUy eeek tlie oiigiinl 
luemuirs for lull iulormation. 

A brief aoooantof the method of determiniaf all the mrfhcea apptteaUe to a giveD tmltee 
will now be given, nnder the aappoeitioii tliat the lioeKr etoment A of ttw aoiflwa t can he repre- 
sented by « 

a and being the imaginary varinblea alread}' defined, and f a knovrn function of a and I). Bep* 
resent by f , tj, C the uukauwn foticUuas of » and which expresa the rectangular ,coK>nliDatea of 
the pointa of tuy aniflwe W applkaUe to 8} tlM aqiuve of the liiNar eieoniit of tiiia aeeend 

surface is 

Equating the second member of tliin Lvst efOatiOB tO til* aeeond lIMUlber Of tiM pMoedillg^ it ll 
dear that we miuit have the conditions 



(A) 

write 
(B) 



d.*d; d,d, dcdc J. 



d, 



d: 



Theeo values satisfy iileiitically the first two equations (A), and for the satisfaction of the third we 
bafe to laeart the eonditiim 

m, n I 



(0) 



m', ft' 



Differeotiating tho first row of eqaatious (B) for ^ and the second for a, wo see that the following 
eoodlHonei 



12 T P 



* «P ni.— 



dfi da 
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whieh ooodaot to the following: 



Mid, irifh saAnoce to 0, tfacae give 

1 dm 1 dm' 1 d» Iditf M* d n m'* d 
iff 4fi=E lli=ff K*^ ifim^'^Hlff 

WHiiriiwrtliig 9f tfutamnt 0, 

(B) M^arfM'^ 



d n_ if d 1 



iilqnatioa (KJ abows that m' and n" aro the partial derivatives with respect to a aad fi of some one 
tmaknotimtftif ireflHillMaviito 



(H) "^t^ "^^J"* 

(F) and (U) then t>ecome 

d n _ i d If _ ii.- (I \ ^ ^ 

/jl « » if d 1 

DifligireiitiatiDg the first of these with respei^t to p aad tho second with respect to a, and eqaatiDg 



The aolationof ths propoHed probktn is Onis made to dc]>end npon tbe iotegratioa of eqaation (K); 
for, if wo know ? oh a function of a and i-i jiiatioiia (H) will dotonnine m' and m" as fonctioos of tho 

buiiio variables; (F) and (6) will dctoriuiue ^ and n, and n' will bo found from (C); finally, then, 



w, iw*, w, It* being known, siaple quadi B torw willaalBeetod«tKiiiiiie(, i;, C, forwvluv* 

Another morp pcncral invosti^ration may be made ■which shall lay no restrirtioiis whatever 
apon the original parameters p and q. If and q' are the corresponding iNiramctcrs for the 
MooDd Mtiflwe, ire knoir tliat tlie ntotioni 
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rnn Hf cstiiMisliiMl, wliich " ill cnaMo us to writo an pxpression for the element of l0Bgt]| upon 
this tiurfuce, which shall depvud ouly ou j> uucL q. Let thu equation ut' oue aurfuoe be * 

/(X, jr, ^)=0 

and let p and q denote tlie iudepcfnileat paniin«t«n In temia of wMoh fhe TdnM of y, c may be 



cxprc8siHl. Wo iDay, of course, coTiNidiT p ii nd «/ no ili'tLTinllied ttttt jpaMDlb and { 
be the equatioiui of the liiuts of curvuttirt', in w hich i-.iaa 

/=oon8t. /;=<!-onHt. (7=cou8t. 

wUi denote tiio oquatious of the orthogonal sarfaccs. The expression for tho element of length 
oo/ia 

(1) ib^Edi^+SF^+Qif 
wbera 

Now, rappoae a seoond surfaice to exist which is developable upou tho first. Call r^, c the vn- 
mdinstes in tliia oaae and da the elemenli of length. If this aeoond snifiwe can be developed npou 
tbe flrat^ it will be neeeasaiy and anfilelent that the points of tbe one be made to eorrespoud to 
Ibose of t!io other — that we shall have ds = ii'j in every dinclioii around two eiirrr^jM iuliii',' puiiils. 
This equality most hold, then, whatever be tho vuiues of dp and dq, whicli deliue these diflcreut 
dJraotiona. Noir}fbr4riroh»ve 

nod, ten it^it^ we miiat b»T« 

EaE' FsF' Ga>CK 

It foltowa from this tbat tfae three new variables i;, c are three ftinctione of p and q, such that 

liciii}; .sut)«ti(ut(-(l for x, y, i in e(|u;itio!is tliesf cfinaiioiis fthall bo identically satisfied. Con- 
versely, every solatiou of eqoatious will furnish a surface which may be developed npon the 
girea mrfiHe. It ia onljr ne e c a wa y to diminate from thcae eqnationa way two of tiie < 

X, y,z\n order )n find tlic desintl cfination, whieh will be the renultiiif,' difTcrential equatlooi 
isflcd by the reuiuuiiug qiiaulity, sny by Wo have, now, from the llrat and third of (ii) 

For ooovenloDoe^ write • 
Oea «e may replaoo tliMO two eqitaHooa tbe I 



(5) ^»«eootf ^s^ooBf ^s«aiii« ^(ttt^9 



The aeeood «f (S) low 



^(OM#«OB f «ain f)^V'-%^s^ 
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Difliszentiatiiig tiie eqnatfoiu of tbe first row of (ft) liar f and p iMftwtivieljr, and flobtractiiig, iM 
I theMne opaiAtioDs performed upon tbe Moond row dimiiMley} m Itan 1km 



dg dr 



ijOM *-a aiu « ^-^^ OM ain 9 ^. 



Multiply the first of these by ixM 0, the second by ttin «, and add; then multiply the first by cos f 
wdA the aeeood by aiof* and add; we bave then 



F« braritj v« may alao write 

Hmo, alnce ooa {f—f^^ . 

BqwtioiM (•) am new wtttten 
(10) 



d« tie is 



dq - ' If 

ircM dai 



d*_5 

r 



(11) 

nnally, tem tlie 

MOV 1 dr r^'^ rf'rN 1/ '^Ad? 

From the niatiou I— jr'sr*, we hare 



^-r^'-di; 

fiir llroB 10 and ll,aiide4qate tbe icaaltai 



(IS) 



dr 4' 



dr 



(U) 



(14) 



which contuins only E, F, Q, and the differential ooefflcieotseff ttew^ptantttieaand' withnapecl 
to|» sud uud is ooosequeutly the difl'ereuUal equatiou aoo^t. 

Deoote now by ft the GaniHiaii meaaoieef curvature fiven byHihe < 



->^>=i^tv(f-S)]^4[v(*-^D]i-^> 

wbea T*a>BQ-F', and p denotea tbe detenniaant 

dB rfO rfF 

dp' dp' dp 

dB dO dP 
d*» if' if 
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Agiun, denoting for bievitiy the minon of tbie deteminent eoneepondiiif lo aaj dement bj 
pineiiiff tlMt elennnt in Inabketa, tiiiie: 

ntao, write 

Snbetituting now in (14) tbe Telnes of ft, r, Ai><l> "^f'^'' "o<°c rather tedione bnt not 

enlft ndnetieu, the fbllowlag fbim fiir Chia equMion: 



+j.y.[4v«^-Bi|^>.10||(D--«.»M 

where r,«,( denote respectively the aeoond derivatives 

It is to be obsen cil^that tbis equation ia linear in (<v— f ) and in r, 1^ ud t, end ii In Iknt n pextial 
dilleieatial eqaatiou of the second order, of tlie form 

Br+8»+T(+U(«-«')=W 

wliero R, 8, T, U, and W are giTCO fhnctions ot x,y,z,^, ^ or of j), q, ^f, A frenerdl into- 

dp of up uq 



gration ia of ooorae imposcible, ao we will note only a few apeeial oaeea. If we consider now tlint 
tbe three aorfteea /, p, 7 are ortliogonal, than theeomi gtfen briefly ae pseonet and fseonat. eat 

at ri^'lit ;tn ;:irs. siiuM' they bi'lori;; to the two diJBmnt sets of linea of earvatnie^ and Ibr this ( 

PssO, aud cquatiou (lU) takes tbo form 

. ( d 1 dO d 1 dV. \ 

* I dp VEG dp dq VEd dq ] 

ForBaOtblebeoomee 



wliflve 



Diyitized by Google 



182 



TBBATI8B OV PBOJE0TIOK8. 



SupiHJse iu equation (10) that £=6=0; this requires tbat tbe quautitioa deuoted by a aud /} sliall 
be inaeliuuy, or 

It would be oonvenieut iu utaitiDg ftom tbia brpotbeaia to use tbe Imaginary rariabln deflned bj 

or conne tbeae letteni ^fif have no connection witb tbose prevkmsty employed. Usiu^ tbeso 
vnrinblM, Boor bas tmted tfae problom veiy fbllybi die Joaraal dePfioole Po1.yt«cbni(|ii<-, vul. 
22. VVe will n-tuni In tli;ir (iDini, howi'viT, but may observe, retaining oar variahK-s p and q, tlio 
form assiuutid by tlie tquatiou uiuUr ihc uasuuied liypotLesin of lv=(j=0. Write I'^Jif; tbeu wo 

bnre 

Add and eobtnot 

1 d*di>dzaz 
Ifdpdqdpdq 

•od tide beeonee lendOy 
Make to tbie eqnatioii 

dz dz_^ 

^dq" 

and we And tbet Ibe eqeotten ie Mttalied} Oenlbn 

dpSf"^ 

is a aUigttlar Mdation of the diiiiBiential eqaatteo. 

If we make Bsl, F=o, and O a fbnction of p only, we oome to tbe ease of tbe deTetopment 

upon Kurfiu-es of revolution, a ji;\rtinil;ir f.ine of wliich hue been .stnilietl by toi in Mil. ^9 

of Cri'lle's Journal. There are Hoveral otlier suppositious which might be made, and which would 
eondoet to interestiog reanlts, bat tiie object of tbe ioTesUgatioD bas been attained, and ao ira laiqr 
leave tbe aat^eet bere. Itis qnite possiUe tbat a sbignlar aolntion migbt be foand for equation 
(16) or eqnntion (17), which Is a soiBeiently (general form, wbieb would prove valaablo in Htudyiug 
tbe general ;;eoinflrii' |ini|>ei ties of this cla.sn of .snifiices. 

It is to be observed that for £, F, Q all constants (of ooone indnding tbe case FbO), the gen- 
end equation reduces to 

rt-fl*»0 

tbe simplcat dasa of devel«|wbb> sniibceBy via, those wbieb can be developed uiwn a plane. 

TIda efutioB la dedaeed ftom K Iqr the eappoaitioii fsseoDat., and as we kuow bas for its 
geaoFBl integral tbe teanlt of eUnination of « between die eqaationa 

where a is a fuoctdou of a and fi, aud/andy are arbitrary functional symbols. By saooesaiTe^ dif- 
ferentiating §ot « and fit ve ftnd 

Also 



fton wbieb 
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aadftirUMr 



Fiaallr, flh a, fli^fi^ MdK ttoB tauvB M ftuMtian «r • Mid ate 
m OMi obttdn tine valiiM «€ fi f » C hir «qiatioiiM 



The qnantities m, beinf fluMdooaof fbeMIMqaailtily«|»flllldiM 

raadiiy tlie equatiocui 



ndcaawq im i t ly 



The GQuaUoD 

be plMed in any one of ttM flaw 



HyV, ir being fonctions of a, which ai\- drti nniii;iblc tiy hiinple qtimlraturfH, 

The equations giving dS, d^i, d: mu uon U- inu-grattd by porta giviag witb tefereaoe to tlieM 
lartthrwivlKtioiia, 

( :=2fltlla+2lIl'K'/»— W 



WehamtJiiiaoiily to«Uiniaato%/^«b«imeii«qii^^ {b)m oid«r to vbttrin 

tioa of tiM NQQlMd aufllMM. IkA dlBdoilkn «f c «Ml ^ it MidlljdlBfltod. nto 
titles, V, fDiictioiiitof l^BDltipilr<he«4«rtialM of ckn^ (>) bgr tteae qiundtiM iHpeotlTelrf 

[ add the resulta. 
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MnlUply the aamo equations by di, d/L, and respectively, «ad the set giviug du, dv, aad dip 1^ 
—if — v^nqMotivdytaikladatlieicaiiltinf afzeqaationag^ 

Bov liiiM i, 14 » an iDdetnininate, w» iMgr irilto 

VllldlgiTM 

Asft(tMi'.HMO itask{mimf—miif) »mk(mmf+i^m) 

It being any qoaatllT irluitover{ m and Umd dteppaar Ikvoi equtioin («} and (d), «od thew •qm* 
tfaoandneeto 

If we wislitnl to lU'toniiiiu' tlif' pqiiatitm of ihv rf-qiiircd Kiirfacr in rectangular eo ordinates, it 
would be nooo6«ary to eliminate a between cquatiDUS (e); but since the first of these is linear in £f 
C| and the oeoond ia the derivative of the first with leapeet to the parameter a, it is obvious at 
ODoe that the surface is the enveli^ of a uoviDg plana that la to aagr. It is Ad0»elopable nr/aee. 

Bonnet has given a very elaborate discnssion of the smfhees wUeh are developable upon 
surfaces of revolution, and in volume 50 of Cii W( i:ii,';irti u li;i.s ;::\ i-n < stipitioii of a vory 

cnrious class of surfaces applicable to one aootlier. The principal tbcoreui wbicb bo proves is, that 
1k» mnfium ^ tmlm ^ M mufiuta fur iMA at oay jNriMt om f r i n ^p^ rtMn tf mnuOmn i» • 
pmeiion aolely of the other, form a «y«fm of gurfaceti which are all derelopable vpon ttt$ Mtftttr. 

As the intention of tbese last three chapters is merely to give the roa4lcr a sUjbtldaa of the 
more geneml theory of projection by diflVrent methods, it is not at all ncce-ssary to go into the 
•at()ect with any raore flillDess, either for the purpose of dedndog other new prindples or of apply* 
ing my Anther tlioae already obtained. Bnoagh has been aafd to meet an the reqnframenta of the 
reader who merely wishes a alitrht ncqnaintance with this subjpct; all otlirrs \v<uil<l natiinilly to 
the original memoirs and discover for themselves the geometrical gems which abound in the writ- 
lBg»«r Ganaa, Jiaaahl, UmTiUa, Bamnefe, Boor, Oodaid and Abaat of oChan. 



P^RT II. 



CONSTRUCTION OF PROJECTIOIsS. 

m 
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OONSTRUOTION OF PBOJBSOTION8. 

SIBBBOOBAPmO PBOJBOHOV.' 

TIm itanognqiliie pnijMtioii 1« one lii whloh Mie fl^w to mppoMd to be ptooed At th« tnrihM of 
thd Bp1ieir6|MMl in the hemisphere oppoHite to that whirh it i>) dcsimhlp to projrot. Tlio cxnct 
position of the eye U at the extremity of the diameter, parsing through the |>uiiu ii«Kuiued ua the 
oeiit«r of the map. 

It hiw been abown in the first part of this p^ier that only tbe scale of the jienpeetiTe prcjeo- 
tion to alteied an alteratfon of the poeltion of the plane of ptqfeodon; thto beiiicIlM eaae^ and 

it being mono convenient to take the lOniie as iiassin^ thronj;h the center Of the qpihon^ US Will 
hereafter assame tho plane of projection to Im' such a diametral plane. 

The ateieogtaphio projection has b«en al»o firaod anooff tbe poaslble orthomorpbic prqjeo- 
tMNis, i. pKdeetiooB wMoh prawm tbe aostoa} w aaed heite necely state thto prqpertj, 
leaTfa)^ it fbr tlMwe who wtiA a proof of ft to reflsr to Part I. 

In Fig. I, Part T, let C denote tho contt r of tlio sjihero, V the point of sight, Op the trace of tho 
plane of pngection upon the pLuie of the paper, P the pole of tbe equator, and M any other jioiul 
.intbe«ph«rairiMae]atttiideto«BiidIongitade*} PZZ'dflnolMliieflatii^^ Webaveiww 



to these add 

Taking O, the projection of Z, as the onifio «f MHHdlliates, and p, the projection of P, as another 
point of the axes of a, draw OY pcrpendiealar to Op, and we have the axes to which it is most 
coiiveiiiciit to refer the projection. Attsnme 1* aa the pm^eetifliw of H} tim Oll«fl^ wy . We 
have already found for t and y the values 

cr^ainwcoBtfcogw— ooeaaiotf) ffrooe^aim* 
«4-r(eaaaeaa«eoa*<friB«aiD») r (ooa « ooa «ooa « + lia aaio I) 



Ftor flia oaaa of ateiMsnvUo pn^Mloih kave o«r^ 
throagb the eeoter «f llM q^hen o'Kr, thwe Ibnaidaa 



r(ainil008 0 cos ta —COS a sin (') r COR If sill u, 

I+OOB«C08 0 COS u-f-8ia a sin o) '""l+co.s a vim n < <)s tu + .siii a sin />) 

By elimiDatioii of aod » from thci«e equations, we would arrive at i lie equations of t lie meridians 
and imrallels which would be fonnd to be . the sqoatioos of circles {s(>o Part I). By varying the 
angle a, we can make Uie plane of prcgection assume aof positMUi that we pleaae, and aa the above 
eqiiatloiis am tnie Itar any Tatae of «, we aie enabled to aa^ tbak all sirobs ^ tito 4pijtor* ^ 
graphic projection, rrpretented by circUn. Two jtarticolar fttBS Of tUs pw j sstfain avs ot apeslal 
interest and value, and we shall now tal<e them up. 

STF.REOGUAPniC EQUATOBIAL PHOJECTION. 

The ])lane of the equator is here taken for the plane of prqjectioii, and, therafoce, in oar form- 
ulaa we must write o=i|> gives 

^ roostfcoaoi _ rcos^siow 

Write hei« 
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then, Beam tbeee eqaatioiw, ve em obtwo for the meridums 

m 

and for ttie panUloU 

3t*+^=r' tan* * 

The incridiaiis arc tbuH seen to he ]>rojecte(l into right liue^ passiDg throagh tho origin, aud tlio 
parallels are projected into eonceiitric circles, whose center is at the origin, and the radius of each 
of them i« equal to the radius of tbo sphere multiplied by the tangeot of half the oo-latitnde of tlio 
point. Tlic tndins of tho equator or bounding circle of the i)rojection is found by making o=u, i. e., 
C=(K), ami is coiiso<jiieiitl,v =r. Tlir «.-oiistniLtii>n of tbf imiifctioii is iiciw very simple. Take any 
puiut as oeuter, and with a radius (ou the proper scale) equal tu the radius of the sphere describe 
• eifele; this will be the bounding eirole ef tiw nap. Hov, divide tbe dreumfereBoe of tble into 
equal parts of 5^, or 10°, or whatever subdivision may be most deHiral>le; the diameters drawn 
thnitiKh these points of division will be thn meridians. The parallels are all eircle.s concentric 
with the one alrejidy drawn, and can b« constructed for any latitude by muUiplyiii^; the radius of 
the agthere by the tangent of one-half the complement of the latitude, «ad t»king this quantity 
aa tho radlmi of the peraDel required. TaUe I is eonatmoted by meane of the farmoln 

c * ' • 

P=r fan 

p denoting the radius of tlie projectwl jmralU-l. The valtn s nf /. are j;iven for every .'P of latitude 
on the assumption of r=l. This projection, and others elosely allied to it, have bet-n verj' AUly 
worked out id Part I| and as it is designed in Part II to give only the most elementaiy and neees* 
sary principles eonneoted witli tlie oonstniotioii of the vuions piiqjeQtiona^ it will not be ueoesMiy 
to say aay mm npon this psTtknlar casst 

MBBIMttAnRO imnMAX HKUaonOK. 

This is the projection generally employed when it is dcHirefl to represent an entire hemisphere 
un the map. The eye is supjMweii to be placed at some point of the equator, aud the jdiine of the 
meridian di!>tant ft-om this point is taken as tlie plane of projection. For tern'.strial charts 
the plane of tho meridian of Qreenwich ia usually taken as the plane of prqjectiott, tlie eye being 
tben situated at tiie point on the equator wboae longitude is 00^, or The meiidisn passing 
through the eye is taken as the first meridian in reckoning lonfritnde. For maps of pohir n-^jions 
the .stcreographic equatorial ]>rojet^tiou is obviously to be prefcmnl to thiSf buC this gives an 

excellent and sliBpie method of repMseuting the two heuiqdhsns OH tw» separate ciharts. We 
hare, in tlds ease, «kO, and therefore 

— r sing r co etf sin* 

f-feosffoon* '~f+eos»ooa« 

Ihe meridians aie eirolea given by the equation 

The centers of these circles lie ou tho axis of y at tho |K)iiitjs given biJ 

fs:0 if=:—r cot m 

and their radii are given by 

Bssrcoeeco 

Tor the bounding meridian asHOO and Bsr. We hare then merely to draw a drcle Itom any 

asHiiiiicd iHjiut as center, whose ra<lius =r (on tho chosen scale), and this will be tho bounding 
circle of the map. Draw two diameters of this circle at right angles to each other and they will 
doDOle the equator and drat meridian reqaetlnlly. The distanoe firom the eeutsr of the map to 
the Itttaiseetion «f any meridian with the equator is given by the ftmnla 

««rtaB| 
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If now on the lino raprpsenting the eqnstor we lay off the di8tance« 1 r oot « to tbe tight and left 
of the first meridian we will find the centers of the projcctious of the meridians; it ia then only 
« necvHiutry to (Iniw circles from t)ifso pointN an (U'lilcrH widi radii r rofVfiO w, lilid tlM BiWllllllW Will 

be cooHtruoted on the map. For the pnralU'l.s we liave th« (Hiuatioa 

j-' + y' + l.'rj fOSiT f-f r' = 0 
which represents circles having their centers on the tkxiti of x at the poiuUi given by 

f'=— rooeecf ^^ss9 

and wboM ladS «ra gfvra Iqr 

R=rcot<» 

For the diHtauce from the center of the map to the intersection of any particular parallel with the 
flntMridun, weluiTe 

ifsr tao| 

The aoutmotion of the parallels la Himilaf to that of the meiMluis, the centers merely boing 
taken on tlw pvqieotion of the first meridiap. One tlUng i% bomrcir, to be obatrved in const ract- 
in;; these corvw: FOr the neridlaos !f la to he noHoed tbat tlie fbrmnla <;=— r oot » gives, when 

the leiil tsi^n of thii is miiiit.i, (lie eeiiters of meridians that lii' on the + ^idc of llir (irst hum idiiiii ; 
and when tbaiigBOf ig is positive this formula gives the centers of the meridians lying ou the 
negative Me Of tiMflnliBeiidiaii. Ivllie«aaeortliepantleI%liowever,tliafbnial»fcs^roeaBB« 
givm the centen* gf those parallels which lie on the i: sides of the equator, respective!}'. Germain 
has given a table which facilitates the construction of this projection. In using it the following 
points are to be obeerved: Calling the radius of tlie projection of u meridian; />, the radius of 
the pnyection of a parallel; {S„ f J and {Sg, the co-ordinates of the centers of the uieridhuis 
and paiallelB respeetiTdy, a»l 4. and \ tba distanees turn tta eenter of the diaxt to tbe inters 
(u'etioiis of the inrridiniis witli the equator aod of tlkB paiallelB With the flrst loeiidian, we have, 
for all these quuutitiw, the t'oniiulas 

^asreot# «U»0 ^sreotf ^srtMi| 




D 
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We see frDiii these that />" i« the Naiiio function of a that ?, is of 0; the same relation holds between 
and />, and between 3^ and <t^ On this account it ia only neccasary to have one column in tiie 
table for eadi of tbese pairs of qaantities. XhA fidlowiiig pioblein is aolTed iu Put I, but U ot 
importance, ao the wlation ia repoated kere. 

TO VINZ> TOE DSSTAMOB BBTWXKt TWO POmTS OH THE BPmRB AND ON THE MAP. 

Let 3 denote the diataace on the sphere betnwii tt» poiuta A and B, ^ the diatanee betmoo 
A',B^,flwirpoqjei)tiaiia. Anuino a point M MMSh thit 

KAs* MBaf 

and similarly 

M'AW WBfwmf 

We have thus a spherical triaoflo MAB, and a plane triangle M'A'B' with the angles M and M' 
equal (sinoe the ateraofcmphio Bpqjeotion pieaerrea the auglea). Now, in the Bpherical triangle 
m have 

oos *=<xw X cm y+siu x sin y coa M 



Wo koov, ho««v«r» that 

af^rtuk^ f'Brten| 
and therefino, after rilmlMtlwi of M, m oUain readily 

coH i J cos}y 

From this it follows that if x and y are couHtant, e. y., if they are assumed to remain npon tho i 
parallel, then ia ^ proportional to 2 sin or to the dund of the am AB npoa tlie ^phe>e» what- 
«T«rbatiieT»hieflf H. UU=A, 

f^x'—ji' *=jr— jf 

and oooaeQiientlr tbeduMd of t 

chord 

From this the yalne of 4 on flie sphera earn ho fimnd fhr evuy tf "Mil>ilfllrff Tdna of J' on the 

charl . Tliin exprr^sion r Miiint l)o cmplnriMl when 2^=/ or when differs TiSCy little tkOU ffF, FOT 

this case, however, we uced merely to make M=180°, then 

chotd*=a'H!L««lC€+») 

fhMn which the valoe of * am alwaja be esaetly obtained. 

• ■ 

90 Fnm THE LATinmB AED UnreiTUDE op a place peck its FOBinOH OE THE CHABT. 

l!he geneni eqontioa of the meridians in tiia steiMgrsphie piiqjection is, aa we bare eeeoy 

that of parallels is 

urt-r-r^ "sm«+an* ^ 8ln#+Bln« 
For brsTitr write a^-ff's:^; tten ftom the flist of these eqnatioas we have 

eot»B^=^oosa-|-|atn« 

and item the leoood 

*i**j^sin.-pj^ooaa 
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I giro iu the meaiu of finding 9 and m when c and y an 
Vor the atereogiapbio equAtorial projeotian 

For the atereogntpbic meridian projeotiou a=0, uud couseqaeutly 



In tliia projection the eye is at center of the sphere and the plane of projection is a tangent 
pkMie te the ^hece. All great circles will be pntJeeted in atraight Unea, with the exoeptioa of the 
eqoator, whfaii win ebTloasly be projected in a oirele at fnflnity. On tliia aeooont the gnomoplo 

projection can only he nnplnytMl for a [lortinn of ttn' sjihcru loss tbaii a Lemispbere. Tl 
formulas, aa found in I'iirt I, ior tlm ( odrUinati^s of a point ou the projection are 

r( 8in u 009 OcoaiK—coa gain 0) rcoegeinw 
cae«coa#«oa«^-aiii«ain« '^«oe«eoa«eoB»+aiiiaiiB« 

Vor the gnoBOiik eqaatorial pnqJeotloQ we have oaM^ end ao 

«»root«€oa« y»r€ot«dDM 
WlimtBatieB of 9 ftom this gim ae tin eqaaticn of the meridlHia 

t/=xtan o 

which shows that the meridians are projected iu straight lineS| mAking the same angles with 
otlier aa the meridlana themaelves do on tlie epheve. 
The eqnadon of the parallels ia 

These tinea are thus prcjected into ooocentrie oirdeo whose radM an proportional to the ootaogents 

of tboir latitiulps. The construction (soe Fig. .')) is oxtif niclj- Ritii])l<'. Di\i(le tlio limiting circle 
of tbe etmrt into any convenient number of ])art8, and joiu the center to ttic jioiuts which cxprcas 
the liititudeH eountetl frorn tlit> <1iaineter AA' ])erpendionlur to the first meridian} tiiese radii pro- 
louciHl meet the tangent IT' parallel to this diametert and cat off on it diataoeeaeqoal to the radii 
of the parallels. 

OHOKomo lasKsuux wamtnmn. 

For this caae asO, and 

•--'Si f-rtMi« 
The ineridiaaa hare for eqnatkm 

yssrtanv 

which rapreseots atraight Unce parallel to the siis of a. 
For the parallela we have 

This reprpsvtitH a scries of hyperbolas having their major axes lying on the axis of x, and their 
minor axes peri>eDdicular to the axis of x, which is taken as tbe tirst meridian. The mi^or axes 
aEegtvenbf 

fl=i; r tan If 

the minor axes by 

h=2r 

For the coustructiuu of these hyperbolas it in most convenient to determine a series of points whose 
•bselssaa are given bgr 
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and then calculate the inteneotiona of tbe parallela with the mendians aappoBed already drawn, 
by gMngtof aeertain nine and to m a leriM of TahiM, 10°» 10b« Ae., «ririMtam may bo 
■MMt ooavonJent Foraftartlier invvotisatioaof Uiisprq)eotioii the leader is TeAmd to Fart L 

oBZHowAvmo pmojwmov. 

This pmJeeBoB Is not used for geogiaiiUoal fopwseototleBi, tat boo been omplogred Id tiio 

poiisfrnctioii of eelestin! charts, and is commonly employed for arcLiteotural and mechanical 
dniwinKs. The i>oiut of Higlit iu this projection is Hupixjsetl at uu inftuite ditituuce from the center 
of the sphere; this involves the vriting of c=x in tlif general equations for )>er8pei^tive ]iroj«c- 
tiona. We bare then a cylinder leplamng the oone which has been used in making all of the pie- 
TioQS pnjeetions. It is dear that at! ebetes of the spboe wfll be projected oo eiliier eirdes, 

eU^neSi or straiglit lines, accor'lin^ tn the inclination of the plane of t!ie circle to the axis of 
flie pcqjectiug cylinder. Uu placing c=xi iu our geuerul c<iuatiuu8, we tiud for the rectaugular 
eo-oidiiiatco of any point in tlilB pnijeetioa 

•sr(sin«oos#oosM— oooaiinf) ysapoosfatnn 

Fnm tiieae wo bavo Ibr the oqiutloQ of flia Boildiani, by oUainatiag 

«^ tkf m-itg sin > lin ^^{l-ftaf* ttaf •)-«• ooi^ « tin! mm» 

This eqnatka lepresenbi ellipses baving liiolr eenten at tta otiglit of o»«tdinateB} flie tiHpecs 
have Uie saaie imyor axis giTea by 

Ss-9r 

and bavo their minor axes given by 

26~2r cos « ata * 

Fbr llio parallels we have the equation 

x'+y'+rx cos a win 0—r' «in{a — y) siu(u + fl)=0 
This denotes ellipses whose centers are on the axis of x at difftftni^ from the origin given by 

t=:r COS a sin a 

and wiiooe axes see given by 

9r=2rooef 2^B2r oos«sin« 

OBTHOSBAPBIO nSVATOBIAL FBOJaOnOII. 

For this ease, we have, as nsoal, «m90o, and oonseqnently 

«aBrooo#eoB* . ysreoB'8in«» 
In this ease the mecidlaas ate straight lines given by 

and tte paialMa an eonoentrio dides given by the equation 

If theoelestial sphere is to be pr^fected acoofding to this method, it will be desirable to obtain 
the pn^eetion of the edtptie. This is simply a great drde wboee pHine nudges an angle of 29o SS* 

with the jilane of the equator; the line of intersection has a longitude of either 0" or The 
required pii>jection is simply an elli|HHi whose In^jor axis is equal 2r, and is coincident wiili the 
projection of the first meridian; the minor axls lo oos 89> M^, and this is eoineldent widi the 
prqiection of the meridian of W>. 
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osnKNnuPBic itaxaaus nxumonoK. 
Am xmal, we have for this oaM the ooQdition a— 0, and in oooMqaenoe 

«ar«lii'# y^oMfainw 

Fof the meridiauM, we have tliu ellipses 

whose oenten aieattlie origin and whose axes are 
TIm paialieb are obrhmsly given by 

mmrmn* 

and are represented by riRht liues panillel to Ihd axin of y or, the same thing, parallel to the 
cqnator. The elliiiees will iu all the precediog CMea be best oonstracted by points} the method 
of doin^ so when the ibmafais are so simple is too obvioas to require any expfamation. The plane 

of pnijectioii corninnnly eniployt'd for {'flestial cliart.s is that of tlic nxi's of tin- f'|ii;itnr ;itii1 
ediptie, or tiimply the noKstitial cttliirc. TLe pi-ojectious of the equator iiiul eclijitir, a.s also of ail 
pomlli-lN to either, will then be ri^ht lines. The center of the projection will rcpre.sent Iheequi- 
nooti;il jKiints, and tlx' soKticcs will he |)roji't!t('<l in the estn'mitics of (h<' (ndiptic. Declination 

circlcH of liijhc Uitceuiiiou ^ — u, tuiU meridians of celestial longitude arc projected in ellipses 
whose uuyor axis is aSr, and wbose minor axes respectiTely eqaal r eoa « and r sId a. 

LAOHANOK'S ruo.lKCTIO.V. 

This is au orthnmorpbic pnije^-lion, i. c, one \\ hich dova not alter the angles in pmjecting 
them; it also possesses the property of representing Imth niertdianH and parallels as arcs of circles; 
in these respeets it reaaables the atereogiaphio pn^eetion, wliieh is indeed only a particnlar of 
Lagrange^ pnifeeHott. The eonstmetion of the earvee beinff ao simple, it will only be necemarj* 
to gi\<' tlic iliffi II lit formnlas for finding their ci nti rs and radii. Take for axes the meridian and 
parallel through the center of the map. The latitude of the parallel is % its colatitude f*. Lay 
ofT from the center O (Fig. 42) on the u.xi.s of r, the distances POssPO=A; thii entire distance I'l" 
w SMs, of conne, qaile arbitiary, but, when ehoaeo, llxcs the scale of the mp^ It will be observed 
that wu befbre need tha axis or>ns in flie directiaa of FF, but the present plan of using f ean 
ennse no • on fusion. Hie meridians malte at P and angka t being an airUtiaij eooatMit) 
and called the coeOolent'or the chart, 

Tbo nwridiniw have tbr eqoatimi 

The eeuttt of eaeh flirde is on Hm axb of ( at the poinA 
» 

on the right of ^ if Iho longitude m is west, ou the left if ■» is casi longitude. 
Fortheiatnceptaef thiseirdaottthe axiaaf $ wehavei)Bea^andai> 

fmi tan tmmOU cot twaOM' 

The tndfi of ihm dMdM are given by 

X 

^"«ob2/«» 

13 T P 



Digitized by Google 



194 



TB1SATI8B ON FBOJBOTIONS. 



To draw tbe 



it to oa^ nta emo Ky in dwwfben FPm 
cfactoMnff the tie of 18004.91m. The 

t»lHi''{eot*'| 



we eoBtMjteKlhe 




KTO. 43. 

The centers of theee drclee are apoo tlie axis oi , and are giveo by 
The intend apen the aile of « am given bgr «ad aie 
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or mtotitatiBg ftir i ito vdM 

2iJt i^-n" 



■a 



[l-cot^tan|~|** ri+oot^tanf,n" 



Th«" point y iM'itip |;nren by the abovf formnln, describi' a circle upon IM" ;is iliiiiitctt r; at the 
l>oiiil J» (Intw NH pc t'lKtiulicular to PI" until it imctN the cirelo iD 15; hi.v off ()1J = (JN, ami draw 
MOttlfr cinh' through D and B, with its center lui ri"; this center isof conrsc formed by drawing 
• poqWDdicular to DB at ita middle point, uul pruduciug it until it meets PJ?'; ttie iutecMOtioB of 

«Uh ttib oinonftvaiMe vm be tiie oeBter of the 

irB*«P<)*-ON'-ND. DC 

or 

J»— t"— '^r'n 

It ia to be remembered tbat, when the ellipticity of the earth is to be taken into account, we muat 
ueCaiidCtiiwtNdorf Midfk* n«<Mwlllol«iife«rthediart todstenniiMdlijtlMlb^^ 

. * 

We have found in Part I that the ratio of the corresponding ehMnont iTv dtjitaiuos npon the 
chart and upon the spberoid is, Tor all orthouiorphic projections, indejietidcnt uf the direcdoiu of 
kdementi. DeootiBgtliiaiilwIqriiii mhMltartlievalmartiiiaqnMi^ 



^ -«OVl~K'C0sFy 



taa*| tat^l 
,+Seoa«-+ , 

tan" J ^"^'2_i 



where : denotes tlie i>olar distanoe of tiM point oometed to oDow fbr tlift oUlpUeUj of •p1i»> 

loid, or tor a spherical earth, 



r tan" 71 tan'-T^n 



The pi^nt for which m differs least from unity is Hituatod u|>ou the mosidlMl PP*; ftOB wtaUh 
the longitode ii niMaand and bu ita eo-tatitude ^ , denued by the relatioB 



The latio of 0ie polar diutances of this point is then equal to 

2t— COSfi 

»+eoefi 

In the neighborhood of this point the areas preserve ver>' nearly their true MBCIiitude; and 
the infinitesimal poirtiona (rfUw aoHhoe to be pngectod are ainilar to the oorreaponding oleMonli 
on the projectioa, the tam of An ngtona noor tUi potnt win be delbrm«d the lenat poeaibia. It 



Digitized by Coogle 



106 



TlUCATlSi: ON l'UOJKCTION8. 



will be clearly adraatBgeoQS in coD»inictiDg a prt^ection of Uii« kiod to itwnine (bu point om nearly 
08 may be nt the crater of the map; the ooontrira then wty vme the crater wfli very «pi>roxl- 

iiKitrly iiri'stTM' tlicir tni(> fnnii. Tin- coiistriicf ion of tlu- pnijcction will tlifii iinM-ced as fi)llo\vs : • 
(^liiMKSo ilif point — c«uuie iui[iortaut geograpbical position wliicL it iH dfsintl to place ucar tbe ci-ntcr 
of Ihc map; its colatitiule l» fi. Atwittne that tlie longitude ia measured rrom tlie meridian of thio 
poiot wbidi m v^preMiited bj a right Hoc The ooufllcieut of th« projectioa is ^ven by , 

2f— i/l-fiiuT^ 

It is tiicii only ncccRsart- to place this polat wywhen npon Uw line PP*— aagr M E— «nd by off 

from K tbe ditttanoee given by 

PK 2t—cnfi 

Tlic pnints P :iii(l I' sii iiht.iiiicc] ;irc tlic pules. The distance 1*1" is of coiii-sc nrbitrnrv, niiil (1c|m ii(1s 
moix'ly upuii lUo proposed nculc ul'tlie ii)ii]>. I'm- tlie latitude of the ceuter of tlie cburt wu.ha%°e 

Xiwwiiif Dtnr tbe poles, Mm eentor of the duirf, nml its ooeOeleot, (he raPMinder of the eoDstnw- 
tten praeeedfl in tlie nwoner almdy IndieatetL 

PROjBcnom BT VKfsuanaxi. 

Tlio following section has been taken :iliii(ist entirely fVom Part I and wiiliont Any material 
change. The MMMidcitttions are all of such an elementnry natnie^ and the pnycetions treated ate 
so imprirtuiit. that ft hnn not seemed necessary in this praetieal part of the ImmIc to do more than 
repeut wiiat li;i:-» lieeii uivi ii in Part I. In onlcr that a snil'are may be reinesentwl npon n )ilano 
vitbont any cbuu{:e of an;.'les or area»i, it nin.st be !>ni'li an one aH can, by slitlinj; it o|»eii along 
sonic line, be roUed oat and made to coincide with the plane at every point. Such Burfaces aa the 
cylin<lei s Ml r ones obviously fulfill these oonditions. The surfaces which iHxuseas this pro|K<rty iire 
appri<| ri:iii I . cnlled developable snrttoes. The npliere, however, or ellipHoid, does not sntiKfy this 
eontbiiDii tot cxaet represetttation, Ro that it !■» in i c^^arv to replace eitlier of these Knrf'accs, a« 
nearly aa may lie, by develoimble surfaces it|>on which lines are dniwn correspoinliiig to the 
meridians and paiallels. The oonatrnetion of these lines upon the new Kurfavo must, of course, 
be of Biieh a nature as to make them oorrespond in nil ways aa closely us possible with the original 
lines upon the sphere. The attempt to make prrtjectinns of this kind lias notuntlly given rise to 
two methods <>{ soliition: these are, first, by aid of an auxiliary cone; second, liy aid of an 
nnxi'iary cylinder. Consider, iirst, Conical Projectioos. Conceive a cone passed tangent to tbe 
s|ihere«lonp tiie panlkd of latitnde whleli is at tbe niMte ef the vsgion to he pn^eoteil. Also, 
imagine the planes of the difl^nt parallels and meridians to be pnMlneed until tliey cnt the 
cone. We will then have upon the snrfaee of the eone small quadrilaterals eorrespondin;; to 
tli<t!te of the HjiluTc; the n:a-:nitudes are ilitVenMit, but flic aiiRlcs an- obviously flic same. Now 
develop Ibecouo upon n plane; tlu^ meridians will clearly become ngbt lines from the vertex of the 
enne to tlie tlifferent points of tbe de^-eloped parallel of tangeney (or any other), and tin panilMa 
will 1x1 eoin'cnlrie t'Irelc.x, the vertex of the cone iM'ing the common center. The |r.inill(-l of 
tanneuey is obviously the only one unalteifd by the develo|)nient. The <iuadrilaterals upon the 
Bplien' arc reproduced ii|h)ii the Niiiiare ntill us rci'taiiKular, but the magnitudes are ditt'cient, us 
i-qnal distances of latitude ujion the sphere are represented by distances which diminish towards 
the fiole and increase towards tbe equator. The difljerraees of longitude are all greater npcni ihe 

.siiit'.iee of Ihc cone than n])oli the splicre, except lor llie parallel of tatijiciiey. The error in 
latitude may be completely (and that in lon^^itudc paititill>) climiuati-d by laying oU along the 
middle mi l iilian of the development the rcctiOcd lengths of Oe dtataneca between the |iiairilda, 
ami tbruugb the iwints thus obtaiuetl, with tlm vertex of Ihe cone aa n center, describing am of 
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"Bf tbla lueaus we obtain for the differenoeti in latitude their true values, and for the 
In hwgltiidAvalimwIileli an naoniiMrijreomet tban Cboae glvao Iv flntmetliod. 





Fig. 13 Blinws both 
elenrly from the flnt 



flM dotted Udm oomapondiiis to tte 



180O 



ncliiod. We Irnn 



mrvamtt mmf 



wbsra ftt is tl'*; latitude of (lie inidillr par.iHt-l KM ami - is the ililVcit iicr (if Idii^jitiulc of llu' 
•ztVHM mcridiaiw which ore to be prtyoctcd; also, let V denote tiie angle of the extremo ekmeuts 
of tke oone wtfcsh appMr in tke derak^tiMiit The radiu YM of the ulddle poralkl is giveo by 

imp V 



and fton flgoiB (S) fbOom: ^ 



OomMitMoii «r theee two vahtH 



flirimi'civw 

Vkv sill »t 



It is ol)\-i(m8 now how to coiiRtruct the projection: The angle V being deteriuined, we have for the 
r.uliu8 of the middle parallel VM=:r cut 0^ Lay off from M tliediatHMMI Ifa^ and Ml^ oUailWd 
Ujr iM^tnal i«ctia«»tioa. If the diataoee fiootuu n degicea, 



•jjjo 



BtLVttg then the center and one pofait on the elfcutufereuce, we can dnw the circtoB wbieh repn* 
sent tbe panllela of latitndf. If we coH # the angle between the prqjeetioae of two necidiaiia 
eonei^oiiduic to m npon the epheie^ we have dearfjr 



m * 
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lk« ndiu of tiiA paialMl at Istttnd* « wffl be 

rad tin oonvBponding of loogUadA • trill be 

sn> aiii 4b(eat4^(tf-«^l 

The error for each degree of the parallel wilt then be 



VAih'T inveatlKiited at m>me length the ttiiH^rv ut cotiic projection, and determined a cone fnUll- 
iDg the following coiuiitioDs: 

1. That the errors at tbe top and bottom extremities of tbe obart should be equal. 
3. That they aball be eqnal to tbe gneteet eRwr wUah oeeoie near the meea petelld. 

Tlic (-(inc ill tliis caw i-i otivions! y a sccniit and not a tangent cone to the Ki>hcn>. Ijet i\ rlciiote 
the leufit hititmle of the rc^'ion to be projetted, and tlie grfalcwt value of the latitude; let AB, 
Fig. 14, denote tbe portion of the middle meridiati comprised between these extreme latitudes. 
Deatgnete by « the length of lo of the meiidiea, and let P and Q be tbe iDteraeotiooH of the oeii> 



tral meridian with tbe pamlleU, along which the defjrees shall jireHcrvc upon the map their exact 
ratio with tbe actual degrees of latitude; also call and t, the latitudes of these tiro parallels, 
nponeeehor whieh a degree of longitude haa wpe e liTely the ▼alaes *eoe ff, ead Stoto^ iMyeit 
tiMMtwo values of P almip flic lines and Q, pcrpi'ntlir-iilar to AB, and join pq; this line will 
rBpreaent the meridian, removed oue degive froiu Al!. Tlie point of iiiters4.'etion O will obviously 
be the common point of meeting of all the moridians and the center of nil the imrallela. Tlie dis- 
tance (hwi O to Miy pendlel i« readily found ; Hince OVp is a right angle, we have 



=r{o—0g)Mus, 




I!M.t4. 




fhMi 



vUeh 



<(ooetf,— costf.) £cofl9|i 



COS 0,— Goe Of 
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Having determined the center O, it ie only neeeeaaiy to dr»w an ivo of radio* OP, and npoo it lay 
oir Irnpths =^ ooR (T,; these will ffive tiie polnte thronjth wbieta the meridlana yaae. Tlwn leyfng 

<itT. al<ii)t,' the inidillc mtridiuii, liistatu-ejj i>qHal to tlii' immlw-r of derives of latitude of (lif ililTfrfiit 
IKiRillvU to be cuustnicteU, draw through the poiuta thua found circlea having their ueutcr »t O, 
nnd the imdeetiona «f the fiandlela wlil be oonatmeted. 

We will now determine the errors rasnlting ft^ni thin constmeliM opoB the MEtNDM parallels 
through A oud U. Kepreacntiug by m the^angle POp, w« find 

— po §,-», 

which becomea 

COM li—VO»0, 

If we take and expre^H the denuuiiiiHtor iu parls of radiui^ which is doue by making 

ttaaO.QVt'KOSSf the value of |o in a circle of radius unity. Let z repreaent tbe distance in degrees 
ftnm tin eeater O to tbe pole. The diatance from P to tbe pole will besMlo— f,; itoni P to O 
will ImbSOO— tfy+x; tbe value of this in parts of radius will be 

It la ea^r t» aee BOW that ira imat have 



The distauce of the extrouie parallel A troin O will be iu partH of radina 

Multiplying this by the value of », we lmv*> fur the value of the degree upon tbia parallel 

a (9tJO-tf.+s) (cos 0,-008 #,) 

*.= *— * 

iiiKtead of cos (>.. The differencfl of these twoTaloeaglTeathaanorahwgtheparallet thioogb A. 
For B tbe en«r is the dillinenoe between 4 eos «t and 

Bntor'a proposltian waa to detenhw iha paiHlUa P and Q Id aooh a maoMr aa ta nnka 
enon at A aDd B aqaal. BqaatlBf theaotwoamnandndneing^ wvbava 



(«.-^(floa ^-ooa *J+(#,-»,>(ooa *.-eoa^)-» 
For the length of one degrae npon the ppidMa of A aod D wo ha%'e 



We 

»(MO-«>..|.s)«-iNiB«.«i»(IMo-^*+sHeos«» 

fhHB wUdi ftdhnm 

_ooe».— coKffj 

Further, equate both of these erroia to the greateet error which ocean Ixitweeii A and B, snpiioe- 
ingintheHiatinatanoethat itooeniaatthopoiatXhair wayfkonAtoB. Tha httitoda of X to 



2 

iThe emr than ia 
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its sigti hf \u'^ (ipposite to thio mgM of thecniM* at A and B. TIm oonditiaii U iwir cxpmaed by 

the two cHiiiikuouB 

OMag • its value —f''^^*^^, we And rvadily 
wbieb rednees to 

fk«n vUoh « is nMdilr fimiid. Applyinc *hie to the conatmotion «f amap of TfaMja, Itto only 
neeeiaarr to wilto 

#,«iOO «»s70O 
Tbe fiHrmala for m ghraa now atonoe 



^ coa 4l>°— co« 70° 
30« 



TiMeqntioa 

gf ves now 

(8iio-a«)M»-La886a 

Now, ui>=U.Ul'll ; tliurefurv 

^ 1J3962 
0.0141 

So far we have assnmcMl that the miiximnm error Imv ut the middle of AB : hnt wo will 
flud the correct poiut, aiid asauuie tlmt lur thi^ iilao; the latitude is «; the error will now bo 

V (00°— 0-t-2) « — cos 0 

IHftinitiating this with leapeet to t and eqnatiDg to xero, we Aod for the position of 
or 

Bqaatiag tin emr at « to flioM of A and B, 

firom which 



llMTalaflaof «aiid*fitemylitaBlhiBthfliraaoniaed*aliiw«rBOaiidUOi«apectiT^ The 
eivon at A and B ai« thaa eqaal to 

M»(90ei_#i^«)-eoi«^M(Mna4« 

A doprpt' on the parallel of 40' is then expressed by 0.TT550 instead of 0.7(iC04, its true vahie ii|ion 
the sphere. This degree is tbeu abont ^ greater than the true degree on the parallel of 40^, oud 
the degfM on the paialM of TOO to abOQt A too giaat, ito trae valoa iMliig O^SiSn 
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mubooorVi PBOJEOTion; 

In Fig. IB, let t, ^ desote tbe latitude of two eztareine pondlels As and Bb, which limit » 
•pberical sone whoae prqleetloii is to lie deteruiDed. The latitade of M half way between A and 



Bis 




no. u. 

MnnliM li's piojortion consists in malting tlie entire an>!i of the chart equal tn the entire area 
of tbo zone to be ])rojecttHl. Iii tjnler to effect this it will hv iii'ci't«iar.v — 8iii»i>OMinK I'N ami ;«> the 
radii of the extreme prtrallels of the chart (obtaintMl hy rcrtifiiation) — that the tturfaoe generated 
by tbe revolution of OJtf(a:AB) about PC aball be =2xr{ab), where r— ndina of the apheto 
expreaaed in degrees. Itft i denote flie squl aogloH ijCM, ;CH; we msfe then have 

9irKlrABa>S)cr(a«) 

From the aimOar triaog^ KOi; and UFO we obtain 



conaeqaeotly 



KJt K<J 

ro"BD 



Ki=rco8"-^-*coa< 



vahave 



ooe larin ^— lin 9,^9 ain 



This givee for cos' tbe valae 



ain ' ' 



eos«»- 



0,-9, 



It in eaay to aee that, for tbe radiua Kp=Ii of the middle panUlel, we luve 



BsfOOt^iiflOS^ 

Tbe quantitlea which we have already denoted hy r and V are Iiere connected by Uie lelatioa 



T«rain 
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Moidocli, in order to draw the iutermodiate pamlleU, divided the right liue OX into equal 
parta, giving itar tte mdioB of uj panllel tf, 

A metbod which, althouRh perfectly arbitrary, had the effect of dimini-'lHn^' the entm in tlM olttllL 
Uayer, who reaomed the problem proiH)«Mi by Murdoch, ^vo tlie nuia j^; aud M 

and, M Kf >K;>r till «, 

jifsR-riia«sr — j»;=B+r 8ia<=r . ^ ".^ 

A ieoond netbod of projection was foven by Murdoch, in wblcli tbe eye fa place*! nt the c(>nter 
of the apbere,as in gnomonie projection, and a ])en<|>ective i« ina4l<> which '» Hubjcct to tli(^ condition 
of pnaerriBg tlie entira Mu&oe of the. zone which ia to be represented. Lambert waa tbe flrat to 
indfeato a neUiod of eonic derolopawnt wbldi sImniM prawm atl fhe aogloB enoept tbe one at 

tho vcrtf'X of Ww coiif. wlii>ii the ."tCO" havinj; npon the splicit? the ]"il<> for center will obvionsly \w 
rapreHeuted iu diflttivut manners acconliug to tlie diflerent couililious to be fultilled. A full 
aeeoont of tliia nwtbod ia given In tlie eit^tar on orHumMH^iio iwq|eotiaaa. 

KHniM PBOJXOnOR. 



Tliia metiMid of p«|jeotkMi is that wbidi baa been aluoat oniTeraaDy employed fix' tbe detailed 

toiwfrraphical maps baaed on the detailed trigooometrical sorreys of the Revernl states of Europe. 
It wa« orijiiuatinl by Bonne, was thoron|^hl.y investigated by Henry and I'niswint in connection 
with the nia|> of France, mmiI tuhlcH for France were coiMimteii by I'Icnsck. In constmcting a map 
on tbia prq|eotiOD a central meridian and a central parallel are drat assuaitd. A cone tangent 
along tbe oentiat pnnllid is tlien aa a n a itd and the oentnl meridian developed along that denent 
of the cone " liich is tangent to it, and the cone is then developed on a tunjrent plane. Tlxv 
parallel fulls into an arc of a cin;le with ita center at the vertex, mikI the nieridiun iM'cunie.s a 
graduated right line. Concentric circles arc then conceived to be traced through poiuta of this 
meridian at clementarjr diatancea along ita length. The souea of the sphere lying between tho 
paralMs tbrongfa tbeaa potnta aie nnt eonoeived to be developed each betweni its eo n reapo n ding 

iin s. Thus, all the parallel /.ones of the sphere are rolled out on ii phmc in their tnic n lations to 
each other and to the central meridian, each having in projection tlic siiuie width, lcn|.'tli, and 
Halation to the neii;hborii)g zouea ns on the spheroidal surface. Ah there an< no openings bclweeti 
eoaaeoutivo developed elementa, the total area is unaltered by the devetopment. Bach meridian of 
the projeotion is ao tnu)ed as to cot each parallel la tbe same pdnt in which ft Inlerseeted tt on the 
sphere. If the <'a.-4e in hand be that involving the greate.st e.vtcnNion of tin- nietliiHl, m r li >• n' tho 
projection of the entire spheroidal surface, a prime or (M iitnil ineiidiau nuist Ur^t he cIidm u, oue- 
half of which gives the central straight line of the development, and the other half cuts the xoiies 
apart and beoomea the outer boondafy of the total developed figure. Next, tbe latitude of the 
governing parallel moat be asaumed, thus flxfng the center of all tbe concentric drclea of dcrclop. 

meiit. lliivint; then druwn a stnii^^ht line ;in<l ;;ra<lnate(l it lioin !I0° north latitude to tH(° south 
latitude, and having HxchI tlie vertex or center of development on it, concentric arcs are drawn 
ftom this center through tbe diflhnat gcaduations. Tliere results ft-om this process an oblong, 
kidoey-shaped figure which represents the entire earth's surface, and the boundary of which is the 
double developed lower half of the meridian first assumed. This prnjis tion preM?r\-es in all cases 
the area.H (Icveliipeil without any change. The meridians intcrhi-ct the central parallel at light 
augioa, and along this as along the central meridian tbe map is strictly' correct. For modcrato 
areas tite interaectiona approach fadecably to being reotaogalar. AH diatancea along parallels are 
oorreot, hot distances along tbe meridfaiua are increased In pn^eetioo in tbe same ratio aa the 
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eorine of the nngle between the ndhis of the pnmllel ftnd the tangent to the meridian at the 

point of intersection is (iiiiiiiiislicd- Tlins, in ;i full e;irtli i)roji-<'tiou tin- hoiiii«Iiiijr nioridiiiti is 
elongated to about twice its origiuoi lengtli. While each quadrilateral of the map preiM>rv«'s Ua 
lureu unchanged, its two diafonab lieoone niMqaal; one inereasing and the other decreasing in 
teoeding towaida the Qonwii ef Che ma^ the gwataat inaqnalitgr being towarda tho coat and weal 




no.i& 

Denote Ow tadioa of the eeiitnd paialM hgr ^ i tlMo (Fig. It) 

OA,»^reoi^ 

Denote bgr 9 Hie length of the arc AA« and the arc poaaing tluongh a given point M; ot courw, 
doaotMtteUrtitadooritooentnapaiallalaodflliatorttepBnrililM^ Xhelatttadoof Mia 



MAa^MT 000^1^+^^ ^^«_r not h-9 



vsVQs/v rin m 



It is nut ilifliimlt in tliitt prujc-ctiou to talie acooant of the apberoidal form of the earth. It is only 
noceasary to mnltiply oot «^ hgr the pthieipal nomal «« and rqdaee tihe a|ilMrioal mo t by the 
oUiptie ana given liy 



Then 



^Btheot4^— • 



ohq com I 



Iheae give the radii of the pmjectioiut of the parallels, which are then readily constructed. Lay 
off fton the eentral meridian npon the paiallda noweonatmeled lengtha eqnal to one dcgrce apon 

each difTere lit parallel. ;in(l thmufrli ihcs^a iM>ititN paiM a enrve, Whioh Wfll bo the Iin)|ao(i«l Of tlM 
ineridiaud. Thi> lengtiui tiru given by the ibnuula 

, 2ir naeosf 



The concave partn of thcae curves arc all turued toward Uio central meridian. 
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The angle / in Fig. 17 is the angle wbicb ttio tangent to tho meridian at M inakce with tbe 
ladioaOM of tihepandUtlaoiii^ that point Tbieom^te olaothe dUhnnae betweaatlioanglo 




that the nMiMtM 

but f^fu+t} tlMNftm 
Vow 

Differaatiotiog tbu (ivw 

and we have 
But «• knov tint 



irfttitfiapanlUlattliiapoiiitUMlWo. Wa bsra obvionalr 



OomuffumXIj wa nij viita 



, , . a<i< sill 

a(l-c') <to 
-4,+— ""ain* 



OoulHiiuig tbcaa 



aad ftr tliia aaae tan «=aO or «bO; wbieh only r^iowb what we already know, vis, that the maU. 

laos aud contml (lanilli l cut nt right iiiiKlr .-;. 

If for the ccutiiil parallel wc asstiiiK' the wiuator, tlie vert<?x of the tangent eonc in ixMuoved to 
an infinite dintance, the puritllelH all fidi into straight lines, and we have the so chIUhI KhtiiiHteedto 
pngeotioii. The kidnejr-aliaped Bonne prqieetkNi beoomee an elongated oval, with the half ueridlaa 
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ibroneastoMMl tlM wliole eqoator for Um odier. T)ieo<H)tdiD»iMforaajr|ioiiitin thkprq^tioii 
n« iwdiljr foond to be 



The furiii of tlie eqiuktiun tovitiK lias iiulucoil M. d'Averac to aivo tlim projection tbo name ainm- 
HoiiUil. This [imJiHitioii, vrhidi Hhoiild really bit ojtllod Suii.soii'h pmjcotioii, in evidi^ntly only a |Mir- 
tiotUar cane uf Itonuei's method} it m baaed upon a divuiou of the eariJi's sniiiMW iuto tones or 
rin«<rs1^IKiTRllfdsai'latitade taken at muemdvti elemrataiy diat«n«n laid olf alonfr the eratral 

nu'ii(li:iii of the ana to Ih> projtM-ted. Iliiviiif; devflopcil tin's ccntiT iiit'ridiati on n stnii^ilit line of 
llio iiiiiiif ul' |)n>jM;tion, n mtIc^ ol' iterpt'iidicuhirs in concoived to U; I'l-vclcd at the <'Jt>iiit'iitjir.v <Iis- 
taiu-cH aloug tliiH liue. Between theMo pcrt>ondicularH the elementary zones are eone('ivt'<l to ho 
di:v«3ki|wd in the oorreot ndatioiM to each other and the oenter meridian. Bach xone Ihmh^' »t uui- 
fl»rm wMtli, nccnpiea a constant UMigth ulonj^lts entire developed leii^tli, and coiimiui iiilv the 
nn-:i of thi- |i1;iik' |iroj<-ction is exiiL'tly cqiiiil to tliat of tlic splicioiil il >ii: (,n'i' thus \ rlupcil. Tlic 
meridians of the develupeil spheruid arc trace I through the same points of the parallels in which 
tbejr before ititenectcd them. I hey all cut the parallel* oUiquely, and are eon«av« toirards the 
center meridian. Thus, while each qnadrilatenil lietween iiurallela and meridians contains tho 
Kiinie urea and iHiintM after development as bofons the form of the configuration ia oonaiderably 
distortHl in rvf cditi:.' iVom iiic ci'inr.ii iiu'riiii in, and the obUqni^ of tbe iatflcsactiMM betWMD 
IwraUda and uieridiuns giow8 lo Im^ liiglily iitiiiiiiiii.il. 



If the vertex of the cone apprgachea the sphere instead of reoeding from it^ as in tbo preceding 
ease, ve hare inally, when the tangent cone beeomes a tangent plane, the pnvjeetion known 

WtTiM'i's Kqiii\ a!ciit I'rojiM tinn. The )i;ir,illi'ls are now arcs of circles di'scrilu'd alioiu the jiolc a.s 
acenicr, ami uitli mkIii t iiii.il lo their actual diiilaiietiai from the pole, i. e., wpiul lo the rcclilktl 
arc ol the colatitudes. 

The meridians are drawn by laying off on the parallels the actual distauoes between the mend- 
teas M tiwy intiaaeot tbe imrallela oo theapbere. This prq]ection is not of enoii^ impottanoe to 
^end any time In obtainliic ttoy of the fomalea eonnected with it. 



Ill all the ca^ics of conic projection that we have treated no far, we liavc M]])i«i<fd that a iiar- 
tXiW z<nii< ol'carlli was to Ih> j)rojc<:Icd, mill (hat for the zone was .siihstitutcd a iif\ clopable i^iirlauo 
n|K)n which the parallels and meridians were oonstmeted aceoitiing to any manner that may be 
desiraiil''. We have seen that this kind of pntieotkm is ouly available when but a small poirtioD 
of the earth la represented, aad that to make a prqfectloa of a coontry of great extent in latttnde 
some niodiflc^ition would be iieccs^iary. 

The system which is used in America and in England replaces each narrow zone of the earth's 
■orflMieby the corresponding conii' zone in such a waj* iis to preserve the orthogonality of the me- 
ridians and parallels. This is the pn^ecUon of which we have already spokt*a M lengUt In tbe 
Introduction, under the title of Polyconic I'rojection. As a very fhll account of tbu system hae 
been alreaily griven, and comiiari^ons made with the other ordinarv inetho<l!i of projection, we wUI 
not say aoj'thing on the subject here, but will proceed to develop the theory of tlio system. 

Tbe name rMtaafirlar pelyeonie piqleotfoB te applied to the method in whioh coeh parallel of 
the siiheroid is develoiK'd symmetrically from an ausnmed central meridian by means of tbe cone 
tangent along its circumference. Supposing each element thn* de\ eloped lelative to the common 
central meritlian, it is evident that a projection results in which all parallels and meridians inter- 
ftec-t at right angke. The paralleU will be prq^ected in circles and tbe weridiuns iu cur\'es which 
cot IIWMe ehelee at rigbt angles. The radii of tbe parallels are cqnal to tbe cotangents of tbdr 
latitudes ltd nidiiis snppofM-d unity U and the centers an- uiioii the line Wtlieh lias been I'lioseii as 
the central meridian. Aloug this meridian the parallels itreserve the sane dlstunces as they du 

ni>oa ibe sphere. 




«ss^ • eoe teK cos ^ 



WKRNKR'S Kyl lVAI.KN r PUO.IKn iON. 



vocToomo nommoau. 
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In Fig. 18 tat If iMsaj point of tbe oentiai imridUw of which tlie latitade is f^WP—Uf P 
Cbe pole; tike an PMMfik ItweentHofflMpBtelleltttoiightliepoIntMiigiTeDbyGlM^ta&ik 




If OM'lwftpoiiitlBfliilttlsriNMrtol^ i*, Wtf^riu, end e' liM eeoter oTIIia 

iralMTB 

0'H'-irtan(H+dt() 

or 



BqpeodiDg the aeooiid of tlieee we htm 
but 

therafbfo 

We lutre from the triangle CG'B 



•od integntiiif 
Of . pmtfaif to 



tf^.CC+MM'-OO'+nte 
iinr CB 

leg eoiiMBloi ten |<HMiiufe. 



teo|aOooa« 
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Sabatituting this in tbo equation for the meridianB, ve bave 



The dtotance tnm any point A to the oentral m«ridi»n ain ^, orBftaBwaiBf { but 

For taSOo, «r »t Uw «qitator, ttito beooaes^Or. The eooatant O nmt Umd repreeent aoe-balf 

tlio li>iif,'ini(!ir of tlio given inoridiuii, tin; <>(]imt(ir Immii^ developed in it« tnie length and divided 
into LH|ual parts in the same niauuer an the contntl meridian. The following conNtruction for this 
I>roj«»ction in due to Mr. CKFarrell, of the toiiographical depailinient of the War OfWcv, England. All 
data being a« already given, draw at M tiie tangent Mh perpendlealar to PU. lo ofder to deter* 
mine tke point A, whow loiigitnde ia given a« li^ off from II llie lengHn Hi»Blb| eqoaltotfae 

tiaelengilior ilieieqnied an on tiio parallel ft, eqiMl to the wo| i|^aaribed with ft iMUna 

=r Rln u. With n ami n.s €cnteia,Mid%0aiidi4)aBindii,dm»am«ntlihgdMgiTCnpeiallel 

in the pointa A and A|. Hov 



mod, moot OM«rtMi<i| we fam 
or, tauttjf 



tan MOkbO eoe « a tH ^ 



AOM=f 

and tlie distance from A to the entnl meridian ia 

artaaasinf 

Tiie ndina of oniratnie of the meridian vhoee hngitnde is • ie leadUy oUiined. Wa hatva 
AA'aiib and OC^r tao* tufa. We have then 

dt— r (aeo^a-tan' aooe r) d«—r ^2(l+G')ooai* 2-lj<I« 

eei^|d^«-Oriii«*i 

Therefore, if f> denote the radios of eorratnre of the meridian, «e will liave 

- - l+C+Coin'w 

^ — iuifinr— 

Now ooDsider the distortion in this ease, and fbr this purpose imagine a small sgnare deecriheJ oa 
the sphere having its sides parallel and perpendionlar to the meridian. Let u aadM (HSOJdallia 
itfl position, and let a l>e ttip length of the xide. If we diffltnatiate the OQIiatiOD taD^vOOMH, 
on the supposition tiiat m is constant, we have 

sec'f dfBooeatfQ 
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idao tlM length of tte Npi«««ataCioD of 94C is tauiNif, or 



sin' u cos' nd20 

Honco tliat Kido of the Rquar«> wlij< li is imiallel to the oqnntor will be rcpreWIDted hj a line 
equal to a cos' Similarly Uiu uiei iUiuu >>iili! will be reprewuteil by 

Ibe eqtiaro ie tlievdbre ivimeeiited hf a teebugto wboee lidM hsve the folto 

ami its area ui iucrea«ed iu the ratio 

If we make tiiis ratio =(uiity, there results tlie equatkm 

wliidi Ih eatiefled either hj ObO({. e^ «bO) or by 

CeoiP «+S eoe^ •— SbO 

• 

We set' fnmi tliis lliiit, tlier<> is no pxappenition of iirca ulotifj tbn tneriilian or alonj; the nirvo 
givini l»y tbo last e<|aatioii. This curve crosses Ihe central meridian i»t right angles in the latitude 
of abont 54'^ 44' ; it thence fdowly inclinejn soutbwiml, and ut flO<3 of loii^tiide from tiie central 
merldfain readiee GiOPSSfcl latitude; at ISQO, or the opposite meridian, it has reached 43f>4lV. 
The Breas of all tnieta of eoantrim lying on the mrth aide of this corre will he dinbiidwd in the 
representation, and for all tfaotsof eouBttiea aoolhdf thli eoive the aieaawaibe taMrcased Id 
the represi'iiiatioii. 

If weiepraeiit the whole sarfhoe of tbo globe eoatinaoaslr, the area of the repreeontation ie 

r'[(*+»')tau-'^+2«] 

Whirli \< jjrrnfcr tlian the true surface of tlic t'lul'"' in the mtio S : 5. 

Tlic |>eriiiH'ler of thv represeututiou is equal to the i>eriiiieter of the glube luiiltiplictl by 
i^l+s»— 1 or 2.72. It is desirable Id eertatn eases to retain tlie lengths of the degntes on all tbo 
parallels at the saeriflce of their petpeiidienlarity to the meridians. We thus obtain vrhat is 
known na the ordinary iiolyconic proJevMon, which applied to the rt>prie!«etitat<on of llu^ entire hur- 
faoe of the (;lol>e gives n flgun- witli iwn ic<'taiigid.ir axis and from t i|ii.il ipiadrants, as in the re<-t- 
aii^nlai- polyoonic prqjectiou. The central meridian alone is perpendicular to the |tarallvls, and is 
devdoped in Its tme length } upon eaeh parelM deeoribed with the eotaageut of Its tatltode ao a 

radius, we lay olTlhe tnie lengths of the deirrei s of longitude and draw tluoagb the OOnespOlldiBK 
]>oints so uhtained curves which will Ik- tlie jirojections of the meridians. 

The ordinary polyconic method lia.s hecn adopted by the United States Coast Snr\'ey beCMM 
its oiiettttioas bdag limited to » narrow belt along the eeaboanl, and not b^ng intended to flimiah 
a map of the ooontir in regnlar nnilbnn sheeta, it is prefbrred to mako an independent projeetion 
for each i>Iiine table and hytlrograpliic sheet by means of its own central nieridian. 

The iitellioil (if projection in common use in the ty'oast Survey OIHcc for small areas, snch as 
those of plaiu' table and hydlVflBiibic sheets, is call«<l tbo equidistant polyconic projection. Ttiis 
is to be regarded ralb< r as a convenient graphic approximaiion, admissiliie within certain lhaits, 
than as n distinct lu-ojei-tion, though it is caiwhle of befog extended to the largest areas and with 

results «iuite peeuliar to itM'lf. In couiitnu'tiug such a jirojeetioii, a central meridian atul a central 
fundlel are chosen, aud they are oonstmcted as in the rectaiignlar {lolyoonic method. The top or 
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bottom pamllol and a suffleiont number of intermediate parallels are constrnrtwl l>v means of the 
tables prepared for the iniriMse, and the iwint.s of intersection of the diflVrt'iii aicriiliaiis witli these 
paraili'ls nn- then found nntl the uieridians dniwn. Then startinjj from the t-Lntrul parallel the 
diittaooD to the next parallel in taken from the central meridina and laid off OB each other meridian. 
A paraTlel te traced through the points fhna fbnnd. Kach pnmnel is conatmeted by laying oflT 
equal di>>tance.H on tlie meridians in liice manniT. and tlic tal'ular anxiliary ])anjllcls air, all except 
the central one, era.sed. In fact^Monljr the poiut-s of intersection arc requiied, the auxiliary par- 
allels should not be aetualljr drown. From this process of constmctlou nsalts n projection in 
which equal meridian diatanees are ioteree^ed erwgvhm between t in- same parallela. Aa larpa 
and exteorive tables are reqolred for the aettnal const ruction of thin luoji-ction. trad as sneh are 
ainady in use in tlie Unite<l StjUes Coast Suik v OITirc, the author has not ili(m;:hl it ilcsirabia 
to append snch to this treatise. There are two such tables employed in the Coast ijurvcy and tlia 
Uiut«d States Hary. Ibo litat aet ia eontained in die Report of the SuperinteDdeok «f ths Halted 
States Const Snrvey for 18o.'i; the second was publixheil by the Rureau of Navigation in 1860. 
Both of these seta were prepared iu the Coast Surrey Office and both are in use in Uiat institution. 
A new set is now iu ]ire)Kiration in whieh tlM mo«t amprared valoas of the ettiptidly ettlie oartJi 
(Colonel Clarke's) is employed. 

rVLlNPRIC PRO.TKrrinXS. 

Cylindrio prq|ections may be derived in several diOerent ways, aocordiug as the cylinder to bo 
developed is taogaat to tbe aphera or ia a aeeaatflgrlioder. In Hm «aaa of taagwi^ the lino of 
contact may iiooltiMrtlM equator or any one of the meridians; if the cylinder is secant to tlio 
sphere, it may pass throngh cither the upper or lower parallel of the zone to bo projected, or (the 
plan usually adopted) it may be made to ])aH.s throngh some intannedlato ponlkl. Consider line 
the case when the Qj'liuder is tangent to the sphere. 

IIciv thi- cylinder ia tangent along thf (-(luttdr ami the iiniiflians and iianillols an- r«>presented 
as equidistant generatoia and ilgiitaeetions of the cylinder; after development, both of these systems 
of llneo will bo repreaented aa otralgtat lines forming a network of equal aqnano. Distanoea are 

trms-sly pxa-i'Tcrated, ]>arti('ularly in an east and wost direction, though tm an elementary Mirrncc 
the true proportious are preserved. This projection is occsisioually used toniireBcut small areas 
neair the equator, and for this puntose it is obvioosly accsrato enongh. The OODStroctkNl la ao 
simple that no description is necessary. 

JVq^Mtfjon witt MMMryisy McridiiMiff. 

Tin's is a modification of the m|nare i)rojectiiin desifrned to conform nearly to the condition 
that the arcs of longitude shall appear proiwrt ioiial to the cosines of their respective latitudes. 
The straight line representing the ccuiral meridian being properly graduated, that is, the trae 
length, by scale, of a degree of longitade (or of a minnte or multiple thereof as the case may be) 
baviag b«en laid off according to the scale adopted, two straight lines are drawn at right angles 
to the meridians to represent parallels, oii(^ near the bottom ;iiid the otlji i ueai the top of the 
chart. These parallela are next graduated, the arcs leprcscntiug degrees (multiples or t^ubdivis- 
hnM) of longitade on each having by scale tlie tmo length belonging to the latitode. The com- 
spoiiding points of equal nominal angular distance, from the middle meridian thus marked npon 
the parallels, when connected by straight lines, will produce the system of converging meridians. 
The (!is;iilvantag('8 of this proje<'iioii ate that hut tuo of the paialleK exliiliit ilie k'n^lh of arcs of 
longitude iu their true proportion and that the central meridian is alone at right angles to the 
panllda. This pn^eetion is nercirtfaeleoB snitablo flv tbe representation of toleiably large atreas, 
the above defects not being of naerfona nature within ord<nary limits It also reeoniineiicis itself 
on Hcconiil of the case witll vUoh points can be proitMited or taken od the chart by means of 
latitude and longitade. 
14 T P 
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The redmptbur projection. 

▲ leu deilBctive deliiwotiou tbun the aqiowe pngeotioa omiaiate in pfeaenting the kogtli of 
degreefl of loniptode alongr tlie middle piinillel of tlie cbsit In tMr trne relatfon to the eorreqMHid- 

iiif; tK'f;rt*eM (in the spliero ; tlicy " ill IluTcfurc apin ur .■.iiLiIIcr the K ii^rtli nf the il<'j;n'cs of 

lutiUide iu tlie proportiou 1 : cos ^. In au eastrauil-weBt directiou the chart us unduly exjMindcd. 
nbore aod unduly wotraoted below the middle parolleL 

The ne U MguUa r equal«uf»ciprvf«eHon, 

TUB iWtm from the fint fai ttotthodieiaaeeeof Cm ponlleli^iaetMMl of Mngoqaal, ne noir 

dnwn parallel to the equator. :tt tlisltiiRTi* pmportiunni to the sine of the Iittitnde. This ;;ivt's it 
Am distinctive pro|i«rty uf tlie tirvM of reutiinglea or zones on the projection being propurtionul to 
the areiks uf the euriv«pon(liii{,' figaiM OD tiM q>liefe. Tlie diatortMm, however, heooDMe quite 
ea ee e aive io the higher lotitades. 

TUB pffqjcetion nokee no see of the paralleie of latitude, bat aabstitatee ftw them » woeiid 

RyRtem of e04vdinateii, viz, one at ri^ht angles to the principal or central meridian ; it i« eonee- 
quently coarenient iu connection with rectiiu);ular spherical co-ordinates having their origin in the 
middle of the clifirt ; the project itm of Cas.siiii's chart of FraiUM' ( (iiisislcii of sqiiiirer>, and liad 
neither ineridiane (excepting one) nor parallels. It would seem, however, that in tbitt simple fomi 
it hi not the pnqfeetioD generally diettogniahcd by thie name. It has been deeetibed as fUihyira : 

Snp]>om a eylindlioal aarfime with Iti goierutiii^' line at ri;iht anijjrs to the central meridian and 
enveloping the sphere along this meridian. Tliis cylimlric 6urfaoe itt KupiM).<tcd interKccteil l\r 
plaiK .s parallel to that of the central uieridinn and these interaeetions produce on tiie chart, after 
development of the oylinder, the straight repreacntotiTee of neridiaDS, but are in reality small 
eireles on the sphere. Their distance from eaeh other is defined by passing them tbrmigh eqnni 
divi>ioiis (if ilie i>riine vertical drawn tlirnnKli the center of the chart. Tlu' i i iit7:i! im i iiliitii hav- 
ing .l)eeM eit'ially liividcd, the e(|iiidi;itaut straight lines puiitiiiig thrungh them* divi^iiou.s turni tho 
prime Tertioal By .stem. This pnijeotiOB io BOt now employed, as it oflTecs no fhcililies for plotting 
poeitioDs by latitude and iongitode; moreover, the dietorttoo rapidly ineicaaee with distance from 
the center meridian of the chart 

In l-i(^. 10 let M denote the center of the siihere of luiliiis MA=r; P an arbitrary point of 
the surface of which the latitude is K1'=AU=0 and the longitude DPsAEsm; AB denotes a 




o ■ 

Fn. 1ft 



({nadiant of the equator, aod AQ a qnadraat of the flnt neridiaii. Tho deteniDOtkn of the 

pOOMoii of 1' i> etl'eded means of the ;:reat circle paMsin? through B aod P OOd the dfOloOB, 
wbooe plane is partillel to that of the tirst nicridiau AQ. ^Vrite 
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fhen ira bsTB tiie fidlowfatg fdationt bfltweea aU of Omb qnantil^ 

Btai«iMeoe«iiii« «fii«s«M0iaiDMi 

cot ui|sCOt<'COS 01 cot itf = COt COS <■!, 

Now, iu Caaaiuk's x>i^^tioa O, O*, Fig. 20, denote the center of cu oi-diuat«fl 

,.OA=0'A' (=AM-A'W 














A M* 




U 




c 















Pio. ». 



if lei o* denote the latitude of O; then Ot+i^ ia the quantity denoted by t*] tB tlM preceding form* 



By eliminatincr saccessively 
and parallels respectively : 

[cos' i»+cot'(<'.+jf)J [sin' oi— sin' l]=.i sin' 2«» 



<ot « cot # 

ve obtain fhA eqoitloniof the 



sin' ,- + crt(' ("(,4-';) sin'fl=co«" f> 



Wlicn the jirojection only represents n narrow region indudtHi between two nieridiaiis aiicl two 
parailela very near together, the ratios ^ and ^ are very sujali, and so is the diifereuce O—Of la 
this eaae it to fimnd that fi»e neridiam aie (snlBdently aocarately) prqjeetod in paiabolaa, and 
tho pMaBela tn circles. A faller mathematical iuvestipition of this projection is j^ven in Part I. 

Write, fer convenience, flo+r,=i, and let the angle x 'n Fig. 21 denote the angle which the tan- 
gent PM to the i)njjection of a meridian makes with the asLs of ij; also denote by / the angle 
whicb tb« tutgeat PL to Uie p«i|ectioii of a parallel makea with tlie suie uda. Xbea we li*Te 



no. SI. 
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The «Qitttidii of IJm aMcUisai ii caiOj tluown iDto 11m inrn 

•ndtliatof tlM]MtaUelB 

ain o^au A cos f 

For tiraae ire duv anlietitarte 

eotia€ok«eoe«» aiataeiNfilBM 

We have 1 



dS tau u sin 1 

end alee 

tan uu w cot) f 8in# 
Again, from the eqaatioo of tbe peralVelg there reeolto 

ai tau i. tau ; * 

«r, daae tan (sees i tM 

sill X tail w ain 9 

Multiplying together theae valoes of tan 2 and tan we have 

taii7taa;r'BeoiFf 
The eemditton fat ert h og o nriHy between ttiepwtfect^^ 

twxtan/vl 



10 that in geiNral in OaadnPli iinqjeetien H» naiidiaBe and peiaOds are not v^eeented Iqr 
wfhogonai curves. 
ifot f=0, we find 

tonztaB/-! 

and from tiiie it ia dear Oat tho projoctiona of all psralldfl are perpendicalar to the central merld' 

ian. If -l=90O, we have <ir the iiiuJei tioTiH of ini'ridian-* i:iiilic tlir samo :\n^Ios with each other 
08 the ineridiana Utomsdves. Obtaiaiug froiu the equaiious fur uicridiMW aud parallela the values 

of ^ and ^ and labititotiDg fn Uie fannda 



for radius of curraturo, we readiljr Aud for thu nulius of curvuture of tho projection of tlie jneridiana 

f aeey 

^""aln X [cot I eoe x+2 tan f am 
and far that of the projeetionef thepoialleb 

r Bill- * win' ; 

'•■coFFcoU («io» {•t-lot^ 
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MBBOAIOB^ VMMSOnOII. 

This priiiri tidii is the one most commonly t'mployeil at sea, its preat conrciiienco bfin^ thttt 
upou it all rliiuiib ul the Hpboro arc represented an atniiglit lines. The rbumb line or loxo- 
dromic ia a lino upon the surface of the sphere which cuts all of the meridians at tlie same angle. 
Upon tbe Mercator or reduced chart all the meridians and parallels are given as right lines; the 
meridians are all parallel to each other and at equal distances apart, and the parallels are at 
uncH)ual distances from each other, the (listnin <• ln-i wren any two ijaiulb ls iiicn'a.sinf; \s itb the lati- 
tude. The distance between any two consecutive meridians is equal to tbe distance between tbe 
lerldliM meeaued on tbeeqnator, and tite dlitanoe from the eqaator to any panlldof latitude 
iscavnaaedintermsofminotMoruaofdieeqiiator. OttUttlMdfstaaflelkaB the eqaator to tlw 
penUel of latitude 0; webave 

«-i791S'.704674 log tan (^45o •+ .'')-3437'.7 ^t'sin <»+'^'-"^"^ 

Table Ym gives the values of t for every second. It is, of couriic, uudcrMtuuU tliut t kin cspressioa 
bits to be reducetl to linear Beaaoia bj moltfplylnf it I17 the length on the adopted eode otm mfai- 
nte of are of the eqaator. 

Hie eoBStmetioa of the projeetioB is now qidte simple; a horisontal line is drawn to npie- 

sent the equatoror iis mncb of it us tlio projc^'i itm ( mIIs for; this is divided into equal parts, degrees 
or minutes, according to the choKon Kcale ; iKtrpcuiliculurs are erected at tbe points of division to 
represent the meridians, and upon them aie laid oif tlie dfataneee $ taken ftom TaUe Till, wUeh 
detetmine the petition of the parallels. 

To determiue tke diitanoe belivmt aay tm> potntt A ca4 B. 




Fio. 43. 



In Fig. 43, draw the eom-spondiiin loxodromir upon tbe sphere aud divide it into equal parts; 
throngb each point of division draw a |>unillcl and meridian; these corx'es then form a series of equal 
tiiaogles ft, c, d, since ab is eqaall; inolined to aU theee awridiana. Tiie earn of tbe meridian sidea 
of tbe triangles is equal oAxsfne of the angle which tbe loxodromie makes with the raerfdinns. 
This stun is also equal to the dillrreiu e of latitudeof the iK)iiits «and 6, multiplied by tlie radius of 
tbe spliero ^returning again to tbe sphere tor simplicity aud a suflicicnt degree of exactness). Now, 
upon the scale of equal parte «e take a length equal to the diflferenoe of latitade of the two potato 
under consideration, i. e., as many minutes of tbe eqnator as there aN minates in the «, fi, deter- 
mined by drawing parallels through A and n. Lay off this distoooe npon the meridian through 
A. (ilitaiiiinfT, -snppofse, AC ; tliroii^^U C draw the jMrallel B'C ; tlie distance AH' evaluated in 
minutes upon tbe scale of e<iual parts will be the distauce required; multiplying by l&i>5".l the 
hngfh of one admrte «f tbe equator will give tbe distonoe in meten. 

In following a loxodromie curve n|)ou the spbcre the navigator obviously does not Ibllow tbe 
shortest path Iwtween any two points, for, as we linow, the geodesies npmi a sphere are the great 
cirelee. In order, theU} that a vessel iftall take the slMffleot distanee between any two pointSf aba 
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must follow the are of a f^reat circle joininfr tliosc ywints, or at least innst follow sncccsaive portions 
of (liffcrent li)\o<Irotiiic ciirven whidi coiiicitU' as iifurly im may be with llim arv of a (jreat circle. 
It will 1h> necessary now to dotermtiie the rhiiiiil) line or CiontinuonH scries of rhnmh linos which tlio 
navigator mast follow iu jNUsing from one end of tbia wd of a great circle to tlie ottier. Let A ami 
B reqieetively reprawnt thepdintoef diqiartaie and arrival, ^ and / tike colatitadca of tbene pointa, 
and ui'the dilTerence oflonptude. 

Wo wish now to find the augle made hy the loxodroniic curve with IIiIm aiv of a jjnat circle 
AB at the point A ; then mailing ulonj; an infinitesimal distance on this loxodromic tangent wo 
Had, knowing tha latitude and longitude of the points arrived at, the uugle which a new loxodro- 
mio taogwitiiMkw wtth tbe ue of a great oiiel»p«H8ing through thia paint and tlie Hiiat point B, 
and so on uutQ arriving at B. Suppose tlat we have a tetrahedroD with Teriiex at the center of tbe 




ViO. 44. 



HI)licre and the faces which meet at this jHjint ciittinp from the 8))here arcs of great circles wbich 
arc respectively tbe iKiliir distances of A and B and tbe geodesic distance between A and B. Two 
of tbe plane angles at the TCrtez of tida tetrahedron an r Bapeel l Tdy»f and ^, and ve also know 
till' iliiMlral anfile -, w''it''i ''•s the dift'ercnce of longitodeof A and B. It is n-fniin-d tn find the 
dutiial angle I'AH oppoKite the face Draw two right lines BA and I'J at aiit^lcs to 

each other; from O draw Oil, making the anj^Ie POR=y' and also draw OA, making I'OA— c; 
from the point P describe a circle with I'ii as radius; draw FC, making tbe angle Al'Cs», tbe 
diflinenee of longitude of the pointa of arrival and departme; draw CO' pcrpendienlar to AB and 
then C'l) iier|HMidicular to OA; with C center and CI) as mdius, describe an an Of • Ciicle DB 
cutting AB in K, and join EC; tbe angle ISEC will be the angle sought.* 

TtH feographical co-ordinates of tbe iiointo of intersection of an arc of a great drclu with tbo 
m^idiana ehoeen arbitrarily can be readily effected with a snfflcieut degree of exaetncss by con- 
atroetiBg an anxiliary projection npon which the meridians and the are required are easily traced; 
the points of inteniectiiin will tliiin bo found and their latididcs and lonpitndcn readily <lt ft iiiiini'(l. 
Applying these so-found latitudes and longitudes to tbe reduced chart, we will be able to trace tbe 
lepNaentationortlioanoragTCakclralobyiiNiely drmriDKaoertaiBaerieaofalMrtntiaii^t lines. 

BQUmUQIT FBOinCITK)ll& 

The foiHlilinii ti) be fnldlled in thia elaaa Off projections is the e<iuivah'iici' of an cUMncniarT <|iia<l- 
rilateral upon the spheroid with the eoneapooding quadrilateral upuu tbe uiap. l^-t f> rt^prescut 
the ndiuB of parallel of latitode 9, t the meridiooal distance of a point from the pole^ and aa oaoal let 

'This MMutnMlliMi is glTMi Iqr OMniaia, TrsiM des FMjMtlsea, |t. M. 
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• denote kagitado; then for the area of an indefinitely tmaU quadrilateral included between two 
■MnidbUM and two ponllels iufiDitely near together, wo have ^ 

rpdtdai 

SoiM ^ and. « an fluMiiODB of wille 

when 0 ia a Amotion of 9i the element of ai«a is now = ede dm. For the earth we have readily, 

* denoiing tbecUipdolty. 

•DtMtiDg by e and ^ the oo^ndioatM of a pohiton the atap^ wsliave itr fltoeonditioaof diia<]aaa 
ofprqfeeAfama 

didr^ d 

Thiij equation iastadioil nt length iti Part I and nuoMVoaa applications inrulc to different projeo- 
tions, bat here we ue only going to take up two or three of the moet important of tbeae eqaivatent 
projections and treat them in Ml; the others, wbieb have been exanined in Part I, aie rather 

more nirioiis than nscfiil. The central cqniviilcot pKt|eetlOD U tnatad SO ainply by OoUigDOQ 
that 1 have here reproduced mottt of bis work. 

CEXTKAI, KtjT IVAI.F.NT Pno.TFCTlON. 

The projection that we designate by this title is H|x>ken of by Germain as the "zenithal cqniva- 
leiit^," but in a<lu|)tiiip: the above title the author has |irt>ferre<1 to choose a term as neairly as potui- 
ble like that adopted by CoUignon when be described the projectioii; this was, "Syatime oratial 
d'egale su]>erlleie.* This system is foanded upon the principle of elementary geometry that die 
area of a zone is tiiunl to tlie priMlact of the ( iicniiireriMii i' of a j^'n at circle by the lieijrht of the 
zone. The name law of area holding for a spherical segment or zone of one Imse, wo have (repre- 
senting by k the altitnde of the zone) area of zone or segment = x'^rk'. Bat 2rA=(chord of hah' 
tbe aic)*; therefore the area of the Moe is equal the area of the circle whose radius is equal to the 
rectilinear iliHlance (mm the |x>1e of tho zone to tlie circumference which Hcrrnfl as a base. If fKtni 
the pole of the /Mir \M- ilruw two arc* of ;,'reat circles including a certain dctiiiitc anjrle, and from 
the center of the equivaleut circle two radii including the same angle, the portion of the zone bounded 
by ita base and these two ares wfll be equal totheseetorof thedndecatoatbytiietwoeoiTeepoBd- 
ingnidiL Tbb giveH ns, then, an ohvions manner of representing any portion of a given sphcrieal 
aoxfiioe wttbont alteratiou of area. Any point can tx^ assumed njion the Kjthere as center; so, tUt 
simplicity, the pole of tho eqiiat«)r is chosen. Tlie parallelH are seen to l>o transformed into eonoeu- 
trie dnslea, and tbe meridians into straight lines passing through the common center. 

Ttfting now tbe projeotfam of the principal meildhu aa tlia azia of I, and writing f«<KP— 4, we 
bare Aw the eqoatioo of the merldlana 

ig=( tau f> 

and Jbr tlie fftTHlltlt 



from which 
and oooseqnently 



fair ain^ oca t» ir^2r ain^ ain* 

Pm^rrinf- sin » f =-r eoa t ooa • 

£0 ■^2'" 



JeBWttl d» rfcolB pobrttetotqi^ mMw 41; B»f»aiimlilliw il> to nafmob «m glolie tomne; E.CalUgBQO. 
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Sab«titatiDg tbwe in our geoenl dlfferoatial equation, 
walbid 

^^-^^^t« iId I om|- sin* «4-Sr*iIn| eoe| om* •Kst' aia ^-t'cot # 
which verifies oar anppoaition of cqaalarcai. KiealeoeMrtoeeethat 

«r the neiridiaitt and pftielUs cut at ri|(ht aoglM OD ^ ohart M on the ep^ 

AI/rXBAnOK OV AHOLXB. 

Tbe alteration of aiiglen ih »'ro at the center of the chart. At anj point whatever, M, of the 
cliart, Fi^. 30, ilnkw a lino MM' sucli that the COlTeepoutlin^' iliicctioii ii]»i>ii tlio Hpliert; skill make 
«n angle H with the meridiao ; wo wish to find the angle V upon th« cbnit made by thi« line with 
the pgifleettai of tlM nierfdianyifl^wilh the lino diawnltaHnHtotlieoentcirO. L0t(4^«)iep- 
teaent the geofraphical co-ordSnatea of 1^ and (f+dV, tbe geograpUoal oo«idbiatoa of H', 
Inflnlteir near to M} then 




Fm. as. 

From which 



;OM«^««lnf^ tanr-2tan;^ 



tanr= 

The nazimun of alteration V—t^, or f, corresponds to 
Ear 



^^,^tenr-tana^^i_ 
■l+tanrtM»- 

and in aeeking for the maKinnim of this, einoe 1— oo^ | ia oonstaut, we need only oonsider the flMtor 

tang 
eoaP^+taii** 



Digitized by Google 



TREATISE ON l'U<).)KCT10N8. 217 
EqutioKloaeiotliAdeiivativttof this with roapect to 0, tben moltB aimply 



OooMQiNnflr 



'I 



the upper sigus beiog takea togctlier, und also the luwer ouea. From these follows 

tan 0 tan fml 

which, aa in a fiHrmer oaae, exdnding negative arca and ana greater ttum |, givea 

We can dedoeo from thia that th« maztrnttm devlatloii flw the diTMtim OH is giirao by 

tan (r-«)»t(tui r-taii^-} $ ^ | 

The angle (f, apon the sphere, of uuixiuium deviatioD is =45° for 9=^0, i. e., at the center of the 
diaii} B then deB rn aa w wMIe V, and oomeqnenUy #, iDe woM a. WbeafB^ 

tao©-^ tanrai^ 

Tlie angalar alt<'r itidii is tliua si tjti t/( iniTeasf ciintiiiimiisly rnmi tlio center to that point of the 
sphere wliioh is diametrically opposite the assumed center. It is evidently useless to prolong the 
diart ao ftr aa that, aod, indeed, fhe eoatan la in tUa pnileetiM 
ooA flir eaeii lieaiiQlieraw 

ALXRBAnOH OF LSHOTHB. 

b the db«otiflD OH the projection anlietH u iee for the an on the sphere the chord of ttie nma 

ara> As iiMual, let ^ represent the angular distunco OM, theu the length of this line npun the .sphere 
is =r«-. and \t» len^rth upon the chart, i. c, the leii^rtli of tlic chord of the afc Ol^T, is ='2r sin Dif- 
ferentiation of each of these gives us the lengths of the element of the meridian upon the siihere 
and upon the chart; tlieae at« rif and r eoa | df. Thna liie aaridlonal denMnta are lednoed 

upon the chart in the ratio cos : 1. The convene is trae ooncerobig the elements of the imrallels; 

they are augmented ia the ratio 1 : cos ) ; this is obvious on account of the necessity for conser^'• 

hig the snaa. Sappoae nov that upon the aphere we take any dement d*, making the angle • 

with the meridian OM; its projectioti iijion MO will —d»cn^H, and pcr])cii(liciilar to MO will ha 
=d*Bin9; similarly, if da correspond ui)oii the chart to ds upon the sphere, da coh '/ will Ims the 
pKtlecUon otia upon the radius OM, and da nin ^ will be the projection of the same element in tho 
dinethm pfqi^««m»iap to OIL Now, since the prqjection doea not alter tho right angle at which 
dteoa* and dii ain^ cut eadi other, we wHI have 

d( OOB0 oos^=ci<r oosV" d«aiud — ^ss<f«aiQ4r 

fton wUeh hy equaling and addlof 



iif^d^( eo.s' 0 cos' I + aiB*« - ^ \ 
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"Saw, the e a q p w ton in pwentliMii nduees to unity wben, apou tibe sphere, 




that is for tlio direction of maximntn deviatiim. Tlii.s <lirt'(-tii)ii then iMt.sH<.'fiiH.e« tlic ri'iiiarkuble 
])n)i>erty of coiiwrviiif; tlio lengths. Vow, through any ^ivcn point npon the 8ph('re, and iiiton 
tlie cliHTt) as M, we can draw two corves which shnll cut all the meridiauB HO o£ the sphere'and 
the radii HO of the ehait under the anfrlcs 9 and V'in sach n wsjr that the 'distaneM on these two 
carve* between any tWO eOBe«]K)iiiliiiji jioiiits nball be tin- saiix'. The curves so lonsinictcil are 
called by ('«)lll$;non iAoporinietric earvett. The curve u|K)n the sphero {uuMes tiirough ()', the 
antiiKKlul point to O, and winding roand the sphere bevomee inde6iiitc>Iy near to O, a logarithmic 
qpical wbidi cuts Mm meridians at «a uigh> of W>, UpoD tbe eliart the ieoperimetrie carve, fbr 
smril vnlnee of f , that is, for points near the center, is very nearly the lofranthmic spiral which 
.cutj* till' nidii uiiilcr tho ailgUi of 4"»'; for increjiNiii^' \ ahiis off, H also iricri-ajsrs, ami i.s — iiO^ for 
f =180'='; the ctirve then tonohee tbe circle into which tho point iy has been trauslonued, and is 
oontinoed bcQrmid this point ia a bnuudi syvmetricsal to the Irst 

To obtain the polar equation of the isoperimetzk enrve npon the oltart) take ^bOM and • fhe 
angle between p and some fixed axis. Sow 



the differential eqoation of the aooght curve. For tbe integration observe that we have 




but 



^aSrsinJ 



therefbre 




4/iBroos 




wbidi mbstituted in tiie fltst written eqnathm givw 




and bgr integmtion 





i 



or 
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If ira iraito I ttito «tBatioii IWMMiiM TBiy rimpir 

an cUipti« integral of tbe seooud kind, which givc« the rectiflcation of Um arc of the olUpH«, wl 
itridty IftBi Tto element of ana of the iaopetiinelxiafliirrw^lBpoliroo4i(d^ 

TBAlfflVOBHATION OF A GREAT CIRCLE. 



and (he IntBgcal Of tlita ii 



The Anjs\c between tbe pluues of two great circIoH on (ho spborn is nx-aAiired by the arc of a 
great circle joining thcfr poles. This property affords the means of det«ruiiuing lliediflhnntial- 
equation of the cttfve a|MMi oliart, which tepnaeuti the gnat dnle on the qihen. 

lake O, Fig. 31, fbrtiMeential point, and P fiw tin pole ef » gnat einle whieh paaNethraagh 
a point M. Tlie eame Ifltten aeeented denote tiie ooneapoodlng pointa upon the chart Itlepro- 




I)osp<l at M' to draw » tangent to thp cnrve which pasRes throngh this point and n>pre«>nfs (he 
gn-iU l iniU- tliroUKli M. Join O'M', ami ciill ()'.M'=,- ami M'0'P'=a, tbe line O'P' beiug talieii iia 
tlio initial linn. Let S, upon the sphere, denote tlic ]k)Ic of the great cirule Of, wbi<'h patwes 
tluoagh the center O and cuts the given eircle.at M ; thia point S will be found in the plane of a 
gnatdnleOSperpendlealartotliator OXatthe point O} tiie an^Y ia meaanred by thean 
BP. We bBTanoviB tin vlMiioal triangle 08P 



ooaSP— ooaOBeoaOP+ainOSainOPcoePOS 

OP ia a ocmetaat aro that we mi^ call then we have 

^ eoaTssini«in« 

Tlie angle YenflMflplienefeoaneeotnqMmds with YtvoB the ehartiMd tliaooiuiMtli»gida> 

tion is 

tan Yb 
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^iMinKtlMMgidsrdlatMioeOH. Bat 

taldns tbA tadiiii of tin sphm as md^. BlfaniuatiDg V,V', autl </■ btfemen tbete fbar eqaatkms 
we wQl arrive at the diffnentUt eqution soagfab The Iret of tlieae eqnatknu afflbrde the rdation 

■nd coueqiwntly 

ainlsina 

and then 

pd»_ gin* j^^in*^ 1 

ainiiia* Jt"^ 

Tke eourtant of iBtegmtion will \tt detcmined to iHmniog tfant tfw great circle, vt wbicb P n 
the pole, pMHea thraagh the pole of the great dide OP; so that ton Osa^ «r y we ahonld have 

Ihe equation vt the projected great eiiele can he better anived at in another manner, to the 

the ex]>l;iii;ition of wliicli we shall now jinK'fod. 

Conceive ttrst that a stercograpliic projoction has Ix^en made — Iliat is, the parallels and nicrid- 
hnis hnre been eooatructed — with the iwint of sight at tlic center, nr the antipodal point to the 
oent<^r, of the proi)o«ti1 central equivalent projection. Let K, Fig. 32, denote any point of the 
ateieugrapUiu projection; Oi, the eeoter, or point of sight) represented on tte eentral eqnivalent 




projeettoa 1qrOt1f|1f|, tfln meridian throngh O rrpreeented on the other ehattby MN; 0|]f| to 

or|Uul to the radiiiH of thn fphpro. Rcf|tiin'<l to fitnl the posifioTi of the point on the ccntrftl equiva- 
lent projection rej)resentt'ii liy K, on the stereographic pniJe<-tion. Lay oil' at O the nnglc MUE 
= Mi<),K,; the point sought is on the line OE, and the diHtnnc« OE is in conM<qnence all that has 
to be detenoinc<l. Draw the diameter F|Gi peipendiealar to OjEi; Join F|£i and inoduce it to Hi; 
join G|H|, then Q|H| i« thedigtanoe required. 
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IBM 




rta. a 

In Fig. 33 the length KW i« the distance on the central equivalent, coimpondillg to BV on 
the ateVMgnH^hic pnyeotioD. The similar triiuigles KWL uud VSL give 

BV : KW : : LV : KL 



DhUinf tluoagk by 8T, tte rodim, ud obBenring tluit LY— V^\*+S(/t ve ind 



8V 
ST 



KW 
ST 



KW 8V 
vhich glvea ttie ratio as a fhnction of calling the former of these ratio G and the latter 

B, we kftve ftr the fonunlaof tnuufimmtiMi fkomi the etereogtapUe or 8, prq^eotion to the eentnil 
eqalvalent or 0 prqieotion 

Vl-I-S' 

If wo write Sstau V', we have C=2 sin v. Table Xl\' gives tbe valiiea of S and C, and affords a 
niiid and very eaajr aed exact methoil of oonatiwttBg the central equivalent fM^eBtlaiB. ' 

We are now piepaied to solve a innob more general problem than tbe one proposed above, 
▼fat, to And the eqqatton of the oentral equivalent projeotion of *ay eirele of the sphere, whether 
great or Buiall. DenoHnf; as iisnal by f, r,, the roetangular co-onlitiates on tlif n qiiin il projection, 
let S', t/ denote reot4ingular co-ordinates on the auxiliary sterougraphic projection. The circle of 
the Npiiere » ill be a eirde vifon the ateireographiaehavi, and tf tta center to at (e', ^ ita ladina 
^ will be given by 

(«'-«')'+(^'-P')'=/ 
But, aeoordinf to the ])r<)|i0vscd plan of tmnefoimation. 



conBcquentl.v, we have, for the cqoatkm of tlw corTO OH Hm central cquvaleDt pn^eedon whtoh 
tepreeenta a cirole on the sphere, 

or, tranrfbnidnKtoiNlanhynNaniof fbefbnDiilaaeai/»eos«, />8lu«, 
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A atill flgtheratnpUflqrtioa to poMlUe bj wAUng 
The eqnattoD beoomfla, now, 

• rvi?-7.)'-v!:'*?°""-*>+<'-<>- 

TUia ia merely the polar Oiiuatiun uf Uie circle, iu wbicU the stereogi-upliic radius vector f>, Um been 
nplaped to itovalne , ''''^ m a flmetioD of the radlm veetor in flw eentfal cqoivnleDtayateB. 

V ir'—p* 

Thfl •qnatioo in Oartcsian co ordinates shows that the corre is of the fourth d^fCM. 
in polar co-ordinates enables ns readily to determine tbfi conditiou Hat the oonre khill 
great ctrvle of the oithere. Make «ssy | then 



ftom wUeb we obtain 



Tin's iiiTonis four ro.ii vaiin .< for ; . The aigna + and — ' in tbo nnoNntor and deiMNniBaterof fhli 

quantity are to t>e taken iu this manner: 



Now, ill onlor that the polar equation ahaU wpr ea ent a gnat circle of the sphere, it ia necessary 
and sufficient that tiie aams of the squares of the two values of p, obtaiiied by takiuf; / first with 
the + and seeood with the — sign under the radical, shall be equal to 4f*, or that we shall have 

. {}'-/''}' . 

That this is a rom-ct formula is e.-isily sfM'ii from the followinp niiniiU^ pconn'trical consider- 
ations: Let C deuote the center, and AMBMl' the orthograpliie proJecUou of tbe sphere; P, Fig. 
34, ia the point or right or th* oi«hogn|riilB pHdealion, and the pUuw 

phineatPiathepianeof tUapniieatfoni let AB denote the teaeeof a plane catting a g io a t tireio 




FM. 94. 

horn the sphere; and, Anally, let A'Bf denote the projection of thia great oivele} 

and, also, since PA'*=!C1''+(JA'S 



Iben wohavo 
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bnt Arn^ATB' is a v'v^ht anpio, and or>nsMiiiontIy PR'C antl I»A'{.' arc 
•nil the Hum of tbe aquaruti uf their cotsiia^a iii uqual to unity, K D, 

LOXODROIUC cunvBs. 

The pole betn? taken as center, itie veiy eoay to obtaio the UtzodnNDio tnent. Denote liytf 
Ibe angle ina*it: on the sphere by inohnenrve With ft BMcidiaoj then T denoting the oomepooding 
angle oa the chart, we have 

irov,taa«ieeoDBtanttBDd,AirrBl,3ain|aii>,uid alM taara'^ Tbe dlAieDtial eqaattoa 



of the eoxre is theo 



(kwi vliieb tdknre 



pirn tmB 



o-o 

«.tHlf lOK / -+0 

V*— 

VSOJBOTIOH UFON THB PLANS OF ▲ VEBJXfLkS. 

We win now take np the caee of the projection npon the plane of any merMlao of the par- 
allels and in<'ri<lians of (he ti'rri'stria! siihcri'. The oonter will ho iiimii tin' equator, and tllOglWO 
meridioual phiuc will t:ut tin- o<|uutA>r iu two points distaat each 90^ from tbecc-iiter. 

A ftv defluitiona will be adopted, both for brovitf and deillMM of langoage. 

The central tiation is the point of the sphere choaen ae eenter of tiw niap} thin we ahall deaig- 
nate by O up<m tlio sphere and by C npon the projection. 

The central il'-^tanre of a jxiint M of tlu- .spln rc is tlic ratio of the of tin* arc MO of a 

great circle to the radius of the sphere^ this we shall denote by i. It is the quantity that, in the 
ease of tbe pole being taken aa eentral atatlon, we have h e r e to ihi r e denoted by y. 

Tlir ra-liun rector of tin' poinf M' upon t!ii' I'liart is tlie disfanw O'M' Of fUS pofalt fkom tho 
oculral Htutiou. As uaual, r duuotiug Uic railiuM of the uphcre, we have 

The uimmA t A angle of the point M npon the sphere is the angle a formed by the arc OM with 
tim neridiao tiirough O. ('|>oo tbe chart it ia the eciual angle formed by the right Hue (VM' with 
the amidiML throngh O', whiob i» abo, ae m know, a right line. 




Flo. 35. 

Vow, lisving given the porftion of O, we wiab to detennine the valnea of p and « in terms of 
Hie geogniphieal eo-cndinatea of any point whatvrer, tm M. We have already resolTed the 
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problem for tbe caM wlrara O ii wmaaitA m the pol« of the sphtre, and « veiy umple tnotfiinna* 
tion of co-ordioktas euablet m to reaolre ft for this more general am whtm O to taken npon tbe 
equator. TakeOPt Fip. 35, for priiiciiial uieri<li)tii ; •« i-s tlio longitmle of M with i« s[H't t to tbis 
meridiau; tbe portion UK of the equator ioclnded betw«eo O and the poiut of intersection of tiio 
eqaator wifli tt« BMidiM timmgli K is meuiued hf auA tbe aro MN ia meaatiTed by »; tbe 
aiifflc MON is tbe fiompkuent of «, toA SaaHy OH tosi. Howyaiooe XT is s ri|{htaii^vebaTis 
in tlie triangle QMK 

ooeiaeiMweosf taaa^damtt^fi 
wUeh dotormlae X and a; ^ la detemined by 

^rain}it 

It Is ebrioDs that and conseqaeBtly p, remains tbe same for all values of « and 9 which give 
the some valae for omwcosO, for example, for tbe two points of which the latitude of the one 

equals the lon^jtmle of tlii' otln r. Take for tlie u.xts of f and ^ the right line 
respeotively tbe equator and tbe first meridian, and wo have, in oonaequenoe, 

fa^sina ttM^eoB« , 



Bnt 

/>=2rRin^i coeiaooBa*oosf ttmassinwcottf 

The second of these relutiuus g^rcs 



/I— 008A /I 



— oosacoef 



3 

eottak 

**+VB3ff'(l-«os*eiM«) fs^abiwoot* 

Tlifso aro tlic (briniihus of traiisforinatioii from jKilar to rectilinear co-ordinatea. The cliniiuation 
of 0 between these equationa gives us the equation of the meridian whoso longitude is and tlie 
dfaninatfam of • In like ntnoner givea fbe eqtgatfam of tiie pandld of latitode 9. 

KCjUATION OF THB XEBIDIAIfa. 

The result of tbe elimination of 0 is tbe equation 



By eieaviag of flneUona and ladieala tills 1 



«•+^+afalP•)«V+(l+S■ill*•)C^' i sill ' > '-4r'(c«4.r/ sin-..) 

- 1 H ( 1 + 8i u' ») e»if'+4 r< (j^ + 5»} 8in» i»=0 

Tida equation of tbe sixth degree is eai^ll.v factored into 

{ l*+l(l+ein»«),»~4i-j »+(,«_4rV+4r«)aia»« | =0 

Tlif fuctor to hv Hnppre,ss«'fl here is obviously tln' binomial ^*4-<,', as f(]uiUiiifr tii it t() zero would 
only result in giving an imaginary locus (or intlnitely small circle) and in oonaequouoe woidd be 
ofnopcBoticalitM. WabaTattentenMiningablqiiadTatleeqiiatioiiIneaodv. 
If «e wiite 

tbe equation beoeoMoono of tbe aeeond degree in and via: 

r*+(l+dnF i>)f V*ain*i».4i^-4fk Bin«o«'+4r*sini «sO 
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Tbifl last ia the equation of an liyperhokt whose c^iitiT is at the inttTscM tion of the line? 



2r+(l+8ia'«.)V-4r»=0 
or at die point 

?'=— 4r»tan»i» 



SepMoentiog by iM| and m$ tb« angnlar ooefllcienU vliicb d«t«nniae Uie twynptotea, tli«n quan- 
titieo am obtafawd aa iJio loota of tlia aquation 



from which 



«,=- 



fn,=— 1 



OoDflniog our8cIv<>« to tbe Mgioa wbei« C and i;' are both poaitire, ve can readily oonBtinct 
tbia byperbolu, on any choiien flcale, tor each value of tbcD oouHtract tlio required curve whooe 
«o-oidlnatea, iii«a«iured on the Hame N«'al*-, aretbeaqnamnwisaf ^andf',thaeiMinliiiatoaofea6li 
point on tbe byperbolo. For ig =0 wit have 



«a:taraui' 



es^2rooa! 



For {sO we have 




B 

Binee ■hi»»iciin«(— «•) and the eqoatton of tbe enrva oon tains only sin**, tbe eqnation tepre* 

aents at tbe same time projection of the meridians of loii^jitudo <« and — n-Mpertivt-Iy ; these two 
curves will be aymnietrically situated tiie one to the other with resi»ect to the axis ol If uimh 
asia off ve take, Fig. 90^ 

OA-9ratai| OBaftreoeJ 

and npon tbe axia of 9 take 

OP=()l"=rv^ 

tbe earre wfll paaa tbnmgb tbe four pointa, A, P, B, 1» and the entiro lonaa wiU be oompoaed of 
tbia cur\ e and tbe oom A'PBf, aywBetrical to tbe flrat aritb leapect to tbe luda of ^ 

15 T P 
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EQUATION OF A 1-AHAI.l.EL. 

To obtain thl« eqa»tioQ we oliminato u by the i-clation 

n 

and obtAio 

By clearing this of froctiooa and radicals we arrive at an equation of the aixtli diCfrae in 9 and of 
the fonHh in ?, which will contain only the even pmran of the wialilM} as fa tlM eaae of the 

•quntioii of a uu-riiliau, this will contuiu the fafltOT and dividUlg Ottt hj tUs Itetor «« 

obtain as the reeultiug equation of a parallel 

Balwlitiite«gaiii 

aafl ira-an Qondaotod to Ae eqnatioB 

oftbeaeeonddflgiwlD f*, V Biid,aam tbelbinMroa8a,npi«oeiiitiof aahTp^^ Theeenterof 

tbp !iyiM'r1)olft is on tlio axis of ? and is piren by ;'=4r'; one aijyuptote is paralU-l to. luiil 
therefore coiDcident with, the ux)8 of The aame coufitructiou being Bade as before, we ubtatn 
Ibr the prqfeation Of tiM iMHalM Of iMitode # tlM 00170 

E 




- no. v. 



curve A'H'R'S'. Tbest' two carves an' symnii trirally situated with respect to the axis of and 
the sam of the squares of the intercepts made by auy line OH' with one branch of the curve is 
ooootoBk and oqwd to ^ ovnaio of tho diaiNtar of tho tfftim, i. 0^ 

OH<*4-0]Pcx4f* 
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T)ii' tnitii o f < hto to «nHy aeen if w« tnuMfom the eqoatioii at tha panJldt into polar go-ondlnrtM; 

tliat iit, writo 

The equation tken bicomei 

Mekinf the obvious tediiotloii% this to 

sill* X 

Oelilng tiio roobf of tbU p, and a» Iwvo />i*s011' and ^ b OM'*, and firon the linown principles 
of the theory of iMjuatious, 

XDIiLWKWRPS phojrtttow. 

This ]}rq}eetion wiis invented by Pr«f. C. B. Molhveidi', of Ualh*, in 1805, ami in 1857 a 
nnmber of applications of it irere made by liahinet, >vlio9<.o name thus became nttaclieil to it, the 
pngeetion bsiog known cooioionij as Sabinet'ii liomalograpliic pn(}eetion. The probtem propoeed 
for eolation here is to represent the entire sorfhoe of the earth in an ellipae the ratio of whoso rat^or 
and minor sixes, n'lin'wnlcd liy tlio ecinator and firj^t nuTiiliiiii, rt'spcctivi'ly. nliall 1h' 2:1; tlio 
INiralii'lii to b« projuctvii iu iiurallel right Hues and tha uieritUaus in ellipeies, uU of which imtm 
throngh two Hzed points— the poles and each lone of the spliere to he Kpieeented upon the diait 
initstmestae. 

Let b and 9b denote the axea of the limiting ellipse, then the faidnilag ana will he 
battliN to ixjnal the entire ana of tlMaplMM«^er4cH; this eondltion, then, gives as for the axea 
of tiiia ellipse 




1^. Vi. 



Tlie an>a (Fig. 38) of the elliptic segment ALK = area of circular segment LAJ multiplied Ity 
that is, by i} now the ana of IiAJ to equal to the seetorOAJ minus the triangle OLJ, or 

or 

LAJ^r*eos-* ~|-t«l 
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and tbea for the ellipUe Mgment w« have ooly to (livide ttiis bj 2; add to tb» naalt the area of 
die icotaogte OLEH, or ff, aiid obtain finally 

0Aiai=2r' cos-' ^^+4«t 

Aasame for tbe angle AOJ the aymbol then folknra 

and eonaeqiwatly 

Tbia aarfaoo ia^ however, to be equal to tfae area of tbe aemi-xoue between tbe equator and parallel 
of0,oreqaal to«f*ain Bquatiug tbeee and wo have flir lbs fkmdanHiital eqoation of the Moll- 
weUle prqjectioo 

r Bin 0=8in 2i4-2l 

Tbo vttlucii of i or aiu I have to b« obtaiued from tbitj iH|iialiou for liuuk kivcu viklue uf 0. Lay 
ofl^tlmiiOBthaaearf^niDoraxiooraieetllpaetiiolengtbari/iBin^nMaaaicdf^ the eenttr, and 
ttepolatf aOObtaincfl will be the itoint.sof interse<-tion of enrh panillel witb the principal meridinn 
or minor axu of the liruititif; ellipse; tlirouj;li these |K>itit8 ilniw nur;lllel^♦ to the equator, fin<l tbey 
will n'prefient the parailclH. For tbe con8tnictioii of the mcricliiins by j>oiiit,s it is only iiccfssury 
to divide tbo equator and perallela in parte which oorreapond exactly to the iioiute of divi«iuii of 
tiieae tinea on Uie apbere. For example, if It ia dealrad to draw the meridiana of eroy ten dc>(n«ea 
wo have only 'o divide the entii-e equator and also the nieridiuna of the ehart into M e(|nal iiart s, 
and tlirongh the e(irres|>ondinK points thus obtained draw tbe ellipseti rcproMUjtiu;; the uuridiuus. 

For the eotuputatioii of i. ti-oin the above eqoatloiD the fldlowiag method of approximatioo 
anavcia v«ts well. Aaeame a valne i.' snch that 

sin 2i'+2i'=JT sin f 

where O' diffent but little from O; let -5 repre<«jiit the wrreinion to i\ i. i'-f «>=s<l; then 

sill 2{i'+lt)+2{i'+i)n^s Biu « 
BBbtaaating tlw fltat of tbeae equations Irom the aeeond givea 

ain 2(il'+>>)— sin 2A>+2i=it {mt «— sin a*) 
2 coe (2^'-|-a}+2a— « (sin f-aln «0 
Aa • win be a vtty amall quantity, we eao write ain imi, and 

floo(Sil'+«}»oooai' 
Wiltiag, them, flnr aia ^ ita Talne, w« obtain Ibr « tlw approxlnala vahie 

,^ir ain "-{gin 21t'+3l') 
" 2 (1+0O8 2*') . 

Thw method of approximation e^n of eonrse be carried as far m we chooRe, or nnlil we reaeb any 
Kqidfed degree of exm tnes.s. Tubli' X e.s the value of sin / for vulne.s of (littering' liy .!(!' ; this 
waa computed by Julea Uourdiii, uud ia mora accurato uiid extiuded thuu tbe one computed by 
Hoilweide bimaelf fbr tbe vahiea of i. 

In tftnelusion, wo will examine brielly a ptojeetion proi>o8ed by M. Colli{;non, iti whieb be repre- 
ftciits the central eiptivalent proje<'tion in the lorin of a square. Sninwse that, as in Mollweide'a 
projection, the paralleLs are pandlel rj(;ht lines and that the nieridiaiiM are alMO right lines parting 
from a cummou jioint, the pole. Cull A tbe ordinate of tbe point taken a« pole} then tbe equation 
of tbe meridiana win be id the finrn 
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Tbe origin is rappoaed placed *t tlw liwtof tlw peipendieiilar ftooi tbe p<^ apoo tlw eqoatori Uw 
ftineli(ni/(v) iaindcpendantof #. Aai]ilJi«Mollw«idepin:|jaclioii,«i«Afiiiioijdiiof#«4)rar 



aud coiueqaently 



Tim ooDdiliaa fiir liitt obi mm v tion of BnrfhcM now 
■8 vonld frive /'{<") »s a ftinetlon of «, wtaleh la contradletory to I 

lin^ tlu- ititfi'prHatidti of (liin is, siix-c /'(. ) does OOt Contain that /"(^jsM, • OOD- 

aodBO/][a>) ia a liueiir fuuctiou of the lungiiiule u, or 



Thecqnatlon of condition to tboa 

ai(ft-f)<lfsr*coe«i» 

From wUdi, by integration, follows 

Since for o=^ we liave we And 
And again, rince #mO givN 9b0^ 

C»o 

or 

Finally, since we wish the extreme meridianfi which limit the chart to form a square, it will be 
nebaaMiy for tf^o and m^^^ tliat we bnve ^ib^A, the ecm ap o m diBg aigaa to bo taltan together; 
bat 

in tbto making l«±fl. Beaiem b ering that, flgr #bO^ i|~0, ymo Ibilova 
Solntion of tbeae eqnatioaa givco 

a 

and 80, bjr virtna of the lelatkMi *'=^ 

and, finally, the cqoutioo cooneotiog 9 and i| to 

^•-.Sr ain tf—Q 



The projection need, of eoona^ only bo eonsUnicted ftv tlw pooUivo valnao if and tben npoated 
aymmetrioully below tbe cqaotor for tbe negative valoea of 0. 
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TABLES. 

Thti following tables liavc been nearly all extructed from tho ori;;iniil lut'uioirH of the writcn 
'on different ports of the subject of im^jocliotis. In many cascm, iiowevcr, an tititliorV u au table* 
have been impfoved npm bgr othen, in whioh eue of ooarse only tb« l»tter m given. Jo eiwoe 
wh«e it hM been neeemairy to telte into neeonnt the elllpticity of the earth it will be observed 
that the s uiu' v;iliic ha.s not bcrn u^^^Ml throughout ; tluM-xjilanation of tlial in olivious, .is the tables 
have been cout»truct<Ml at «o uiauy Uiflcrent {leriad* of time; the ix-ason for not eorrecting to one 
Talue of the eillptieitgr is to he Iboud in the fliet thst hntvety Blight —in det, almosti iasii|iraaiable — 
ehaiiges would be thns introdaccd; and inasinuch nn fliial values have not yet been ap'ved npon 
for the fl^ure and size of tho earth, it wonid aoeni to be a mere waste of time to make any correo- 
t{on<< to tables that fur pr.ictieal pHri)0!M.'s aii- already correct enougli. Some of the tables pven 
me only useful fur the imrpose of ooniparing difl'erent methods of pi-ojecUou, but these will, in 
every case, eiplain themselves. The names nt the befnaain? ef each table and the referenees io 
tin- ii'xr make it <|uifi' unfii'ieH.siiry to into a dt'tailiMl ar i diiti! of their USe} the formnlaH am 
riirthi-raiore arraugi'il no tliat it is a very (iiinplo inatti-r to make tlit/ necessary snbHtitutioua. 

The avoompaiijiiij; jilates, which are refcrnd to in tlu'ir |iii>i>er places iti the text, serve as 
mnattations <rf the principal projections m actual use. Many wbicb ore treated vi in the test it 
tnu not llionght iieeessary to preserve in the colteetion irf plates^ inaannidi a« Vb/tj do not at fbe 
praeat day Mhseirre any aaeftil porpoee. 

Taiu.k I. 

Valtu* of the degrees of longitude and the lenythu of the tides of cones tangent to the sphere along a 

pmUdtiftaHbiit. 
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tablb n. 



Polar dutance corrected for an eUtptieitif=~^ 
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TrantfomuUion from geographical to zenithal co-ordinatet. 
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XraH^ornintion from (leixirnphicfil to zenithal co-ordiimtet — Coatinned. 

Valu«-« of tlvt' utntiithHl until*^ B i iiirfju*^ Id ili>icrv<«« tiiii ^ iilxi m not ^. 
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Table XIV. 

Trami/ormation of (he Blereographie tyotem into the central equivalent iiytlem. 
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Tablk XX, 
Jbamberfn orthomorph ic c}/l indric projection. 
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